B.SC. STATISTICS - YEAR
DJS1D : MATHEMATICS

SYLLABUS
Unit - |

Differentiation: Tangent and Normal-Direction of the tangent-Angle of intersection of curves-
subtangent and subnormal - Polar coordinates - Angle between the radius vector and the tangent-Polar
subtangent and polar subnormal - Length of arc in polar coordinates. Envelope - Circle, radius and
centre of curvature.

Unit - 11

Successive differentiation —Leibnitz’s Formula. Partial differentiation — Successive partial
differentiation — Implicit functions — homogeneous functions — Euler’s theorem. Maxima and Minima
for one variable - Concavity, Convexity and points of inflexion - Maxima and Minima for two
variables.

Unit - 111

Integration- Methods of integration - Integrals of functions containing linear functions of x - Integrals
of functions involving a*tx? - Integration of rational algebraic functions - 1/(ax’+bx+c),
(px+q)/(ax*+bx+c). Integration of irrational functions - 1/(ax’+bx+c)?, (px+q)/(ax’+bx+c)™?, (px+q)

(ax® +bx +C) - Integration by parts. Multiple integrals - Evaluation of double integrals - polar
coordinates - Beta and Gamma functions and their properties.

Unit - IV

Differential equations: Types of first order and first degree equations. Variables separable,
Homogeneous, Non-homogeneous equations and Linear equation. Equations of first order but of
higher degree. Linear differential equations of second order with constant coefficients. Methods of
solving homogenious linear differential equations of second order. Laplace transform and its inverse
—solving ordinary differential equation with constant coeficients using Laplce transform.

Unit -V

Theory of Equations: Nature of roots, Formulation of equation whose roots are given. Relation
between coefficients and roots - Transformation of equations - Reciprocal equations - Horner’s
method of solving equatios.
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UNIT -1 : DIFFERENTIATION

Differentiation: Tangent and Normal-Direction of the tangent-Angle of intersection of curves-

subtangent and subnormal - Polar coordinates - Angle between the radius vector and the tangent-

Polar subtangent and polar subnormal - Length of arc in polar coordinates. Envelope - Circle, radius

and centre of curvature.

Tangent and Normal

Meaning of the Derivative — Geometrical Interpretation:

Let us assume that P and Q are two neighbouring points on the continuous curve
y = f(x). From P and Q, draw PM, QN perpendicular to the x-axis and from P draw PR

perpendicular to QN.

If P remains fixed and Q moves towards P along the curve and finally coincides with

P, then the chord PQ becomes the tangent at P.

7

The inclination of the tangent at P to OX is 2PTX.
Here,PTX = lim,_p £PSX
= limy_p 2£QPR .
Let the coordinates of P, Q be (x,y) and(x + Ax,y + Ay) respectively.
RO _ 4y

Then,tan QPR = R = aa

and  tan £PTX =log,_,p tan ZQPR = lim_,p %

— 1 Ly _dy
= limp, o Ax  dx
Hence, Z_Z is the gradient of the tangent to the curve at the point (x, y).
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The Direction of the Tangent:

We know that, the gradient of the tangent at (x, y) to the curve y = f(x)isj—z. Also,

the gradient at any point of a curve is defined as the trigonometrical tangent of the angle
which the geometrical tangent at the point makes with positive direction of the x-axis. If the
angle is negative or obtuse, the gradient is negative; if the tangent is parallel to the axis of x,
the gradient is zero.

EXAMPLES:

1.Find the angle which the tangent at (2, 4) to the curve y = 6 + x — x? makes with the x-
axis.

Solution:

Giventhat, y = 6 + x — x?

d
=2 =1-2x.
dx

At (2, 4), the value of<Z = 1 - 2(2) = -3.
~tangp = -3

Hence, ¢ = 160° 34"

2. What is the direction of the tangent (2,1) to the curve x*+y*=9 ?
Solution:

On differentiating the equation of the curve x>+y*=9, we have

2 2dy _
3x° + 3y dx—O

Ay x?

dx y2 '

@ _

O = —4.

At the point (2, 1), the value of Z—z =

Therefore, the tangent at (2,1) makes an angle,

tang = —4 = @ = tan~ ! (—4)with the x-axis.
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Result:
If a curve passes through the origin, we can find the shape of that curve at the origin.

Find the shape of the curves in the following examples, where the curve passes through the
origin:

(i) The parabola y? = 4ax passes through the origin.

Here, 2y Z—z = 4a(1)

& _2
dx y
d dy 2
«. The value of=2at (0,0)is == = = = oo,
dx dx 0
s
-.-ta.n (p = 00 :}(p = —

-
Therefore, at the point (0,0), the tangent is at right angles to the x-axis.

That is, the y-axis is the tangent to the curve at the origin.

x2

(if) The curve y = passes through the origin.

(1+x2)
) d_y _ 2x
Consider —= = RETE YR
. dy _ 2(0) _
At the origin, the value of —= = 02

~ @ =0.
Thus, the curve touches the x-axis at the origin.
(iii) In a curve if the value Z—iat (0,0) is 1, then
~tan ¢ =1
=@ = 45°.

Thus, the tangent to the curve at the origin bisects the angle between the co-ordinate axes.

3. At which point on the curve,y = x3 — 12x + 18 is the tangent parallel to the x-axis?
Solution:

Giventhat, y = x3 — 12x + 18 (D
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N d—Z=3x2—12.

Also given that, the tangent and x-axis are parallel.

Co = —0=%
“@=0=tang =0=—.

=3x%2 - 12 = 0.

= x2 12 4

x:—:
3

=x =12

~x=2in (1) =>y=23-12(2)+18 = 2.
~x=-=2in (1) =y =(-2)3-12(-2) + 18 = 34.
Therefore, the corresponding values of y are 2 and 34.

~ The Tangents at the points (2,2) and (-2,34) are parallel to the x-axis.

4. At which point is the tangent to the curve x? + y? = 5parallel to the line 2x - y + 6 = 0?
Solution:
The given curve is x% + y? =5 )
On differentiating the equation of the curve, we get
dy
2x + ZyE =0

dy _ _2x _ _x
a=—5==; . Q)

At the point (x,y) the gradient of the tangent = —

< =

The gradient of the line 2x — y + 6 = 0is obtained as:
2x—y+6=0= y=2x+6

dy

Comparing (2) and(3), we have, —i =2
= x =2y .. (®

Substituting (4) in the given curve (1), we get
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(-2y)2+y2=5 =>4y2+y2:5 — 5y2:5 :>y2:1
= y=+1 .. (5

Using y =1in(4),wegetx = —2(1) = —-2.

Using y = —1in(4),wegetx = —2(—-1) = 2.

Therefore, the corresponding values of x are - 2 and 2.

Therefore, at the point (-2, 1) and (2, -1), the tangents to the curve x? + y? = 5 are parallel to
2x—y+6=0.

5. Find the equation of the tangent of the curve,y = x* at (1/2,1/8).
Solution:

The given curve is y=x* .. (D)

Differentiating the equation of the curve (1), we get

dy _n 2
- =3x

- Z—y at(1/2,1/8)=3(1/2)>=3(1/4) =3/4 .
Therefore, the equation of the tangent to the curve at(xq,y;)is: y —y; = Z—i (x — x1).

Therefore, at the point (1/2, 1/8), we have

y—1/8=3/4(x—1/2)

8y—-1 3
—_a =X —
8 4

| w

=8y —-1=6x—3 =6x—8y—2=0

= 3x — 4y — 1 = 0 is the required equation of the tangent.

Equations of the Tangent and Normal at any Point of a Curve:

Let the equation of the curve be y = f(x) and the co - ordinates of P be (xi, y1). We
know that, when the tangent at P makes an angle 8 with the x-axis, the gradient of the line

is tan 8. We have seen already that tan 8= Z—zat (X1, Y1).

The value ofj—zat (X1,y1) is usually denoted by (2—1)1 :
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=~ The equation of the tangentat P isy —y; =tan 0. (x1,y1)

=Y — V1= (Z_z)l (X1, y1)-

The normal to a curve at any point is the straight line which passes through that point.
It is also at right angles to the tangent to the curve at the point.

Any line through the point (X1,y1) IS y-y1=m(X-X1).
This will be perpendicular to the tangent to the curve if
m(2)=-1
Hence, the normal at (x1,y1) to the curve y = f(x) is
(VYD) (G (x-x1)=0.

When the curve is given in the ‘Parametric From’:

If the equation of the curve is given in the parametric from x = f (8)and y = ¢( 9),

. dy _dy | dx)
(smce, de ~ do ~ de )’

y—o(8) _ x—f(8)
dy - dy
dx dx

the equation of the tangent becomes

and the equation of the normal becomes,
{x—fO) Yty — 0@ =0
a0 Y TP '

When the curve is given in the form f(x,vy) = 0:
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Let the equation of the curve is given in the form f(x,y) = 0. We should calculate Z—z
by differentiating the equation and then write down the equation of the tangent and normal at
the point (x1,y1).

PROBLEMS:

6x
x2-1

1.Find the equation of the tangent to the curve y = at the point (2,4).

Solution:

. . 6
The given curveisy = xzill

Differentiating the equation of the given curve, we get

dy _(x*-1)6(1)—-6x(2x)_ 6x*—6-12x>_—6x*~6 _ —6(x*+1)
dx (x2-1)2 T @212 (x2-1)2 T (x2-1)2

. Z—Zat the point (2,4), we get

dy _ 4+ 10
dx “4-12 - 37

We know that, the equation of the tangent to the curve atPis y —y; = (Z—i)l (x —x1)

~At(2,4),wehave y—4 = _Tlo (x—2)

= 3y—12+10x—-20=0

= 10x + 3y — 32 = 0, is the required equation of the tangent.

2 2
2. Find the equation of the tangent to the eIIipse;‘—2+ Z—zzl at (X,y1).
Solution:
- - - x2 yz_
The given equation of the curveis —+ b_z_l'

a?

On differentiating, we get

2x | 2y dy
By Dy
a? b2 dx
Zydy_ 2%
b2 dx a2
ay _ 2w b? b
dx a2y a2¥’
~The value of2at (x yy) is —btxy
dx e a2vy1’
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We know that, the equation of the tangent at the point (X1,y1) is

dy
y=—""n= (a)l (X —x1)
—ble
= -y = 271 (x—x1)

=’y (y—y1) = —b%x (x—x1)
= a’yy;—a’y? = —b%xx; +b?*x?
= a’yy; +b%xx; =aly?+b?x?.
On dividing both sides of the above equation by a?b?, we have

2.,2
azyylLbzxxl_a y ILbzx%
T —" T
a?b?  a2?b?2 a2b? a2p?

2 .2
YY1 ,Xx1_Yy1 , X1

Since the point (x1,y;) lies on the given curve, the equation of the tangent on the curveat

=L XX1, VY1
(Xl, yl) IS a_2+ b_2 =1.

3. Find the points in the curve y = x* — 6x3 + 13x2 — 10x + 5, where the tangents are
parallel to y=2x and prove that two of these points have the same tangent.

Solution:
Let the tangent at the point (x1,y1) be parallel to y=2x.

On differentiating the equation of the curve, we get

% = 4x3 — 18x2 + 26x — 10.

Thegradient of the tangent at (X Y1) is 4x;° — 18x;2 4+ 26x; — 10.

Given that y=2x = Z—i = 2.

Since, the tangent is parallel to y=2x, we get
4x,3 —18x,% + 263, — 10 =2

= 4x,3 — 18x,% + 26x; — 10 — 2=0

= 2x;°3 —9x,% +13x; — 6=0
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The roots of the equation are found as follows:

1 2 -9 13 -6

Therefore, x;=1 is a root.
Therefore, the above equation becomes:(x; — 1) (2x? —7x; +6) = 0.

Now, the roots of the equation, (2x? — 7x; + 6), is obtained as follows:

3
=2o0r=
2
3
Therefore, we havex; = 1or5 or 2.

On substituting these values of x; in y=x* — 6x3 + 13x% — 10x + 5, we have:
Xx=1=y=1-6+13-10+5=3
X=2=Yy=16-48+52-20+5=5

3 81 162 117 30 81-324+468—-240+80 65
X= == — St - — 4+ 5= ==

16 8 4 2 16 16

. The points on the curve where the tangents are parallel to y=2x are

(1,3), (2,5) and (gf—j)

The equations of the tangent at these points are respectively:
y-2x-1=0, y-2x-1=0 and y-2x-%=0.

Here,we have the same tangent at the points (1,3) and (2, 5).

4. Find the equation of the tangent at the point ‘6’ on the following curve
x=a(f — sinf); y=a(1-cos 9).
Solution:

Given that, x= a( 8 — asinf)and y= (a — acosf).
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dy _ dy . dx
We know that, b

Y _ i dx _ o
We have, —5 = asin 6 and == a(l —cos 0)

. dy _ asinf _ ZSin(g)cos(g)_ 2]
) E a a(l—cos 8) B 2 SiZnZ(%) = cot (E)

The equation of the tangent at 9 is
0 .
y-a(1-cos 8)=cot (E){x-a(e —sin0)}
0 .
=Yy-a+acos f=cot (E){x-a 0 +asin 0 }
=Yy-a+acos 8= cotZ (x ag)+cot ( ) (asin 0)

= y-a+acos 6- cot % .asin 6= (x-a 8 ) cot (g)

=Yy-a+acos 0 - s ) .asin= cos( ) (x-a 8) cot( )

sin(3)

=>y-a+acos A -2acos? ( ) =(x-a @) cot (i)
6
=Yy-a+acos 0 - a(1+cos 6) =(x-a 0) cot(E)
6
=Yy-a+acos #-a-acos 6 =(x-a 6) cot (E)

=Yy-2a =(x-a ) cot (g) , is the required equation of the tangent at the point ‘6°.

5. In the calenary, y:acosh(g), prove that the length of the normal intercepted between the

curve and the axis is ya_z

Solution:

Given that, y= a cosh(g)

= %Za sinh (E%) = Sinh(i)

We know that, the length of the normal interrupted is

2

y|1 + =y[1+ smsmh2 =y cosh2 =y cosh— ==,
a
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Therefore, the length of the normal intercepted between the curve and the axis is

2
obtained as y;

Examples of the Properties of the Tangents and Normals to the Curves from their
Equations:

1. Show that the portion of the tangent intercepted between the asymptotes of the rectangular
hyperbola xy=c? is bisected by the point of contact. Show also that the area of the triangle
formed by the tangent and the asymptotes is constant.

Solution

The above equation and the tangent can be drawn as follows:
Y

K

Xl

YI

The asymptotes of the rectangular hyperbola xy=c? are the co-ordinate axes. Let the co-
ordinates of the point P be (x1, y1).

On differentiating the equation of the curve,xy=c?, we get
dy -y

dy
- =0 = —=-
x dx + y 0 dx x

Therefore, the equation of the tangent to the curve at P is
y-y1= _x—yll(x'xl)-

=X1Y-X1Y1= -Y1X+Y1X1

2 . ey
= Iy 2N AT (on dividing yixi)
Y1ix1 X1y1 X1Y1
- X4 i:2=>i+l= 2 (1)
Y1 X1 X1 Y1

Let this tangent meet the coordinate axes in L, K. Letthe ordinate of P be MP.

To find the point where the tangent at P meets the x-axis, put y=0 in (1), we have
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;‘—1 = 2 = 0L=2x;=2 OM.
~KL=2KP = P bhisects KL.
To find the point where the tangent at P meet the y-axis, put x=0 in (1), we have

X =2 = OK=2y,.
i

Therefore, the area of the triangle KOL :% OK .OL :% L 2y1. 2% =2X1y,  =2¢

This implies, the area of the triangle KOL does not depend on the position of P on the curve.

2 2 2
2. Show that for the hypocycloidx3 + y3 = a3 that portion of the tangent included between
the coordinate axes is constant and is equal to a.

Solution

The above equation and the tangent can be drawn as follows:

XI

YI
We know that, any point on the curve can be represented as

(acos’d,asin’0) = x =acos’0, y=asin® 6.
Let the tangent at P meet the coordinate axes in L,K.

dy _dy . dx
We know that, il

d . d .
~Z=3asin’0 cos6 and ==3acos’H(-sin ).
dé de
dy 3asin? 6 cos6 dy
—_— e — = == — .
dx 3acos 2 @sin 6 dx tand

Therefore, the tangent at P to the curve is
y-asin® 6 = —tan 6(x — acos38)
—=vy-asin®0 = —xtand + a tanh. cos30

=y-asin’ 6 —atan 8cos30 = —x tanb
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= — a(sin36 + tanb.cos30) = —xtanh —y

=a(sin®0 + tanh.cos30)=x tanf + y

=>a(sin39 +3n8 .c0539): X tan6 +y

cos@

(sin36 cos6 +sind .cos36

cosf

):xtane +y

sinf cos6 (sin%0+cos20)
— a
cos@

):xtanB +y

=asin 0.(1)=xtanf + y
=X tanf + y=asin 6.

The intercept OL on the x-axis is obtained by putting y=0 in the above equation.

a sin 0
tan 6

i.e,OL = = acos 6.

Similarly, putting x=0, we get

OK = asiné

~KL*=0L%*+ OK® = a%cos%6 + a?sin?0 = a?(cos?6 + sin?0) = a?

= KL = a.

2 2 2
~The hypocycloidx3 + y3 = a3 that portion of the tangent included between the coordinate
axes is equal to a, which is a constant.

ANGLE OF INTERSCTION OF CURVES:

The angle of intersection of two curves is defined as the angle between their
respective tangents at the common point of intersection.

We know that, the angle between the two straight lines y=m;x+c; and y=mx+c; is
tan—1 (w)

1+mim;

Replace m;and myin the formula by the values of% for the two curves at their point of
intersection. The value is the angle 8 at the point where the curves cut.
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PROBLEMS:
1. For the curves x% =4y and y?=4x, find the angle of intersection.
Solution:
To find the point of intersection of the curves, solve the equation x%=4y andy?=4x.
Consider the curve x%=4y.
On squaring both sides of the equation, we have
x* =16y’ = x* =16(4x) > x*—64x=0 = x(x>—-64)=0
=Xx=0 or
x3—64=0= x3=64 = x=4.
The corresponding values of y are:
x=0= y? =4(0) =y=0
x=4=y?2 =4(4) =y?=16 =y=4.
The points of intersection are (0,0) and (4,4) .
(i) Consider the point (4,4).
To find my, consider the curve x? = 4y.

On differentiating, we get

2xdx=4dy =dx="Z=2L=2 (1)

m, is the value on—z at the point (4,4), that is, % = 2.
To find m,, consider the curvey? = 4x.

Ondifferentiating, we get

dy_z
T2 o)

m,is the value on—i at the point (4,4), that is,i = %

We know that, the angle between the two straight lines y=m;x+c; and y=m,x+c; is
tan~! (—ml_mz )

1+mim;
2—x _2— 3 1
Atthe point (4,4),tanf = —L"2 = 2 =2 =2 x_
1+mqim, 1+2XE 2 2 2
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— tanf=> =0 =tan"! (3)

4 4
(i) Consider the point (0, 0).
m, is obtained by substituting (0, 0) in (1).
i.e.,m1=g=0=> tanf =0 =60 = tan 1(0) =0
m,is obtained by substituting (0, 0) in (2)
- _ 2 _ _ _ -1 _ Vs
I.e.,mz—a—oo=>tan9—oo = 6 = tan (00)—5.
Therefore, the values of vy for the two curves are 0 andg.

Hence the angle of intersection is%.

That is, the curves cut orthogonally.

2. Find the angle at which the curves (1)x?=ay and (2)x> + y3 = 3axy cut eah other.
Solution:

Substituting the value of y from x? = ay in x3 + y3 = 3axy

x2

=x?=aqy = y==.

On substituting the value of y in x3 + y3 = 3axy, we have

x2\? x2 x° x° x5
3 _ 3 _ 3 — 9.3
= X +< ) —3ax< ) = x° + = 3x° = = 2x :»a — 2x
a a

23 23 3
3 x?
—x(5-2)=0
a
x3 =0or
x3 1
— =2 =x3=2d> = x=2)3a
a

On substituting these values of x in x? = ay, we have
2
x=0 :%:y:O/azy: y=0

2 Y3 )2 2/3 42
1/3 :x :(2 .a) - 2 /3.a
x=27a =Yy —= =

; = =223 a ==a.(4)'/3.
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1
~y=0ory=a(4)3.
1 1
Hence, the curve cut at the points (0,0) and {a(Z)s_ ,a (4)5}.

On differentiating x> = ay , we get,
2xdx = ady. = 2x = aj—z = Z—iz%x.
On differentiating x> + y3 — 3axy = 0, we get,
3x%dx + 3y*dy — 3ax dy — 3aydy = 0
= 3y?dy — 3ax dy = 3aydy — 3x%dx
= dy(3y? — 3ax)=(3ay-3x2) dx

= dy(y? — ax)=(ay-x?)dx

d_y_ay—x2
dx y2—ax’
1 1 4
(i) Thevalue of 2 at {a(2)7,a(4)3 }for the curve is 23

and for the second curve at the same point is 0.
4 1
stanf =23 =6 =tan" {2(23)}.
(i)  The value of % at (0,0) for both of the two curves is 0.

That is, the two curves touch at the origin, y=0.

That is, the tangent is common to both the curves.

3. Find the condition that the curves at ax? + by? =1, a,x?+ b;y?> = 1shall cut

orthogonally.

Solution:

Let the curves intersect at the point whose co-ordinates are (x;, ;)

caxt+by?—1=0anda;x} +by? —1=0

x% — J’12 — 1 ( )
bl—b a—aq abl—alb“'

On differentiating the equations of the curve, we get
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d d ax
2ax + Zbyézo -2 X

dy

dy _ ax
dx

=0 = =

and2a,x + 2by = by
1

The gradients of the tangents of the two curves at the points of intersection are:

axq aixq

byy * biyr’
These curves cut each other orthogonally.

Then, we know that,

_ax zaixi _ aard _ 4 N LY
by1 biy1 bbyy1 yi aay
2 _
But the value of L from (1) is =2
i a-a
bich _ _bby _ bib_aia 1 1 _1_1
a—aq aaq bbq aaq b b1 a aq
1 1 1 1
=S -—-=———
a b aq b1
SUBTANGENT AND SUBNORMAL :
Consider the following digram.
v Y=(x)
p
_//
Y
ok
X’ T 0 M G X

YI
Let the tangent and normal at the point P meet the axis of x in T and G respectively. Let M be
the foot of the ordinate.Then, TM is called the subtangent and MG is called the subnormal.
Subtangent=TM = MP cot y=y/ Z—z.

Here, MP =y = cot 1/)21/3—1.
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Subnormal = MG=MP tan ¢ = y%

Tangent = TP =MP cosec y=y,/1 + cot?y

1
2

@2

dx

Normal = PG=MP sec ¢ =y,/1 + tan?y
1/2
— dy\?
=Y {1 +(%) }

:y{1+

PROBLEM:

1.Show that, in the parabola y? = 4ax, the subtangent at any point is double the abscissa and

the subnormal is constant.

Proof:

Differentiating the equation of the parabola,y? = 4ax, we have

dy _4a _ 2a

2ydy = 4adx ol il
_ Yy v
The subtangent—jz =w= 5 = 2x
X y

= double the abscissa

The subnormal=y Z—z =y Zy—a: 2a (constant).
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DIFFERENTIAL COEFFICIENT OF THE LENGTH OF AN ARC OF Y=f(x)

Consider the following diagram:

Y
Q
Ay
P
A R
AX

X’ 0 M N X

YI

Let P be any point (X,y) on the curve y=f(x). Let Q be a point very near P, so that the

coordinates of Qare (x + Ax,y + Ay).

Now, let S be the length of the arc AP,where A is a fixed point on the curve. Then, s+As is

the length of the arc AQ, so that arc PQ=As.

As Ax tends to zero, Q approaches P.Then, the chord PQ and arc PQ become almost

equal. Thus, the ultimate ratio of the arc PQ to the chord PQis unity,as As — 0.
Now, from the right-angled triangle PQR,
(chord PQ)? = (PR)? + (QR)?

= (chord PQ)?*= (Ax)? + (Ay)?

2 2
= (2202) =1 4 (2) [ On dividing both sides by (Ax)? ]

= (20" (e 20)"- 1+ (32)" fmultiplyand divide by (arc PQ)” in LH.S]

Taking the limits as Ax — 0, we get

arc PQ __ ds

. . Ay dy
=1 lim —— = — andlim —_— =,
! Ax—>0 Ax dx 2 d Ax=0 Ax dx
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@) =1 (@)
Simlarly, it may be shown that(;f—;)2 =1+ (3—;)2.

NOTE:

From the figure, it easily follows that ¢ = Z—Z :

Here,y is the angle between OX and the tangent at the point (X,y).

PROBLEM:
For the cycloidx = a(1 — cos@),y = a(6 + sin8),find Z—i.
Solution:

We know that,(j—i)z =1+ (Z_Z)Z'

Giventhatx = a(l1 —cosf) and y = a(f + sinf)

= dx = asinf and dy = a(l+ cosf)

. dy _ a(l+cos®) _ 20052(9/2) _cos(e/z) _ )
“dx T asing ZSin(e/Z)cos(e/z) sin(e/z) = COt( /2)

2
(g—i) =1+ cot? 9/, = cosec? ¥/,

ds 0
= — = cosec(?/5).
. ds . X

2. Find —in the curve y = a cosh (E) .
Solution :
Given that, y = a cosh G) ...(1)

ds

We know that, (E)Z =1+ (Z—z)z.

On differentiating (1), we get

%’: a <sinh (5)x (g)) = sinh (3)
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ds\* X X
(@) - 2 ,
== cosh (2)

POLAR COORDINATES:

Consider the following diagram:

0
0=\ A

The position of a point P on a plane can be indicated by stating:

(1) Its distance r from a fixed point ‘O’.
(2) The inclination 8 of OP to a fixed straight line through ‘O’.

Here, r is called the radius vector and 6 the vertorial angle, O the pole and OA the initial line,
where r and 0 are called the polar coordinates of P.

r is considered to be positive when measured away from O along the line bounding the
vertorial angle and 6 is considered to be positive when measured in the anticlock wise
direction. Itis usual to regard 6 as the independent variable.

When converting polar co-ordinates to Cartesian or vice versa, it is customary to take the
pole as the origin and initial line as the x-axis.

Then, the formulae for conversion are x = r cos fandy = r sin 6.
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ANGLE BETWEEN THE RADIUS VECTOR AND THE TANGENT

Consider the following diagram. Let P, P’ be two neighbouring points on a curve. Let
(r, 8) be the polar coordinates of P and (r + Ar, 6 + A8)be the polar coordinates of P’.

If we join P, P" and draw PN perpendicular to OP’, we have
PN = OP sin £PON = r sin A6.
Again, PN = OP' — ON = r+Ar-r cosA#@

= = Ar + r (1 — cos AB)
_ . 2 (A8
= =Ar + 2r sin (2)

Denote by ¢ the angle between the radius vector OP and the tangent at P. If we now
let AB approach the limit zero, then

(1) The point P’ will approach P
(2) The secant PP’ will become the tangent PT in the limiting positions.
(3) The angle PP'N will approach ¢ as a limit.

From the above diagram, we have

r sin A@
=r 46

Ar+2r sin 2 (%)

tanPP O =

sin A© sin =~
lim —— =1, lim sin® | lim %=1
A8-0 " pg ’Ae_,os 27 Ab A8
7—)0 2
. Ar dr
andlim — = —
i) AD doe
2250

2
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~tang = Algr_r}() tanPP'O=r ——=r—.

PROBLEMS:
1. Find the angle at which the radius vector cuts the curve % =14 ecosb.

Solution:

Let @ be the angle between the radius vector and the tangent at the point at which the
radius vector meets the curve.

On differentiating % = 1+ ecos 6 with respect tod, we get

& esing =& —erzsine
r2de de ~ 1 '

We know that, tan® = r % .

rl _ 1 _1+ecos ®

esin 8.r2 r.esin® e sin 0

tan@ =

. The required angle,@ = tan™! (ke 0),

e sin 0

POLAR SUBTANGENT AND POLAR SUBNORMAL

Consider the following diagram:

T

Draw a line NT through the pole perpendicular to the radius vector of the point P on
the curve. If PT is the tangent and PN the normal to the curve at P, then

OT= Length of the polar sub tangent.

ON=Length of the subnormal of the curve at P.
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Polar subtangent= OT = OP tan® = r.r Z—f :rZZ_f.

Polar subnormal = ON = OPtan £ OPN = OPtan (£TPN — 2TPO)

r r dr

= OPtan("/,—@) = r cot @ = = — =—.

tan@  r 48 de

. do . d
Hence, Polar subtangent isr? - and Polar subnormal is é.

Problems:

1. Show that in the curve r=ae®ct
(1) The polar subtangent = r tan a.
(i1)The polar subnormal = r cot a.
Solution:

Here, r = aed ot «

. d_r — 0 cot o —
T ae I cota.
Hence, the polar subnormal is(rcot a).

1

r cota’

de
Also,d—r =

,db r?
dr  r cota

=r tana

Hence, the polar subtangentis (r tan a).

2. Show that in the curve r = a0, the polar subtangent varies as the square of the radius vector

and the polar subnormal is constant.
Solution;

Given that, r = a0.

d . .
£ = a,which is constant.

. de 1 de r2
Again—= -=>r2—= —
dr a

dr a’

Thus, the polar subtangent varies asther?.
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THE LENGTH OF ARC IN POLAR CO ORDINATES

Consider the following diagram:

9 X
Let the coordinates of a point P on the curve be (r,0).
Then, OP =r; and 2AOP=6.
Let the coordinates of a point Q on the curve very close to P be (r + Ar,6 + A9).
Then, OQ=r+Ar, ZQOA = 6+A08 and £ POR = AS.

Let s be the length of the arc BP, where B is a fixed point on the curve. Then, the
length of the arc BQ is s + As and the length of the arc PQ is As.

Now, PR = OP sinAB = r sinA@ .
OR = OP cosAB = r cosA8.
AlsoQR = r + Ar—r cosA® = r(1— cosAB) + Ar = 2r sin? A2—6+Ar.

PQ®> = PR* + RQ?

A6
= (rsinédf)? + {2r Sin27+Ar}2.
2 2

2 . . 200 . 2 . AB
chord PQ) sinAB. o 2rsin“= = Ar 2 (smAG) rsin=- . ,g Ar
A =(r —— + | — — =r + 1n— —( .
( A8 ( A8 ) TR A8 2 SIS+ 3

Passing to the limit as A tends to zero, we get

sinA® Ar dr .
— > 1,— > —,sin2 0.
A0 A0 do 2

chord PQ chord PQ arcPQ 1 ds
= . - 1.
A6 arc PQ AB de

- (dS)Z _ 2y (dr)2
“\ae) =" T\ae

2 2
In the same way, it may be shown that(j—i) = (r%) + 1.
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: , d : de
It is easily seen that cos @ = iand sin@ =r -

S

Problem:
1. Find g—z and g—j for the cardioid r = a (1+cos 6).
Solution;

Given that r = a (1+cos 0)

On differentiating the above equation, we have

dr . .

=4 (0 —sinB) = —a sin 6.

do r a(l+cosB 1+cos 6
A|SO,T‘.— = - = ; = —

dr —a sin 0 —a sin 0 sin 6

2 2
We know that, (j—:) =1+ (r%)
=1+ cot?(0/2) = cosec? 6/2.

ds
- = cosec 0/2.

We know that, (2—2)2 =r’ + (:_;)2

2 cos? 6/2

- 2sinB/2cos0/2

= a?(1 + cos0)? + a®sin’0

= a%(1 + cos?0 + 2 cos 0) + a?sin?0

=a’ + a%(cos?0 + sin?0) + 2a% cos O

= a%? + a? + 2a% cos 8 = 2a%(1 + cos 0)

= (d—s)z = 2a°[2co0s?(8/2)] = 4 a%cos?(0/2).

ds o
w5 =2a cosi{B/2).

2. Find j—z and j—j for the curve r = a (1-cos 0).
Solution;

Giventhat, r=a(l-cosb) = g—; = asin6.

d6 _ a(1—cos6)

Consider, r.

; asin @

= —cot0/2.
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_ 2asin®6/2
"~ 2asin6/2 cos6/2

=tan8/2.
We know that,(g—j)z =1+ (r j—f)z

=1+ tan’0/2 = sec?8/2.

We know that,(j—z)z =r’+ (j—;)z
= a?(1— cos0)? + a%sin’0
= a’(1 + cos?0 — 2 cos B) + a%sin’0
= a% + a%cos%0 + a%sin®0 — 2a% cos B
= a® + a%(cos?0 + sin?0) — 2a? cos O
= 2a® — 2a® cos 8 = 2a?(1 — cos 0) =4a’sin* /2

(3—;) = 2asin8/2.

Envelopes, Curvature of Plane Curves:

Envelopes:

The equation f(x,y,t) = 0 determines a curve corresponding to each particular
value of t. The totality of all such curves by gaining different values of t, is said to be a family
of curves. The variable t is different for different curves; and is said to be the parameter of the
family of curves.

Consider the equation x cos 8 + y sin 8 = a, where a is constant. For different values
of 0, the equation represents a family of straight lines touching the circlex? + y? = a2.

Here,0 is the parameter of the family of straight lines, x cos 0 + ysin6 = a .

Similarly,y = mx +% represents a family of straight lines. Here, the parameter is m
and it touches the parabola y? = 4ax.

Similarly,(x — a)? + y? = r?, where r is a constant, is a family of circles. Here,

the parameter isa and it touch the lines y = +r.

We have seen that in the above three illustrations, the family of curves touches
a curve. The first case is a circle, the second case is parabola and thethird case is a pair of
lines. The curve E which is touched by family of curves C is called the envelope of the family
of curves C.
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Problems:
1. Find the envelope of the family of straight lines,y + tx = 2at + at3, the parameter being t.

Solution;

Given that, y + tx = 2at + at3 .. (D)
On differentiating partially with respectto t, we have
x =2a+3at? ————(2)
To get the envelope, we have to eliminate t from (2) and (1). We have
y = —tx + 2at + at?
s>y=t(—x+2a+at?) ————(3)

From (2), we have 3at’ =x—2a=> t?= % ————(4)

On substituting (4) in (3), we have

(x—2a))=t(—3x+6a+x—2a)=t(—2x+4a>

=t|— 2
y (X+ a+a 3 3

a
2t
- y=-—5(x-2a)

Squaring on both sides we get,

, At 4<x—2a

e 2 2 _*
y—9(x2a):>y93a

> (x — 2a)?

= 27ay? = 4 (x — 2a)3, which is the equation of the required envelope.

This curve is called a semi — cubical parabola.

2. Find the envelop of the family of circle (x — a)? + y? = 2a, wherea is the parameter.
Solution:
Given that,(x — a)? + y2 = 2a— — — —(1)
On differentiating partially with respect to ‘a’, we have
2x—a)(~1)+0=2> —2(x—a)=2= (x—a)=—1
>a=(x+1) -———(2)

On substituting (2) in (1), we have
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(D2 +y?=2x+1D)=>y?*=2x+1)—-1 =2x+2-1 =2x+1.

Hence, the envelope of the family of circles(x — a)? + y? = 2aisy? = 2x + 1.

3(a) Find the envelope of the family of straight lines, y = mx + % , Where m is the parameter.

Solution;

Giventhat, y = mx+=— — — —(1)

m

On differentiating partially with respect to ‘m’, we have

O=X+(0m;za)=m2x+(—a)=mzx—a=>a=m2xﬁx=(ﬁ).

a a
From (1), we have y = mx + —=m — + S>y=

a a a 2a
m m m m

432 4a.a a
2 =—=— =4a.F:>y2 = 4ax.

Hence, the envelope of the family of straight line y = mx + %is y? = 4ax.

3(b) Find the envelope of the family of straight lines, Y = mx + am?, where m is the
parameter.

Solution;
Given thaty = mx + am? — — — —(1)

On differentiating partially with respect to ‘m’, we get
0=x+2am=> —2am=x>m=—————— (2)

From (1), we havey = mx + am? = y =m(x +am) — — — —(3)

On substituting (2) in (3),we have

-2l ) -2(-) 20 -

On squaring on both sides, we get
4

2_X 2,2 _ o4
y—ﬁﬁ 16ay—X.

Hence, the envelope of the family of straight line sy= mx + am? is16a’y? = x*.
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3(c) Find the envelope of the family of straight lines, xcos30 + ysin36 = a, where 0 is the
parameter.

Solution;

Given that, xcos30 + ysin30 = a — — — —(1)
On differentiating partially with respect to '0’, we get

—3xc0s20.sin 8 + 3ysin?6.cos 8 = 0

. . . cos 6 sin 0
= 3ysin?0 cos O = 3xco0s?0.sinB = ysinO = xcos O = ==

X

y . X
5 C0SO = —— sin = ———— ____(2)

On substituting(2) in (1), we have

() ()
X | —= y|l—] =a

3 YX3

Xy _
M D

= xy> +x3y = a ((x* + yz)l/Z)3

= xy(y?+x®)=a(x*+ y2)3/2

2 +y")2

3_ 1
iy SOy =acd £y

= Xxy=a

Xy = a\/x? +y?.

Hence, the envelope of the family of straight lines x cos® 8 + y sin® 8 = ais xy = {/x2 + yZ2.

2 2
4.Find the envelope of circles drawn on the radius vectors of the ellipse Z—2+;’—2 =1 as
diameter.

Solution:
The coordinates of any point P on the ellipse are (acos6,b sin 0).
The equation of the circle on CP as diameter isx(x —acos6) + y(y —bsin8) = 0

= x?+y? —axcos® —bysind=0 ————(1)
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We have to find the envelope of the family of circles (1) for different values of 6.
On differentiating partially with respect to ‘6°, we have

—ax(—sin®) —ybcos® =0 = axsin® —bycos6 =0————(2)
Now, we have to eliminate 6 from (1) and (2).
(2) = axsin® = bycos 6

asine_bcose

y X
sin® _ cos 6 _ 1
by ~  ax .\ [aZx2+bZyZ
sin 0 1 ) by
= =sin =————— ————-(3)
by \[a2x? + b2Zy2 Ja%x? + b2y?
and=>® = ! =080 = —— — — — —(4)
ax . [aZxZ+bZyZ T JaixZ4b2y?

On substituting (3) and (4) in (1), we get

4y = ax(omees ) by o) - 0
/aZXZ + b2y2 /aZXZ + b2y2

2,2 b2 2
= XZ + y2 - ax — Y =
\/aZXZ +b2y2 \/aZXZ _|_b2y2
22 2,2
+b
$X2+yz_<®x_y)>=o
/aZXZ +b2y2

= x?4y%—(a%x?% +b%y)/2 = 0 = x% + y% = Ja?x? 4 b2y?
On squaring on both sides, we have
(XZ + y2)2 — aZXZ + b2y2 o _(5)

Hence, (5) is the equation of the required envelope.

7. Find the envelope of the straight Iinesz + % = 1, where the parameters are related by the
equation a® + b? = c?, where ¢ is a constant.

Solution

Let us regard a and b be the functions of t.
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a? +b% =¢? ————(
X y _ o
-ti=1 (2)
On differentiating the above equations partially with respect to ‘t’, we have:

da db
(=22 2+26F=0 —---(3)

2= xal+ybl=1>= -a?x j—: + y(—b_z)% =0

xda ydb 0 4
a2dt b?dt )
On equating (3) and (4), we have
X - -y
- =2a,-5=2 —=1 ===1
a2 Y b 2a3 * 2b3
BRI X - X
=i T @ O

We have to eliminate a and b from (1), (2) and (5).

(5)= Ll = O _ CartCh) 1
T a2 T b2 T a4b?z T 2
x 1 1
“5=a pita oa =k B=dy sa=(@' b= ('

On substituting the values of a, bin (1), we get,

((CZX)1/3)2+ ((C2y)1/3)2 — CZ = (CZX)Z/B + (C2y)2/3 — C2

= M3x23 4 M3y2/3 = 2 o x2/3 4 y2/3 = C% _ 23

<2/3 +y2/3 — c2/3
This is the equation of the required envelope.

This curve is known as Four cusped hypocycloid.

Circle, Radius and Centre of Curvature

Let P and Q be two points on a plane curve;¢ and @ + Ag the angles which the tangents
at P and Q make with the x-axis; s the arc measured from some fixed point A on the curve up
to P and As the arc PQ.Let the normals at P,Q intersect at C.

From the figure, it easily follows that 2 PC'Q = Ae.
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. pc’ __chord PQ _ chord PQ arcPQ _ chord PQ As _ chord PQ As Ag
“sinPQC’ ~ sinPC'Q ~ arcPQ sinPC'Q  arc PQ sinAp  arc PQ Agsin Ag

Now, the limit ofz PQC’ as Q tends to P is 90° and also

chord PQ As sin Ap

. . ds .
limy_,p crq = 1, limp,_ e = aandAlq;rgo o 1.
As Q tends to P, limit of PC’ is j—fp.
Y
Ap
A
_/
/] \ o+ Ao
X’ ol o0 X
Y’

Let the limiting position of C’ be C.

ds . 1 do ds . .
Then,PC= —, i.e., —= — = PC = — iscalled the radius of curvature at p.

do PC ds do

Therefore, the circle with centre C and radius PC has the same tangent. The curvature is also
same as the curve has at P.

This circle is called the circle of curvature at P. So, it can be defined as that circle which
touches the given curve at the point. It has a radius equal to the radius of curvature at the
point. It lies on the same side of the tangent as the curve. Its radius is PC, the radius of
curvature and its centre is C, the centre of curvature at the point P. The radius of curvature is

often denoted by p . Hence, the curvature is% .

Cartesian Formula for The Radius of Curvature

dx
dzy
2

| . N R B
The Cartesian Formula for The Radius of Curvature is,p = —3%——

f=%

X

Problems:

1. Show that the radius of curvature at any point of the catenary y = c (coshZ )is equal to the
length of the portion of the normal intercepted between the curve and the axis of x.
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Solution

Giventhaty = ¢ (coshY) ————(1)
dy . x I X
= =C (smhE X C) = sinhZ
2
=>d—}2’ = cosh= .-
X
[1+(d—y)2]3/2
We know that, p(x,y) = jxy
dx 2
__ [1+(sinh %)2]3/2 _c[1+sinh?x/c]?/2 _ (cosh?x/c)%/2 2 x
=plxy) = 1/. cosh T - cosh % =¢ W = ¢ cosh c

2 2
From (1), we have p = ¢ Z—zz =,

C

We know that, length of the normal is y [ 1 + (3—1)2]1/2

2

=y [1+sinh?2]¥2 =y (cosh? H)1/2 =y cosh§=y.z= L,

C C
2
Therefore, the length of the normal = yT = the radius of curvature.
2. Find the radius of curvature for the curve xy = 30 at the point (3,10).
Solution

Given that,xy = 30

dy dy dy -y
dy -10
& at (3,10) = T
d d
dzy_ —X.d—i— (=y).1 X d—§+y_ —x—¥+y_ 2y
dx? x2 B x2 - x2 T X2
d?y _20
= at (3,10) = 5

[1+(E2 P2

We know that, p = Ty,
dx?
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LG ol

100
[1+ 7]3/2

[109]3/2

d?y
/dXZ

20/9

(10

99

9)3/2

The radius of curvature for the curve |s—

3. If a curve is defined by the parametric equation x = f(6) and y = @(0), prove that the

‘o
XYy

curvature |s; = 2+_y2)3/2,
Solution
Given that,x= f(0) and

y = 0(0).

On differentiating with respect to 6, we have

de
dx

1

X

de
and —
dy

dy _

oo dxz
==

[1+(E)?

We know that,p = Ty,
dx?

=

1

X

d
do

roon
Xy

1

dx d dy
=Y =g
(ﬂ) ’
o dy \de) vy
Tdx (dxy %
(@)
(dy) (de) . d y (d@)
dx/\dx/  do\x /\dx
- y'x” 1 _ X'y” - y'x"
X 2 X x 3
d?y
/ 42
P\ 1+ @ /
X,y” - y,x”
_ x 3 ,
- / X2+y
[ 7

[1+ G2

9

20

where dashes denote differentiation with respect to ©.

Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education, Tirunelveli.



Xy —yx 5 2X3/2

< 3 X (X 2 +y 2)3/2

. _ 1 Xy oy
=~ The required curvature is - = Iy

4. Prove that the radius of curvature at any point of the cycloid, x = a (6 + sin8) and
y=a(l—cos0) is 4a cosB/2.

Solution

Given thatx = a (6 + sinB)andy = a (1 — cos0) .

On differentiating with respect to 6, we have

X At cos®)=x , Y =asing=y
de—a( cos0) = x , qg =asin®=y

dy asinf y,
dx a (14cos 0) T ox

Again differentiating, we get,

d2y " d?x " .
— = =qacosf,—=x = — asinb.
aez Y ’ 402

d2y __—asin®

dx2 ~ acos®

i Xy e
We know that, = I

~a(l+cosB).a cos® — a sinf (— asinb)
B ((a(1 + cos 0))% + (a sin§)?)3/2

a® [cos 8 + cos? 0] + a?sin? 6
[aZ(1 + cos? 0 + 2 cos B + sin? §)]3/2

a® cos 6 + a®(cos? 6 + sin? 6)
[a2(1 + 2 cos 6) + a?(cos? 0 + sin? 9)]3/2

a’® cos 6 + a?
(a?(1 + 2 cos 8) + a?]3/2

a’(1 + cos 6) (1 + cos ) 13
=— = 3T = 5372 (1+cos@) 2
a?*3(2cos O +1+1)3/2  23/2a(1+cos6)/2  2°/%a
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1 1
2vZ.a(1l+cos8): 2 V2 a.(2 cos?6/2)1/2

1 1 1
- Zﬁa_z%coszx%g/z " 2x2.acos 6/2 4acos6/2

(1+ cos 6)_% =

T 237g

Therefore, the required radius of curvature is p = 4a cos 6/2.

5.Find the radius of curvature for the curve,vx + \/y = 1 at the point (1/, ,1/,).
Solution;
Giventhat, Vx +,/y = 1

. 1 1

iexz4+yz=1

On differentiating, we get

1, -1, 1, 1dy 1 1 dy
X 2+ 2—=0 @>2—4+——=90
/2 /zy dx 2% Zﬁdx
dy -1 -y
=5 —= — X2 =
&R s
_
. d_y t(1 1)i$ \/74_ -1
T odx at\»z \/T -
/4
I s e S A o e e S
dx? (x1/2)2 - X Tox
1., 2
dZ_Y(11 _ /2+2><1/2_ 1/241/2 L—zl.
dx2 \#a/) — 1/4 — 1/4  1/4
0+ aend 2z 1
We know that,p = (325) === =%

Hence, the required radius of curvature is\/% :

The Coordinates of the Centre of Curvature

Let X and Y be the centre of curvature of the curve, y = f(x) corresponding to the

2
point (X, y). Let y; and y, denote ‘i—i and jx—ﬁ respectively.
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Then, the coordinates ( X, Y ) of the centre of curvature is given by,

2 2

y2 y2

Evolute:

The locus of the centre of curvature for a curve is called the ‘Evolute’ of the curve.

Problems:

1. Find the coordinates of the centre of curvature of the curve xy = 2 at the point (2,1).
Solution

Given that, xy = 2

=y = §= 2x71

dy -2
=== —2x =
dx Y1

dy -2 =2 —1

Cat@RD s —2@7 =gy = e =

2
andT% = -2 (—-2)x 3 = 4x%.

.dzyt21,42_3_4_4_1 1
faz MEDEHDT =0y =g=520 5

We know that, the coordinates of the centre of curvature is,

2 2
x = x =201 yandy = y 4 @D o

y2 y2
-1 —1.2 1 1 1/5
_ o Faxm?) F(+Ys) ) s, .5
(1) =X =2 g =2k Bt =2+ Bt = 240X 2 = 24
13
_1 2 1 5
(2)=>y=1+M=1+M=1+1ﬁ=1+5/2
/2 /2 /2
=y =1
2

The required coordinates of the centre of curvature of the curve xy = 2is, X = 14—3 andY = %
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2. Find the coordinates of the centre of curvature of the curve xy= c?at the point (c, ¢ ).

Solution

We know that, the coordinates of the centre of curvature is,

2 2
X=x—%...(l)andY=y+ o) @)

Given that,xy = c?.

On differentiating with respect to x, we have

dy dy dy -y
—~+y(1)=0 sx—=—y 5 —=—2
x dx y(1) xdx Y dx X
12 dy ; _C
Ly =7 at (c,c) is T=—1=y1
ey @wa (A
TTax? x2 - x2 - x2 T x2
d? 2¢
d_x}zl at (c,c) is =l
. 2
That is,y, = -
D=>X=c- —(_1%(1“) — 4+
/c 2
X =2c
Q=Y=c+ (12+1) =c+2x=
/e 2
~Y =2c.

The required coordinates of the centre of curvature of the curve xy = c?at the point (¢, ¢ )is,

X =2cand Y = 2c.

2 2 2
3. Show that for the curve x3 + y3 = a3at the point (a cos®t, a sin3t), the coordinates of the
centre of curvature is X = acos® + 3a cos + sin’t and Y = asin3t + 3a sint cos’t.

Solution

We know that, the coordinates of the centre of curvature is,

2 2
X=x—”(1y%1)...(1)and)f=y+ %”.(2)
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Given that, X = acos3t and y = asin’t

dx . d .
== —3acos®t sint and % = 3a sin’tcos t
dy 3a sintcos t
== ———— = —tant=
dx —3acos?tsint 1
d%y d (dy)de d 1 sec?t 1 1
— =—|—)]—= — (—tant = = =
dx? do \dx/ dx dH( )—Bacosz—i-sint 3acos?tsint cos?t3acos?tsint V2
e = L
Y2 = 3acosttsint’
—tan t) (1+tan?t
(1)= X = acos®t — (1 )(4 mt)
/3 acos*tsin t
3 sint ) 4e
=qacos°t + tXSeC t X 3a cos™t sint
3 sint 1 4 ]
=acos’t + X 3a cos*t + sint

X
cost cos?t
~ X = acos3t + 3sin’tcost

, 1+tan?t
(2)= Y =asin’t + %
gaCOS tsint

= asin®t + sec?t x 3a cos*tsint

%X 3a cos* tsint

= asindt + >
cos?t
~Y = asin®t + 3a cos?tsint

The required coordinates of the centre of curvature are:

X = acos3t + 3sint costand Y = a sin3t + 3a cos?t sint.

4. Show that the evolute of the cycloid x = a(6 —sin8); y = a (1 —cos8) is another
cycloid.

Solution

We know that, the coordinates of the centre of curvature is,

2 2
x=x—“(ly%1)...(1)and1/=y+ G @)

Giventhat, x = a(@ —sinf) and y = a (1 — cos 0)
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dx dy .
% = a(l —cos @) and 0= ¢ sin
dy asinf 2
dx  a (1—cos 8) =S COtZ
_dty d(dy)(d@)_ d tH 1 B ,0 1 1
Y2 = x? T a6 \dx) \dx) T de (co 2) a(l—cosf) oS3 2 “azsin? 0/2
—cosec‘*% -1
o yz = =
4a 4asin* =
_ . cotf /2(14cos 26 /2)
1)=X =a(0—sinb) — Y
4a
0
_ cos , 0 4a
=a(f —sinf) + g -cosect S X —5
sinz cosec‘*i
0
_ cos = , 0 0
= a(f —sinf) + .cosec 5 4a sin 5
sini
. o ;0 1
= a(f —sinf) + 4 cosi .sin E.a
sin? 5

6 0
=a(f —sinf) + 2.2a sinzcosi

6 0
=a(@ —sinf) +2a (2 sinicosi

7]
=a6—asin6+2asin2§

=af + 2a sin@ —asinf = af + a sinf
~ X =a(6 +sin0)

(1+cot?6/2)
48
2

2)=Y=a(1—-cosO) +

—cosec
4a

0 —4a
= a(1 - cosf) + cosec? = X 7
cosec* 5

6
= a(1 — cos 0) — 4asin? >
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1——cos@
2

=a—acosf —4a (
=a—acosf — 2a(l —cos )
=—a+acosf
~Y=—a(1l—-cosh)
The required coordinates of the centre of curvature are:
X =a(@ +sinf)andY = —a (1 — cos )
Therefore, the locus of (X,Y) is, x=a(8 +sin@) and y = —a (1 — cos 9).

The curve represented by these equations is also a cycloid.
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UNIT — Il : SUCCESSIVE DIFFERENTIATION

Successive differentiation —Leibnitz’s Formula. Partial differentiation — Successive partial
differentiation — Implicit functions — homogeneous functions — Euler’s theorem. Maxima and Minima
for one variable - Concavity, Convexity and points of inflexion - Maxima and Minima for two

variables.

SUCCESSIVE DIFFERENTIATION

Introduction:

We have seen that, in general, the derivative of a function of x is also a function of x.
If the new function is differentiable, then the derivative of the first derivative is called the
second derivative of the original function. Similarly, the derivative of the second derivative is

called the third derivative; and so on the nt" derivative.

Consider, y = 4x°
Then, 2 = 20x*
dx
d (dy
& ()

%{% (Z—i)} = 240x?, etc.

dzy
— = 80x3
dx?

=

The symbols of the successive derivatives are usually abbreviated as follows:

4(@) Ly gy,

dx \dx dx?
Ly 2 EAN_ Y _ ey
dx ldx \dx dx \ dx? dx3

d dn—ly) d"y
L =42 _ pny,
dx (dx”‘1 dxm y

If y = f(x), the successive derivatives are then denoted by
e, f(x), e, (%) or
v,y ., y™ or

Y Y2r s Yne

The n"derivative
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For certain functions, we can find a general expression for the n™ derivative
involving n.For this purpose, find the number of successive derivatives necessary to discover
their law of formation. Then, write down the n™ derivative by induction.

Example:
Lety = e
dy

- - = ax
= ae
dzy 2

= -7 = ax
o =a'e

..dn
Then, we can wrltedxfrvl = q"e? .

Standard Results:

1. Lety = (ax+Db)™,

then,y; = ma(ax + b)™!
y, = m(m — 1)a?(ax + b)™ 2
y; = m(m —1)(m — 2)a®(ax + b)™ 3

y, = m(m—1)..(m—n+ 1a"(ax + b)™ ™.
When m = —1, we have
D"(ax —b)™t = (=1)"nla"(ax + b) ™. (D)
2. Lety = log (ax +b),

then,y; = a(ax + b)~L.

n—1
We have y, =a —— (ax+b)~' =a D" (ax —b)~L.

dxn—1

Replace n by (n — 1) in (1), we have

v, = a(=D)"1(n—-1D!a" ! (ax + b)™
= (D" '(n-D!a" (ax+b)™.
3. Lety = sin(ax + b),

then,y; = acos(ax + b)
= asin (§+ax+b).
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Thus, in this case, the effect of a differentiation is to multiply by a and increase the
angle by%.

~y, = a®cos (§+ ax + b) = a? sin (27”+ ax + b)

Similarly, y; = a3 sin (377! + ax + b)

In general,D"sin(ax + b) = a™ sin (% +ax + b) .. (2
. . nm
4. Similarly,D"cos(ax + b) = a" cos (7 +ax + b) ...(3)
Corollaries:

Leta =1, b = 0.

From (2) and (3), we have

D™(sinx) = sin (? + x)

and D"(cos x) = cos (%ﬂ + x).
5. Lety = e®* sin(bx + ¢),
then, y; = e™ b cos(bx + c¢) + ae*sin(bx + c).
Puta = rcos¢ and b= rsind.
We have,y; = re*®sin(bx + c + ¢).

Thus, in this case, the effect of a differentiation is to multiply by r and increase the
angle by ¢.

Similarly, y, = r2e®sin(bx + ¢ + 2¢), ...
In general,

D™{e** sin(bx + ¢)} = r"e* sin(bx + ¢ + n¢),

1
wherer = (a®? + b?)z and ¢ = tan™! (S)

6. Similarly,

D™"{e**cos(bx + ¢)} = r"e“cos(bx + ¢ + ng),
wherer and ¢ have the same meanings as before.
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f(x)

Fractional expressions of the form — , where both functions are being algebraic and

d(x)’
rational:

The above form can be differentiated n times by splitting them into partial fractions.

Problems:

3

1. Find Yn» where y = m .

Solution:

3

Given that,= m .

Resolving into partial fractions, we obtainy = 2:_—1 — ﬁ

We know that,D™(ax — b)™! = (—=1)"n!a"(ax + b) "¢

_2(=D"2"al  (=D"n!
T @r-nntl (x+ntl

2n+1 1
=(—1)'n! —
(=1)"n! {(2x—1)n+1 (x+1)n+1}'

=

. 2
2. Find Yn, when y =m.

Solution:

x?2 A B C

Consider,y = (x—1)2(x+2) - (x-1)  (x-1)2 = (x+2)

Wehave x? = A(x—1)(x+2)+ B(x+2) + C(x — 1)
x=1 =1=A40)+B@)+C(0) = B=:
x=-2 =4=A0)+B0)+C(-2-1? = C=:
x=0 = 0= A-1)(2)+B@)+C

=0=-24+ (3)2 + ;=5 =-24 =4=1:
5 1 .1 1 4 1
YV Er e T e v wy

_5 mED" | (D" 4 (D"
Hence, In = 5 Gont T 3—nntz 9" rgzyntl
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5 (n+1) 4
=(—1)"n!
= yTl ( 1) n. {9(x—1)"+1 3(x_1)n+2 9(x+2)n+1} '

3. Find y,, when y =ﬁ.

Solution:
. 1 1 1 1 1 1 1
Consider, y= x2+a2  2ai [x—ai B x+ai] ( x2+a?  x—ai x+ai)
_ (—1)”n![ 1 _ 1 ]
T gai (x—ai)**tl  (x+ai)ntl

Trigonometrical Transformation:

It is possible to break up products of powers of sines and cosines into a sum by
trigonometrical methods.

Problems:
1. Find the n" differential coefficient of cosx. cos2x. cos3x.
Solution:

. 1
Consider, cosx.cos2x.cos3x = > cos2x (cos4x + cos2x)

1
= Ecost cosdx + ECOSZZX

= %(cost + cos 6x) + %(1 + cos4x)
= i + % (cos2x + cos4x + cos6x)

~D™(cosx cos2x cos3x) = i{Z"cos (? + Zx) + 4" cos (% + 4x) + 6" cos (% + 6x)}

2. Find the n™ differential coefficient ofcos® 8 .sin’ @ .

Solution:

Let x = cosf +isinf ...(1)

:% = cosO —isind ... (2)

Q) +(2) =x + %: 2 cosf
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(1)-(2) = x —-=2ising
Applying De Moivre’s theorem, we have
x™ = cosnf +isinnf and xin = cosnf — isinnf

=>x”+xin=2cosn9 and x”—xin = 2isinnf ...(3)

Using (3), we have

25cos® @ = (x + %)Sand 27i7sin” 6 = (x — l)7.

X

On multiplying the respective sides of the equations, we have

212 {7 cos® @ sin’ = (x + %)5 .(x B 1)7

X

=(-3) (-3

= (xlo— 5x6+10x2—316—2+xi6 —x%)(xz—2+xi2)

= x12 - 5x8 + 10x* — 10 + > — =
X X

— 2210 + 10x6 —20x2 + 2 -2 4 2
X X X

+ x8 — 5x4+10—2+i L
* g8 x12

Using (3), we have
212i7 cos® @ sin” 0 = 2i [sin120 — 2sin 1060 - 4sin 86 + 10sin 66 + 5sin 46 — 20sin 26|

=21 cos%0sin’ = sin 120 — 2sin 100 - 4sin 86 + 10sin 660 + 5sin 46 — 20sin 26

1

. - . nm . nm . nm
» D™ (cos® @sin’ 9) = 27{12" sin (7 + 129) -10™ 2sin (7 + 109) — 8"45sin (7 +
86+ 671 10sinnm2+68 +4n 55ininm2+46 —2n 20
sin®inz2+26.
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Formation of Equations Involving Derivatives:

Let there exists a relation between xand y. Then, in many cases, we can deduce a
relationship between the variables x ,y and the derivatives of y with respect to X, using the
given relationship.

Problems:
1. If xy = ae* + be™, prove that x + 2 —xy =0.
Solution:

Giventhat, xy = ae* + be™

On differentiating both sides with respect to x, We have
+ x2 = ge* — be*
Y dx '
On differentiating both sides of the equation once again, we get

dy d*y dy .
a+ dx2+d——ae + be

=>x—+2 xy

=>x@ + Zd—y — xy = 0, which is the required result
dx? dx y ! q )

2. Prove that if y = sin (m sin™! x), then(1 — x?)y, — xy; + m?y = 0.

Solution:
Given,y = sin (m sin"!x)=sin"'y = m sin"x
On differentiating both sides with respect to x, we get,
1 dy m

Ji—y2dx VI—-x2

On squaring and transposing, we have
2
N[N 204 2
(1-x3)(2) =m?(1-y?).
On differentiating the above equation with respect to x, we get
52 _J’_ o\ _ o2 dy
( )2 dx " dx Zx(dx) - zm ydx'

Cancelling the common factor 2 throughout we get

d’y dy
(1—x2).m—xa+mzy:0.
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3. If x = sinf, y = cos p#h, provethat (1 — x2)y, — xy, + p*y = 0.

Solution:
Giventhat,x = sinf and y = cospf
dx dy .
== - = —
= cosd and = p sinp6
dy _sinpf 1—y?
Tax “cos 6 V1—x2Z '

Since, y = cospf = y? = cos?’pf = 1 —y? =1 — cos? pf = sin® pb

= sinpf =4/1—y2.
Similarly, cos§ = V1 — x2.

2 2
Squaring both sides :(Z—z) = p? (_1_;)
d 2
:>(1 _xz) (%) = pz(l _yZ)
On differentiating the above equation and cancelling the common factor 2 % , We get

dy\? d _ . .
(1—2x2) (ﬁ) - xﬁ + p%y = 0, which is the required equation.

Leibnitz Formula for the n"'Derivative of a Product:

This formula expresses the n"derivative of the product of two variables in terms of the
variables themselves and their successive derivatives.

If u and v are functions of x, we have,
d du dv

d—(uv) = vd—+udx

i.e., D(uv) = vDu + uDv.
On differentiating again with respect to x, we get
D? (uv) = D (v.Du) + D (u.Dv)
= vD?u + 2Du.Dv +u.D*v

Similarly,D3(uv) = v D3u + 3D?u Dv + 3Du.D?v + u D3v.

From the above, it can be observed that the numerical coefficients follow the same law as that
of the Binomial theorem; and the indices of the derivatives correspond to the exponents of the

Binomial theorem. Hence,

d* 1y dv d"—2y d%v du dn—1ly d™v

—v+nCldn1d+ Czd”2d2+ +nC,_q

_d 1 u.dxn .
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This theorem is particularly useful whenone of the factors is a small integral multiple
of x. Further, ifthis factor is taken as vin the proceeding formula, its differential coefficienst
and the series will consist of only a few terms.

Problems:

1. Find the n™ differential coefficient of x2logx.

Solution:

n n n—1 d
2 — 2 - — (x?
Ep (x“logx) = Ep (logx)(x*) + nC; P (logx) P (x“)
n-2 dZ 5

All the other terms will be zero,since the successive derivatives of x2after the second
derivative vanish.

(=D (n-1)! 24 n (=12 (n - 2)! -

~ D™ (x?logx) = poT pores
nn—1DD"3(n-3)!2
+ 2xn—2
_ (D" 32.(n-3)!
T oz
2. If y = sin(m sin™! x), then prove that

(1 = xH)Yns2 = @n+ Dxypyq + (m? —n?)y, = 0.
Solution:
We know that, (1 — x2)y, = xy; — m?y.
Taking the n™ derivative of each term by Leibnit’z theorem, we have
Ynvz (1= x2) +nC1Yp11(=2%) + 1CoY, (=2) = Ypiq X +nCyy, -m?y,
=Yn42(1 = x%) = 2nxyn 11 — n(n — DY = XYny1 + 1y -mPyy

:>(1 - xz)yn-i-Z - (27’1 + 1)xyn+1 + (mZ - nz)yn = 0.
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Partial Differentiation

Successive Partial Derivatives:

Consider the function,u = f(x,y). Then, in general Z—’; and Z—; are functions of both

x and y and may be differentiated again with respect to either of the independent variables
giving rise to ‘Successive Partial Derivatives’.

Let x alone as varying, then the successive partial derivatives are denoted by

d%u 93u 0™u

0x2'0x37" " 9xn *

Let y alone as varying, then the successive partial derivatives are denoted by

3%u 33u 0™u
63/_2 ,m,...,ay—n.

If we differentiate u with respect to x regarding y as constant and then this result is
ou

differentiated with respect to y regarding x as constant, we obtain % (5) which we denote

2
by ai_al; Similarly, if we differentiate u twice with respect to x and then once with respect to

3
v, the result is denoted by the symbol aj aL; .
The partial differential coefficient of Z—;‘ with respect to x considering y as a constant
. 92u
is denoted by Ty

d%u d%u

Generally, in the ordinary functions which we come across, we haveayax = ey

Function of Function Rule:
This rule is very useful in Partial Differentiation.

Let z be a function of u, where u is a function of two independent variables xand y.

0z dz du 0z dz 0u
Then, Pl Eaanda = aa .
Let x and y receive arbitrary increments Ax and Ay and let the corresponding
increments in u and z be Au and Az respectively.

Az Az Au
Then,—= —_—.—.
Ax Au  Ax

9z _ dz v

Proceeding to the limit when 4x - 0,we have — = —.—.
0x du 0x
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Note:

: . : . d . : .
The straight limit ‘d’ is used in ﬁ, wherez is a function of only one variable u. The

(A - . d . . . .
curved ‘0’ is used in % whereu is a function of two independent variables.

Problems:

1. Find the partial differential coefficients of u = sin (ax + by + cz).

Solution:

Given that, u = sin (ax + by + cz)

= Z—Z=acos (ax + by + cz);
Z—z=bcos (ax + by + cz)
and Z—Z = c cos (ax + by + cz).
xy ou ou
2. Ifu=—showthatx —+ y — = u.
x+y ox ay
Solution:
Given that, u = >
x+y
ou _ (x+y)y—xy
= ax  (x+y)?
_ xy+yi-xy
T (e+y)?
yZ
T (+y)?
. ou _ (x+y)x—xy
Similarly, P S T
_ x24xy —xy
T (xy)?
T (xty)?
ou N ou y? N x?
= x— — =x. .
ox yay (x+y)? y(x+y)2
_xy® + yx?
T (x+y)?
_xylxty)  _ xy
(x +y)? x+y
YTy ay
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3 3
3. If = tan 1 =22 then prove thatx. 2 + y % = sin 2u.
x=y Ox dy

Solution:
_1x3+y3
x=y

Given that, u = tan
x3 +y3
x—y

= tanu =

On differentiating w. r. to x alone, we have

, ou  (x—y)3x* = (x* +y°)

sec‘u— =
0x (x — ¥)?
_3x% =3x?y— x° —y°

(x — ¥)?
2 a_u_ 2x3-3x%y—y3
=secu—— = BT .1
Similarly,
3 2_9.,3
sec?y L = Xy 2y” .. (2

dy (x —y)?

From (1) and (2), we have

5 ( ou N au) _ x(2x® = 3x%y —y?) +y(x® + 3xy? - 2y°)
sec’u(x.o—+y. ay) = = )
x3 4 13
= —y: 2tanu
xX—=y
ou ou tan u
x'a-l_y'@_ secZu

= 2tanu cos?u

sinu 5
=2 .COS“ U
cosu

= 2sinu.cosu = sin2u
ou ou .
X — .— = Sin2u.
0x ty dy

v v _

-1 2
— (2 2 4 ,2\5 o7V
4.1V = (x*+y“+z )2,showthatax2+ay2+azz—0.

Solution:

-1
GiventhatV = (x?2 +y%+2%)72
On differentiating v with respect to x alone, we get
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v _ -1 2, a2
a=7(x +y“+z°)2 .2x

-3
= —x. (x*+y*+2°)7

On differentiating once again with respect to x alone,
v 3 =5 -3
ﬁ=zx(x2 +y2+2z8)72.2x— (x* +y* +2%)2
3 -5 -3
=2.ox(x?+y*+2z)2.x-(x*+y* +2%)2

2
3x?2 1

= 5 3
(x?2 +y2+22)2 (x2+y2+2z2)2
3x2 (x? + y? + 2?)

- 5 3
(2 +y2+22)2  (x2+y2+22)2""
3x2—x2—yr—7?

5
(x%2 +y2+2%)2
2Pyt

= 5
(x2 + y? + z2)2

. a’v 2y2—z2—x?
Similarly,—— = i
(x2+y2+z2)2
0%V _ 2z%—x*—y?
a.nda—2 = —ys
z (x2+y2+z2)2

.62V atv 9%V _ 29:2—312—ZZ+2yz—zz—xz+222—xz—y2
Tox2 ' ay? | 8z2

5
(x2+4y2+22)2
2x% — 2x% + 2y% — 2y% + 222 — 277

5
(x%2 +y?+2%)2

a%v %v %v

=t 2 to5= 0, which is the required result.
%u 92u . x2+y2
5. Prove that 52y — ayon when u is equal to log ot
Solution:
xz+y2

Given that, u = logT

=log(x? + y?) —logx —logy
On differentiating with respect to x alone, we have
Ju  2x 1

ox  x2+y? x
On differentiating once again with respect to y alone, we have
du? _ i( 2x l) _ —Axy
dx dy - dy \x2+y2 «x - (x2+y2)2 "
On differentiating with respect to y alone, we have
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Ju 2y 1
dy x2+y? y
On differentiating once again with respect to x alone, we have
ou? 0 ( 2y 1)

(')x(')y:a x2+y2 y
—4xy
- (xz + y2)2
ou? _ ou’?
dx dy - dyox

Total Differential Coefficient:

Letu be a continuous function of xand y. If x and y receive small increments Axand 4y,
thenu will receive, in turn, a small increment Au. Then,
Au = f(x+Ax,y+4y)—f(x,y).

The quantity Au is called the total increment of u.
s Au = f(x+Ax,y +Ay) — f(x,y +4y) + f(x,y + 4y) — f(x,y).
Applying the ‘Mean Value Theorem’ to each of the two differences on the R.H.S., we have

flx+Ax,y + 4y) — f(x,y + 4y) = f. (x + 6, Ax,y + Ay) Ax

=f (x,y+4y) = f(x,y) = f,(x,y + 6,4y)4y,

wheref," and f,’ denote the partial differential coefficients with respect to x and y
respectively.Here, 6;and 6,are positive fractions.

We havedu = f.'(x + 6,4x,y + Ay) Ax + f," (x,y + 6,4y) Ay.
Letxand y, and therefore, also u are continuous functions of some other variable
t.Also, letdx, Ay and Auare the increments of x, y and u due to an increment At of t.
On dividing Auby At, we have

Au

! Ax / A
E:f;c (x + 6,4x1,y + Ay) E+ fy (x,y+02Ay)TZ.

Now let At — 0, we have
du _ . dx / dy
— =Lyt Ly
du _ ou dx | ou dy
dt ~ ox ' dt 9y dt’

It can be expressed in the differential form as:

wheredu is called the total differential of u.

In the same way, if u = f(x,y,z) and x, y, z are all functions of ¢, we get,
du_ou dx | du dy | Ou dz
dt  ox "dt 9y dt 9z dt '
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Similarly, if u = f(xq, x5, ..., x,), Where x4, x5, ..., x,, are known functions of a variable t,
we have the relation:

du _ du dxq du dx; + du dxp
dt  9xy ~dt = dxy dt dx, | dt
du du du
r =—.d —.d dx,,.
(or) du ors x; + P Xy + -+ 37, X,

A Special Case:

If u = f(x,y), where x and y are functions of ¢, we get
du Ou dx Ou dy

dt " ax dt Tay'dt

If we take t to be x, we get u as a function of x and y, where y is a function of x.

Since, Z—i IS now unity, this relation becomes
du Ou N ou dy
dt  9dx dy dx

The quantitiesZ—ZandZ—z are quite distinct.

Example:

Let u = x2 + 2xy + y?; and let y be a function of x.

ou ou
:a—2x+2y and £—2x+2y.

du _ 0w ou dy

We know that, prialew +ay'dx

du _ dy
== 2x+2y+(2x+2y)dx

and the value on—z will depend on the relation between x and y.

Implicit Functions:

Let the relation between x and y be given in the form, f(x,y) = ¢, where cis a
constant. Then, the total differential coefficient with respect to x is zero, since the differential
coefficient of a constant is zero.

_of , of dy
Hence,0 = ™ + 3y dx
dy (%)l
= = gxs |
2[5
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This gives an alternate method to find the differential coefficient of y with respect to x when

y is given as an implicit function of x.
Problems:
. d .
1. Find ﬁ, whereu = x? + y% + z2, x = et, y = e'sint, z = e’ cost.

Solution:

du _ du dx du dy du dz
We knowthat,dt =w wtn wtaz .. (D

Given that, u = x? + y? + z2

Ju Ju ou .
=>a—2x, 5—2)}; 6_2_22,
dx dy
t t : t t :
— =e¢; —=e cost+sint e =e"(cost +sint);
dt dt ( )

d . .
and é = ef(—sint) + coste’ = e(cost — sint).

du
1= - = 2x.et + 2y.e(cost + sint) + 2ze' (cost — sint)

= 2e(x+ycost+ysint+zcost —zsint)
= 2e' (et + cost(y + z) + sint(y — z))
= 2e’(e’ + cost (esint + e’ cost) +sint (e‘ sint — e’ cost))

= 2et(et + el costsint +elcos?t + etsin’t — elsint cost)
= 2ef(ef +eb)

2. 1f x3 + y3 — 3axy, find Z—z :

Solution:
of
We know that, Z—y = — I@l .
* &)
Given that, f(x,y) = x3 +y3 — 3axy
d
= a(x3 +y3 —3axy) = 3x? — 3ay

0
:a(x3 +y3 —3axy) = 3y? — 3ax
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. dy —3x2+3ay
Consider, —— = 37 30

d 42
ﬁ—y = D
dx  y2—ax

g3 ) 2, =1
3. Flnddx,whenu—x tyLy=—.
Solution:
du _Ou  Ou dy
We know that, pladen + % " ix
Given that, u = x? + y?
ou u )
dx ady y
Jdy _ x(-D-1-0)()
Tdx T x2
d_y _ —x—1+x _ —_1
dx  x2 T x2

. du 1) 2y _2x3-2y
Consider, = 2x + Zy( ) = 2x _—

x2 x2

-2(5) =2 () |

du -
— =2 (x x)
dx x3

4, FindZ—LtL, whereu = x3y + 22, x =t? y=1t3 z =t*.
Solution:

du du dx du dy du dz
We know that, — = — .—+ —.— 4+ —.—
e know that, dt ox dt 9y dt = 9z " dt

Giventhat,u = x3y +zZandx =t? y=1t3 z=1t*

Ju 2..4,.2;0u 3..3.2
- — = z¢ — = 4 z
™ 3x“y % V>X
dx dy 2
s— = 2t —_ =

dt t; dt 3t

ou _ 3.4, dz _ 4.3
andaz—szy, dt—4t.

Consider, 2—1: = 3x%y*z22t + 4y3x3223t? + 2zx3y*4t3

= 6x2y*z%t + 12y3x32%t? + 8zx3y*t3
Jdu 25
A= 26(t%).
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5. Findz—z, where u = sin xy?,x = logt,y = et.
Solution:

du _ du dx Ju dy
We know that, o a oy

Given, u = sin xy? and x = logt,y = e*

du du
= — = cosxy%.y?, — = cosxy’2xy

Ox oy
dx 1 dy t
nog— =- —_ =
a ddt t ' dt €

Consider, 2—1; = cos xyz.yz.% + cosxy?2xyet
= cos xyz.yz.% + cosxy?2xyy

Ldu 2 2(1 )
oo = cosxyt.y t+2x.

6. Find %,where u=x%+y%2+a’&x3+y3=ad

Solution:

du _Ou , O0u dy
We know that, — =+ i
Giventhat,u = x? + y? + a*> = Z_Z — 2y

Also, given that, x3 + y3 = a3.

On differentiating with respect to x, we have

dy
3x2+3y2—= =0
d dx
dy _ Zx2
ﬁdx_yza
Consider, 2 = 2x + 2 (‘_’fz)_z _ 2 2xy—2x?
v X y vz )~ x y "
A yox
x Zx(y )

Homogeneous Function:

Let us consider,f (x,y) = apx™ + a;x" 1y + --- + a,y™. In this expression, the sum
of indices of the variables x and y in each term is ‘n’. Such an expression is called a
homogeneous function of degree ‘n’.
This expression can be written as follows:
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flx,y) =x" (ao + a4 (%) + ..+ a, (Z—:))

= x" (a function of %) =x"F (%)
Similarly, a homogeneous function of degree n consisting of m variablesx; + x; + --- +
X,, Can be written as:

X X X
x,".F (—1,—2 ,—m)

X xy Xy
Euler’s Theorem:

If f(x,y) is a homogeneous function of degree n, then

o+, _
xax+yay—nf.

This is known as Euler’s theorem on homogeneous functions.

Proof:
Let us assume that
f(x,y) =apx™ + a1 x" ty + -+ a,y"

-rr()
cosn = 2 ()
et Q) e ()
o= () -y ).
Again, consier; - o = [x" F G)]
- r ()
xr)
wx Lty L= e 1 F (2) —x 2y P (2) + 27 R (2)
= nx" F (%)
S S
Note:
In general, if f (x4, x5, ..., X,,) IS @ homogeneous function of degree n, then
x16f+x2%+ tx,, —nf
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Problems:

1.Verify Euler’s theorem when u = x3 + y3 + z3 + 3xyz.

Solution:

We know that Euler’s theorem is given by

. ™ P .. (D
Giventhatu = x3 +v3 + 23 + 3xyz
Ju

2
= 3z° + 3xy.

d d
= % = 3x% + 3yz; % = 3y2 + 3xz;
On substituting these in (1), we have

ou ou ou 5 ) )
X _x+ y—y +z— =x (3x° + 3yz) + y(3y~ + 3xz) + z(3z* + 3xy)

= 3x3 + 3xyz + 3y3 + 3xyz + 323 + 3xyz

= 3(x3+y3 + 23 + 3xyz)
ou ou Ju

=X —x+y5+za—z= 3u.

x34y3

2. 1fu=tan™?! (
Solution:

3 3
Given that, u = tan™! (%)

ou ou .
), prove that X.——+ y-5, = sin 2u.

= tanu = (x3+y3) = x3(1+(y/x) ) = x* f(y/x)’

x=y x(1= 7/
which is a homogeneous function of degree 2.

du du
— Z —
dy + 0z

Let v = tan u. Then, v is a homogeneous function of x & y of degree 2.

We know that Euler’s theorem is given byx Z_Z +y

v ov
--x.;+y.£ =2v

2 d
=>xa(tanu) +y E(tanu) = 2tanu

2 2

ou ou
=x.sec“u —+y.sec“u — = 2tanu
0x dy

2

ou ou sin u ,
=x.—+y.—=2——cos“u = 2sinucos u.
0x dy cos u

a d . . . . .
X+ y.% = sin 2u,which is a required equation.

Partial Derivative of a Function of Two Functions:

Problems:

1. Ifz=f(x,y),and x = rcosf,y = rsiné, prove that(z—i)z + (Z—;)z = (g—i)z + %(Z—Z)z.
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Solution:

Giventhat, x = rcos@;y =rsinf

ox d .
= — = co0s0 ; %zsm@;

or
=>ax— in 0 Y _ 0
5g = "sind; o5 = cos
0r _920x  0zdy _ 0z % Ging— — — —
We knowthat,;—ax or T oy o cost9+ay sin 8 (D

dz 0z0x 0zJdy 0z ) 0z
%—a%+@%—a(—7‘51n9)+@(TC059)————(2)

Consider R.H.S.:

(62)2 + 1 (62)2 _ (62)2 29+<62>2 ) 26+2(az> <az> 0 0+ 1 (62)2 2 in20 + 1 (62)2 ) 20
p 2\39) =\3z) cos 3y sin ax) 5y sinf cosf + || 17 sin 25y r<cos

(a_z) (a_z) sind cos .12

1
2\ax/ \ay

r

= (Z_)ZC)Z (C0529+Sin29) n (Z_;)Z (COSZH + Sin29)
=(Z—i)2 + (Z_i)z: LH.S.

0z 2 0z 2 0z 2 1 [0z 2
= (5) +(5) —(5) +r—z(£)-

Maxima and Minima for One Variable:

If a continuous function increases up to a certain value and then decreases, then this value is
called a ‘Maximum Value’ of the function. Similarly, if a continuous function decreases up to
a certain value and then increases, then this value is called a ‘Minimum Value’ of the
function.

We say that the value f(a)assumed by f(x) at x = a is a maximum, if f(x)is in the
immediate neighbourhood of x = a.That is, if we can find an interval (a — h,a + h) of
values of x such that f(a) > f(x)when a—h<x<a+hand a < x < a+ h,where h is
an arbitrary small positive number.

Similarly, we define a minimum as: if in the interval(a — h,a + h), f(a) < f(x),
f(a) is said to be a minimum value of f(x).

Thus, in the figure, the points P correspond to maxima, and the points Q to minima of
the function, f (x). The graph of f(x)is shown below:
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P,

Q1

N
X Q2 X

Qs

’

Y
It is to be noticed that:

(1) a maximum value is not necessarily the greatest value of the function can have; nor a
minimum the least.

(2) the maxima and minima values occur alternately.
Theorem 1:

A necessary condition for a maximum or a minimum value of f(x) at x = a is that f'(a) =
0.

Theorem 2:
If f'(a) =0 and f"(a) # 0 then f(x) has a maximum if f"(a) < 0and the minimum if

f'(a) > 0.

Rule for determining the maxima and minima values of f(x), when f(x) and f’(x) are
continuous:

The roots of the equation f'(x) = 0 are, in general, the values of x which make f(x),
a maximum or a minimum. Let ‘a’ be a root of f'(x) = 0, then f(a) will be maximum value
of f(x) if f"(a) is negative and a minimum value if f"(a) is positive.
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Problems:

1. Find the maxima and minima of the function 2x3 — 3x? — 36x + 10.
Solution:
Let f(x) = 2x3 — 3x% — 36x + 10.
We know that, at a maximum or minimum, f'(x) = 0
=f'(x) = 6x> —6x—36=0
=f(x)= 6(x—3)(x+2)=0
~x = 3and x = —2 give maximum or minimum.
To distinguish between the maximum and the minimum:
Consider, f"(x) = 12x — 6

= 6(2x—1)
Whenx =3, f'(3) =6(6—-1) =6(5) = 30 =f"(x) is positive.
When x = =2, f"(2) = 6(=5) = =30 =f"(x) is negative.

~x = —2gives the maximum
andx = 3 gives the minimum.

Now, the ‘Maximum and Minimum’ values of the function, f(x), are obtained by
substituting these values of x in f(x).
Given that, f(x) = 2x3 — 3x? — 36x + 10.
Maximum value: x = —2= f(=2) = 2(=2)3 —3(=2)?> = 36(-2) + 10
= f(=2) = 2(—8) —3(4) + 72 + 10 = 54.
The function f(x) has maximum value 54 at x = —2.
Minimum value: x = 3=£(3) = 2(3)3 — 3(3)? —36(3) + 10 — 71
=f£(3) =54 — 27 — 108 — 61 = —142.
The function f(x) has minimum value -142 at x = 3.

2. Find the maximum value oflo% for positive values of x.
Solution:
Let f(x) ===

. 1—logx
= f'(x) = 5
. —3 + 2logx
=) =—3
We know that, at a maximum or minimum, f'(x) = 0.
~1—logx =0 = x =e
. . " —3+2log x -1
On substituting x = e, we have f"(x) = = =
=f"(x) is negative.
= f(x) attains maximum at x = e.
~ The Maximum value of the function, f(x) = 10% = % .
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3. Show that the least value ofa? sec?® x + b? cosec’? x is (a + b)2.
Proof:
Let f(x) = a? sec? x + b? cosec? x

= f'(x) = 2a’sec? x tanx - 2b? cosec? x cotx

_ Z(azsin4x—b2cos4x)

cos3x sin3x

. d .
4.sin4x.cos4x.(a2 sin2x+b2coszx) _ 2(a251n4x—b2cos4x)E(51n3x.cos3x)

=f (x)=2

cos 6 x sin® x cos 6 xsin® x
We know that, at the maximum or minimum,f'(x) = 0.

8.sin* x.cos * x.(az sin2 x+b? cos? x)

Consider, f (x) =

cos © x sin © x
= 8(a®sec? x + b? cosec? x), is positive for any value of x.
~f (x) = a?sin* x — b% cos* x = 0 gives a minimum. It is obtained as follows:

We have, f (x) = a?sin* x — b% cos* x = 0.

4 2

. sin“x b b
= a’sin*x = b?costx = =— = tan’x = -.
a

cos*x a

The least value of f(x) is obtained when tan? x = S; and it is obtained as follows:
Consider, f(x) = (a?sec? x + b? cosec? x)
= a?(1 + tan®x) + b%(1 + cot? x)

On substituting tan? x = s we have
_ 2 b 2 a
f(x)=a (1+ ;) +b (1+;)

- ) ()
=a(a+b)+b(a+b)

=a%+ab + b?%+ ab.

= The least value ofa? sec? x + b? cosec? x is (a + b)?, obtained at tan? x =

4. The greatest value of ax + by where x and y are positive and x> + xy + y? = 3k? is

2k~/a? — ab + bZ2.
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Solution:

Let u = ax + by.

) ) .. d d?u.
We know that, u attains a maximum or minimum, when ﬁ = 0and dx—gls —Ve or + ve.

- = du _ dy _
Consider, u = ax + by =—=a+b——=0 .. (D)

Given that, x + xy + y? = 3k2.

On differentiating the above equation with respect to x, we get

dy dy
2 — 42y —=
x+y+x dx+ y I 0
=SQr+y)+ x+2)2=0 .
dy
ﬁ(x+2y)a= - 2x+y)
dy _ _(2x+y)
=>E - (x+2y) (3)
dy _a
From (1), we have =
On substituting this value in (3) , we have
a  (2x+y)
b (x+2y)
a—2b
=Yy= X ..(4)

On differentiating equation (2) once again, we get,

dy _ dy\* d%y
242 a+2 (a) + (x+2y)w—

0
. d
On substituting the value of% from (1), andy from (3), we get

a’—ab+b% b-2a
b2 ox

2
3

2

dcy. . . .
:>d—}2]IS negative — y attains a maximum.
x

2 2

a a . .- a . .
Here, —,z IS positive = —— s negative.

Consider, x?> + y? 4+ xy = 3 k2.
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On substituting the value for y from (4), we get

2
o (22 (22 s

= 22 {1+ (E2) + (E2)) =34

b—2a b—2a

2 b%+4a?%—4ab+a’+4b%—4ab+ab+4ab—2b%—2a? 2
= x =3k
(b—2a)?

2 3b2+3a2—3ab} _ 2
=x {—(b—Za)z =3k

= x%(b% + a® — ab) = k*(b — 2a)?

=xVa?—ab+ b?= —k(b—2a) ...(5)
. . . b—2a .

We take the negative sign, since, —Is-ve.

On substituting (4) in u, we have

by = +b(a—2b)
ax + by = ax o X

X
b—2a

= —2(a® —ab + b?).

= 2k Va? —ab + b? [from (5)]
= The greatest value is, 2k Va? — ab + b?.

Concavity and Convexity, Points of Inflexion:

If in the neighbourhood of a point P on a curve is above the tangent at P [as in figures (a)
and (b)], it is said to be concave upwards; if the curve is below the tangent at P [as in figures
(c) and (d)], it is said to be concave downwards or convex upwards.

If at a point P, a curve changes its concavity from upwards to downwards or vice
versa [as in figures (e) and (f)], P is called a point of inflexion.
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(d) () (f)

From this definition, it is seen that (i) the curve crosses its tangent at the point of inflexion,
and (ii) a point of inflexion lies between a maximum and a minimum.

As a point on the curve in the figures (a) and (b) moves to the right (the direction of
arrows), the tangent turns about its point of contact anti — clockwise and therefore the angle
which it makes with thex— axis increases.Hence, we get all points in the neighbourhood of P

dy

on the curve when it is concave upwards; the slope of the curve, that is, ™ increases as
X

xincreases. Therefore, its differential coefficient is positive, that is, %IS positive.

Similarly, if at all points in the neighbourhood of P, the curve is concave downwards,
d . o : . d%y .
then the slopeﬁ decreases as xincreases. Therefore, its differential coefficient J}zj is

negative.

The concavity or convexity of a curve is determined from the sign of the second
differential coefficient. That is, if it is negative, the curve is concave downwards or convex

upwards. At the pint of inflexion, the curve changes from concave upwards to convex
: d? : I : L :
upwards or vice versa. So,dx—z changes sign and if it is continuous it is zero at that point.

Hence, the conditions for the point of inflexion are:

d? .
1) d—y = (at the point

x 2
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d? L : . d?
2) dx_JZ} changes its sign as x increases through the values at which dx—}zl =0,
. d3y
l.e.,dx—3 = 0.
Problems:

1. For what values of x is the curve y = 3 x? — 2x3 concave upwards and when is it convex
upwards?

Solution:

Giventhat, y=3x%-2x3

d
=2 — 6x — 6x2

dx
d%y
=5 =6-12x= 6(1—-2x)= —6(2x—1).
1 d?%y. .
If x > L then dx—ﬁls -ve = the curve is convex upwards.
1 2y, .
If x < > then %ls +ve = the curve is concave upwards.
1 2 3 . . . . 1
If x = 2, then 22 = 0, 2L = —12=sthere is a point of inflexion at x = =,
2 dx dx 2

Whenx =1 =y=3x2-2x3 =3() -2 () =1.

= The point of inflexion is at the point: G%)

2
2. Find the points of inflexion on the cubic y = —— and show that they lie on a straight

line.
Solution:
Given that, y = —%
Y= x%24a?
dy _ a?(a?—x?)
Then, dx ~ (x24a2)2
& _ 2a%x(3a%-x?)
dx2 (x2+a?2)3

2
At the points of inflexion, Zx—z =0
~x(3a2—x3)=0

= x=0 (or) x= ++V3.a

Consider d3y _ 6a2(x4+a4—6a2x2)
" dx3 (x2+ a?)*
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3
At the points x = 0 (or)x = ++/3.aq, dqutO

Letx=0 = y=0.

V3.a

Let x=v3.a = y= .

let x=—+v3.a = y=-

The points of inflexion are: (0, O),(\/§ . a,ﬁ-“)’(_\@ - \/§.a)_

4

V3.a
7

4 4

We know that, equation of the straight line is, y = (w) x + [)’1 - (w) x1]

X2—X1 X2—X1

V3.a

Consider, the two points, (x1,y;)= (0,0) and (x, y,) = (\/§ .a 'T)’ then we have

o

V3.a
4
\/g_a>x+

0-— <§Z> Ol = G)x =x = 4y.

On substituting the point (—\/§ .a,— %) in the straight line, we have

—/3.a =4<—\/§4'a>=—\/§.a

=The point (—\/§ .a,— %) also lie on the line x = 4y.

That is, these three points of inflexion lie on the straight line x = 4y.

Maxima and Minima of Functions of Two Variables:

Working Rule:

Consider a function u = f(x, y).To find the maxima and minima, we proceed as follows:

(i)

(i)

(iii)

Find Z—Z and Z—Z equate them to zero which give the points x= a4, a,, ... and

Yy = by, by, ..., where the maxima and minima exists.
2

92%u _ 2 . _
_(0x6y) = rt — s at the points, Xx= a4, a,, ... and

%u 9%u

Find the value of —— s

y = by, by, ....See on what points the expression is +ve, which will be the possible
points of maxima and minima.
If rt —s? < 0, then there is no maxima or minima at these points. Such points are

called “Saddle Points”.
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(iv) If rt —s% = 0, nothing can be said about the maxima or minima. It requires further
investigation.

(V) Find the value of r and t separately at the point where maxima or minima are
possible. If r is negative for one or more points, then those points are the
points of maxima of the function; and if positive, then of minima.

(vi) If r =0, nothing can be said about the maxima or minima. It requires further

investigation.

Problems:

1. Find the maximum or minimum values of 2(x? — y?) — x* + y*.

Solution:
letu = 2(x? — y?) — x* + y*
U _ 4 4.3 v 2
= = 4x — 4x = 5= 12x
ou _ 3 au 2
= 7y = 4y + 4y = 57 = 4+ 12y
9%u
= d0x dy =0
For a maxima or a minima, we have
=0 — 4x — 4x3 = — 4x(1— x2) =0 — x=0,+1.
g—;=0 = —4y+4y3 =0 = 4y(y>—1)=0 = y=04+1

)2 = 16(1 — 3x2). (3y% — 1)

%u 9%u ( %u

Consider,—— ‘552 \axay

B { 16.(3y?> — 1), whenx = 0
~-32.3y2=1) when x = +1°

Consider, rt — s2:
x=0,y=0,rt— s?= —ve
x=0,y= %1, rt — s? = +ve
x=+1, y= 0, rt — s> = +ve

x=41, y= 41, rt— s> = —ve
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Hence, the function attains a maxima or minima at the points (0, 1) and (£1,0).

Since,rt — s? is negative, the points (0,0) and(+1, +1) are saddle points.

2
At (0, +1), Zx—lz‘= +ve

2
At (+1,0), ‘;x_lz‘: —ve

Hence, the function attains a minimum at (0, +1) and a maximum at (+1,0).

The minimum value = -1 and the maximum value = +1.

2. Discuss the maxima and minima of the function x3y?(6 — x — y).
Solution:

Letu = x3y%(6 — x — ).

= Z—zz x%y?(18 — 4x — 3y)

L P 3)
3y~ x3y x

= x3y(12 — 2x — 3y)

0u _ (36 — 8x — 9y)
oxdy Xy xX—2y
62u _ 2 _ _
= o 6xy (6 2x y)
d%u
= ay—2=x3(12—2x—6y)
For a maxima or a minima,Z—Z =0 = x2y?(18 — 4x — 3y) = 0.

= x=0 or y=0 or 4x+3y=18.
Consider,Z—;zo =  x3y(12-2x-3y) =0

=x=0 or y=0 or 2x+3y=12.

.02u 9%u ( 9%u

2
"5y axay) = 6xy%(6 — 2x — y).2x%(6 — x — 3y) — x*y?(36 — 8x — 9y)?

=x*y2{12 (6 — 2x — y).(6 — x — 3y) — (36 — 8x — 9y)?}.

Forx = 0,y = 0, the expression is zero.
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Onsolving 4x + 3y = 18 and 2x + 3y = 12, we obtain: x = 3and y = 2.
At(3,2), rt—s?= 3)*)*12(6—-6-2)(6—-3—6)—(36—24— 18)?}

=()*()*12(-2)(-3) - (-6)*}

= (3)*(2)*(72 - 36).
= rt — s’ispositive.
Hence, the function attain s a maximum or minimum at x =3, y = 2.
%u

At(3,2), = = 6.3).(2)%2.(6-6—-2)= —-74

2

At (3, 2), a—uis - ve.

ox?2

Hence, the function attains a maximum at (3, 2).

The maximum value of the function is obtained by substituting (3,2) in u = x3y?(6 — x —
Y

~u=(3)3.(2)2%(6—-3-2)=(27).(4).(1)=27 (4) = 108.

That is, the maximum value of the function is 108 at (3, 2).

3. Show that, if the perimeter of a triangle is constant, the triangle has a maximum area
when it is equilateral.

Solution:
Let a+ b+ c = constant (2k)

Then the area A of the triangle is given by the formula:

A= Jk(k —a)(k —b)(k —c)
Ais at maximum when A? is at a maximum.
i.e, When (k — a)(k — b)(k — ¢) is maximum.
Consider, (k —a)(k —b)(k —c) = (k—a)(k—b){k — (2k —a — b)}

= (k—a)(k—b)a+b—k)
Let f(a,b)= (k—a)(k—b)(a+b—k)
= L= (k-b)2k-2a-Db);

2 = (k - a)(2k — a - 2b);
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62
5.2 = —2(k = b);

o*f )
M = 3k + 2a + Zb,
a’f
andab—2 = —2(k —a).
For a maximum or a minimum% =0, % =0

4 9%u 0%u 0%u 2>0
e 5xz "0y?  \0dx dy '

= —2(k —b)(—=2k + 2a) — (=3k + 2a + 2b)* > 0

= 4(k — b)(k —a) — (9k? + 4a? + 4b* + 8ab — 6ak — 6kb) > 0
=4(k? — kb — ak + ab) — 9k? — 4a® — 4b? — 8ab + 6ak + 6kb > 0
= 4k? — 9k? — 4kb + 6kb — 4ak + 6ak + 4ab — 8ab — 4a® — 4b* > 0

= 5k?% + 2kb + 2ka — 4ab — 4a* — 4b* > 0

a+2b

= k=b(or)%(or) k=aor >

ie, 1) b=ka=k (or)
2) 2a+b=2k,a=k (or)
3) b=k,a+2b=2k (or)

4) 2a+b=2k,a+2b="2k.

ie, (1) ¢=0 (or)

(2) b=0 (or)
(3) a=0/(or)

k k
4 a=Z,b==

2k 2k . . . . .. .
Hence, a = ?,b =5 will give either a maximum or a minimum, since the other values

will make the triangle degenerate into a straight line.

2k

When,a = ?,b = = we have
% _ 2, 0% _ 2k 9% _ _k
da2 37 9p2 ' 9adb
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That is, vt — s? is positive.
= f(a, b)attains a maximum whena = %,b = =
csa+b+c=2k= c= %

Hence, the area of the triangle is at a maximum whena=b =c.

That is, the area of the triangle is at a maximum when the triangle is equilateral.
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UNIT - 111 : INTEGRATION

Integration- Methods of integration - Integrals of functions containing linear functions of x - Integrals
of functions involving a’#x* - Integration of rational algebraic functions - 1/(ax*+bx+c),

(px+q)/(ax?+bx+c). Integration of irrational functions - 1/(ax*+bx+c)?, (px+q)/(ax*+bx+c)"?,

(px+q) +/(ax* + bx +C) - Integration by parts. Multiple integrals - Evaluation of double integrals -
polar coordinates - Beta and Gamma functions and their properties.

INTEGRATION

Introduction:

We have so far considered the problem of differentiation, that is, finding %,

wheny = f(x) is given. Now, let us consider the problem of integration, which may be
regarded as the inverse of differentiation.

That is, givenj—i = f(x), find y in terms of x.

The process of finding y, in such a way, is called ‘Integration’. It is symbolically
written as y={ f(x)dx .

' [ "isthe sign of integration and the above statement is read as: “ integral of f(x) with
respect to x” or shortly “integral f(x) dx”. f(x) is called the integrand; x is called the variable
of integration. Hence, [ f(x)dx is called the indefinite integral of f(x) with respect to x.

Hence, by definition, the problem of evaluating [ f(x)dx is to find F(x), a function of
x whose derivative with respect to x shall be the integrand f(x).

That is, F'(x)=f(x).

Example:
Consider [ 2x dx.

We know that, % (x?) = 2x.
We know that, from the definition of the integral, [ 2x dx = x2.
We may also add an arbitrary constant ¢ to x? as follows:
L (%% +¢) = 2x.
dx
= [2xdx =x* +c.

Here, an arbitrary constant of integration is present. Therefore, the integral is called an
‘indefinite integral’.
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Definite and Indefinite Integrals:

Definite Integral:

Let [ f(x)dx = F(x) + ¢, where c is an arbitrary constant on integration.The value
of the integral when x=b is F (b)+c and when x=a isF (a) +c.

Therefore, we have
(the value of the integral when x=b)— (the value of the integral when x=a)

=F(b) +c-F(a)-c =F (b)-F (a).

The symbol fab f(x)dx denotes the value of the integral when x=b, minus the value of
the integral when x=a.

fff(x)dxis called the definite integral, where a&b are called the ‘limits of
integration’. Here, ‘a’ is the lower limit and ‘b’ is the upper limit.

Indefinite Integral:

f: f (x)dxis a definite constant. But,f;f(x)dx, is a function of the variable, x. Then,

the integralf;f(x)dx is called an indefinite integral. The upper limit is ‘X’, which is a
variable and not constant. For this reason, this is called an indefinite integral.

The following formulae for integrals are based directly on the results of differentiation,
which have been studied earlier:

n+1

[x"dx ="—+c
n+1
dx
Ifn = —1,f7—logx+c
JeX*dx=¢e*+c
[sinxdx =—cosx +c

[cosx dx =sinx +c
[sec’dx =tanx +c

[ cosec?dx = —cotx + ¢
[secxtanx dx =secx +c

© oo N O WM P

. J cosecx cotx dx = — cosecx
10. [ coshx dx = sinh x + ¢
11. [ sinhx dx = coshx + ¢

d _ _
12. [ 1:;2 = tan"'x (or) — cot 'x

13. f% = sin"'x (or) — cos 'x
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14. ] 22— = cosh™x (or) logi + VX7 = 1)

dx » _ Ly e}

15. fm+1 = sinh™1x (or) logik + Vx2 + 1)
S | _ -1

16. fxm = sec 'x (or) — cosecx

17. [ ¢ f(x)dx = ¢ [ f(x)dx, where c is constant.

18. [(u + v)dx = [udx + [vdx, whereu & v are functions of x.

Example:

Evaluate [ x~*dx

Solution:
n+1
We know that, [ x"dx = ~—+ ¢
n+1
441
= ~4 gy =X -1
n=-4 = [xtdx=—x+c=3+c

Methods of Integration:

The rules in the integral calculus are more or less similar to the various rules in the
differential calculus, namely, for differentiating sums, products and functions of functions.

These give rise to the following methods of integration:

e The Method of Substitution

e The Method of Decomposition into a sum
e The Method of Integration by parts

e The Method of Successive reduction

. The Method of Substitution:

(i) To evaluate, [ f (x)dx, we put x = ¢(t)
=>Z—’; = ¢'(t)(or)dx=¢'(t)dt.

Then, we have [ f(x)dx = [ f{p()} ¢'(t)dt.

Proof:

%(L.H.S.) = f(x), ..(1)( by definition )
d R.H.S.) = d R.H.S dt
dx(' : ')_dt(' .)de

| 1
= flo(O)} '(t) X 200
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= f(x) .. (2)
On comparing (1) and (2), we have [ f(x)dx = [ f{p(t)} ¢'(t)dt.

(ii) Integrals of Functions Containing Linear Function of X, that is, f (ax + b):
Evaluate, [ f(ax + b)dx
Solution:
Put ax + b =t.

= adx =dt

.'.jf(ax+b)dx=jf(t).%dt

1

=-[f®at.

a

Here, [ f(t)dt, can be evaluated in the usual manner. Finally, substitute the value of t.

(iii) Derived Formulae:

The following formulae are derived from the existing formulae for integration.
1. Evaluate [ (ax + b)"dx, forn = —1
Solution:

Putt =ax+ b=dt = adx

tn+1

+f(ax + b)'dx == [ t"dt =

a(n+1)
Substitute t = ax + b in the above, we have

(ax+b)**1
a(n+1) °

[(ax + b)"dx =

d
2. Evaluate | ﬁ

Solution:

Putt=ax+0> =dt =adx
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=/ = ~logilax + b)
3.[ ewt dx = %eax+b
4.[ sin(ax + b) dx = —icosi?é‘ax + b)
5.f cos(ax + b) dx = L—llsinifé}ax + b)
6.[ sec?(ax + b)dx = %tan(ax + b)
7.f cosec?*(ax + b)dx = —icot(ax + b)
8.[ sec(ax + b) tan{iax + b)dx = iseci?ﬁ"ax + b)

9.f cosec(ax + b) cot(ax + b) dx = — i cosecifax + b)

Problems:
1. Evaluate [ sin? x dx.

Solution:

Consider,  [sin?xdx = f(l_c;)szx) dx

dx 1

= 7—§f6052xdx

We know that, [ cos(ax + b) dx = = siniax + b)

) _x _ lsin2x
sfsinfxdx =5 — 5=

+c

. 1
= [ sin’x dx =E[x—

sin2x
2

+cf.
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1
2. Evaluate [ ————dx

sin? x cos?x

Solution:

1 _ fsin2x+coszxd

Consider, | dx =

sin? x cos?x sin?x cos?x

_f sin X dx+f COSZX dx

sin2x.cos?x sin?x.cos?x

_f dx f.dx

cos x sznzx

= [sec?x dx + [ cosec’x dx
J J

We know that, [ sec?(ax + b)dx = %tan(ax + b)

and [ cosec?(ax + b)dx = —%cot(ax +b)

1
f—dx =tanx — cotx + ¢
sin? x cos?x
=[———dx =tanx — cotx + ¢

sin XCOS X

3.Evaluate f(apr
Solution:
Puta+bx =t =dt = b dx
= X = tTa=> dx = %dt
(a+ bx)3 b

1 ((t—a)?
_3j—t3 @
242
:ift +a“—-2at dt

b3 t3
2
——13{[ e+ [ % dt—Zf—dt}
b
1(p1 2
=b—3{f?dt+fi‘—3 dt—2[= dt}.

We know that, fdjx =logx + ¢
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a? 1 2a 1

x2 1
= [—— dx=b—310g(a+bx)—

(a+bx)3 2b_3'(a+bx)2 b3 at+bx

4. Evaluate [ (3 — 2x)3 dx.

Solution:
Let,t = 3 — 2x =dt = —2dx
—x =2t —dx = 2L

2 2

Consider, [(3 —2x)3dx = [ t3 (_Tdt) = —%f t3dt

4 4 — 4
= —%(t;+c) = —%+c =0 82x) +c
. _ 3 __ (B=2x0*
~f(B=2x)3dx = g ~TC
5.Evaluate | ———=—.
f(2x+1)3/2
Solution:

Putt = 2x + 1 thendt = 2 dx = dx = % dt

f dx 1f e 1(t 7 . L
| —————=c| —=c|——|+tc=——+c
x+1)2 2) &L 2\~ vt

dx -1
Qx+1)2  (2x+1)'/2 te

On substituting t = 2x + 1, we have [

(iv) Integrals of Functions Involving a*+ b?

Evaluate f 5
a“—x

2
Solution:

Putx = asin@,then dx = acos 8 do
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) f dx _ a cosf do _ a cosf do _a cos6 do _ f 40 = 9
a? — x? Ja? — (asin6)? Jaz(1l — sin?6) acos6

dx — ein—1(%).
= [ = = sin (a)
Similarly, we have the following formulae:
dx 1 b
R -1
I a? + x2 atan a
dx X
" —einp 1=
J Jae ~ sinh
dx b
J ——==cosh™ 1=
xZ — a2 a
dx a+x —-a
f az-x2 ﬂl g( )Or_log( )
Examples
dx
1)Evaluate f Tioc2
Solution:
. dx dx 1 dx
Consider, [ ——== [ ==
e
-1(x
We know that, | —— m = sin (a)
.fd_"_l-—13_" X 3
) Tz T35 T2 2

dx
2) Evaluatef PREYIR
Solution:

. dx 1 dx
Consider, f a—250 —fq—z

250 I
L&
R

We know that, [ affxxz = %log (%)
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f dx 1 l ( /5)+x

4-25x2 25 () (2/) —x
5 1 1, 2+ 5x
~225°%97 "5x
. dx _ 24+5x
f 4—25x2 zol 'g2—5x '

I1. The Method of Decomposition into a Sum (Partial Fractions):

(i) Integration of Rational Algebraic Functions:

Fractions whose numerator and denominator contain positive integer power ofx with constant

coefficients.

Type -1: I dx

ax?+bx+c

Rule: Denominator is of the second degree and does not resolve into rational factors.

Following are the examples of this type:

Problems:

dx
1.Evaluate fm
X x

Solution:

dx 1 x
ﬁ=—tan -
x“+a¢ a a

j dx _11 X—a
2—a2 2a°%%+a

j dx _11 a+x
@ —x2 2a 84—«

Consider, [

Now, we use

dx 1 X
x2+a?2 a a

. dx 1
That IS,fm = —tan

2

dx
x24+2x+5 fx 242x+1+4 f(x+1)2+(2)2

—1x+1
2
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dx
2.Solve fm

Solution:

. dx dx dx dx
Conside ’fx2+8x—7 fx2+8x+16—16—7 fx2+8x+16—23 f(x+4)2—23

dx 1
Now, we use [ —— = —lo gm
dx dx 1 x+4—/23
—3 = = .
f 248x—7 f(x+4)2—(m)2 2423 logx+4+\/23

3Solvef3 2+13x 10
Solution:
1
Consider, fm §f+(—)_ —f 2+_ _,_ﬁ_%_%
_ lf dx _ lf dx
C 3 a2(Der 222 T 3 (e2-()

We know that,fxzdfxﬁ = Llog2

-5 1 6x—4 _ 1,  2(3x-2)

2a x+a
6x+13 17
'f dx _ 1 6 0 6 _ 0
" 3x2413x—10 © 32(17) g6"213+% 17 985430 17 g6(x+5)

f dx 1 o 3x—2
3x2+13x—10 17 g3(x+5) :

dx
4. Solve fl-l-—z
X —X

Solution:

. d
Consider, [ ——

d dx
2 f—x2+x+1 B f—(xz—x)+1 o

dx
f 1—(x2—x)

=/ [x2-2( )x+( 2l 1 (x-1)

2

d 1 +
Now, we usef —— = —log—.

2a a—x

f dxlzf

5 (x——) =l f)Z (=)
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. d« 1 7+(x—%) 1 2x—1+/5
e = 25) lOgﬁ_(x_l) V5 OBzt

f px+q

Type-I1I: _—
yp ax2+bx+c

Rule: If ax? + bx + ¢ has no rational factors, express the numerator as A(derivative of
denominator) + B. Then, integrate each part separately

Problems:

2x+3

1.Solve [ ———

dx

Solution:

We take,2x +3 = A [%(x2 +x+ 1)] +B
=2x+3=A2x+1)+B .. (1)

Take2x +1=0 = 2x = —1=>x= —1/2.

Substitutex = —1/2 in (1), we get

-1+3=A0)+B = B =2

Substitute x = 0 in (1), we get

2x +3=A402x+1)+B

= 2(00+3 = AQ0)+1) +2 =

w
I

A+2 = A=1

D= 2x+3 = 2x+1)+2

.'.f 2x+3 dx =f 2x+1 dx+2f dx

xZ4x+1 xZ+x+1 xZ+x+1
—log(x2 +x+ 1) +2[—2
8 x2+x+%+%
=log(x2+x+1)+2fd—x
(D2 +(D?
=log(x2+x+1)+2(%)tan_1(2f/1;1)+c
) (2x + 3) dr = 1 2 441 +4t 1 2x+1 N
Sl v x =log(x“ +x + 1)) \/gan (\/§) c.
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2x+3
—14+x—2x2

2.Solve [
Solution:
We take 2x +3 = A[=(~1+x — 2x)| + B
=2x+3=A1—-4x)+B...(1)
Let1—4x=0:>x=§

Substitute x = i in (1), we get

2(1)+3—A1 4(1) ‘B = Lti43-B= =/
4 - 4 2 - 2

Substitutex = 0 in (1), we get

7 7 -1
2(0)+3=A(1—4(0))+E = 3-5=A = A=—

Now, we have 2x + 3 =_—21(1—4x)+%

Lol
= ;Wx=D+3

f (2x+3) f (4x—1)dx 7f dx
—1+x— 29«62 —1+x— 2x2 2Y —1+4+x—2x2
Now, let t = —1 + x — 2x? ﬁs—;—l—élx = dt =(1-4x)dx

s —dt = (4x — 1)dx

(2x+3)dx —dt 7 _ -1
J‘—1+x 2x2 f f—2x2+x 1 flOgt-i— f x2-% ;
—1[1 t+_7 dx
2 4 2 _ (1 1oy (L) .1
x2-2(z)x+(?) - (9?) +2
-1 7 dx
= —Ilog(—1 + x — 2x? ——J
2 g( ) 4 _12+ ﬂZ
(x 4) (4)
L o 4x—1) 74 _1(4x—1)
= —=log(—2x*+x—1) ———tan
2% 7 7

1 5 7 A —1
=—Elog(—2x +x+1)—(—=)tan " ( )

V7 V7
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4x — 1

V7

2x + 3)dx 1
( Jax —Elog(—Zx2 +x—1) —V7tan™I(

—1+x—2x2 )

(i) Integration of Irrational Function:

Rule: Irrational expressions should berationalized by a suitable change of variable.

It has been already shown that,

1

L4 X
=sin " —
a

" f dx
Vo=
dx x
2. j N = sinh™! p (or)log(x + +x% + a?)
az +x
dx x
3. j T = cosh™1 " (or)log(x +/x%2 — a?)

Allied Integrals:

1.Evaluate [ Va% — x2 dx .

Solution:

Put x =asin8,thendx = acos8 df

2 2 .
~fVaZ =x?dx = a® [ cos?6 df = %f(l + c0s260) db = %(9 " smzze)

= % 0+ sind cos) = % in (2)+>q r 1
= 2( sin6 cos@) = > sin " a( az)
a* . x xva?—x?
f az—xzdx=751n PR —

2. Evaluate [ Va2 + x? dx
Solution:

Put x = asinh @ = dx =acosfdb.

f\/ a’?+x%2dx = f Ja? + a?sinh?0 acosh do
= [ aV1 + sinh?6 acoshf do
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= azfcoshe coshf do = azjcoshZH de

) 1+ cosh26
=a f(—z )d@

a?
= ?f(l + cosh26)d6

B a? f (9 N sinhZH) 6
2 2
2 2

a

a .
= 79 + 7 2sinh@ coshf

2 2 2 1/2
s Va2 +x2dx = a?sinh_1 (E) 4 M)
3. Evaluate [ Vx% — a? dx

Solution:

Put x = acosh8 = dx = asinh® do

J\/xz —a’dx = j\/azcoshze —a?asinh 6d@

= q? f sinh 8 sinh 8 d8 = a? f sinh%6 de6

a? a® [ /sinh20
=7j(cosh20—1)d0 =7J( —9>d0

2

_ % cinng cosho — L6

= —-sinhd cos >

1
_azx x? ) /2 a? ot x
=Fal@=1) g ()
ax (x2 —a®)'2 2 x
= 7( - ) —7cosh_1 (—)

Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education, Tirunelveli.

91



dx
Problems of the Type: —.
yp f V (ax2+bx+c)
Rule: Divide the expression under the root by the numerical value of the coefficient of x?2.
Complete the square of the terms which contain x. The integral reduces to one of the forms
above.

1.Solve [ 2—3J;+x2
Solution:
Consider, [ —— = fﬁ
=] dx =] dx
sz—z<%>x+<%f—<%f+z J(ac—%f—(%)n

fJ jJ -}

f dx — cosh™ (Zx -3 >
V2-3x+x2 2(1/5)

dx
2.50|V€f \/ﬁ

Solution:
. dx _ dx
ConS|der,fm— me
B J‘ dx
3\ (1)’
He--0)
dx
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= sinh™1(2x — 3)

d . —
fﬁ = sinh™1(2x — 3).
Problems of the Type: [ PXT__ dx

V (ax2+bx+c)

Rule: Let

Numerator = [A*(differential coefficient of the expression under the radical sign) + B], where

A&B are constants.
i.e., px +q = A(2ax + b) + B.

The values of A and B can be easily determined.

xdx
1. Solve | —
S0 ef\Ix2+x+1
Solution:

Let x =A(%(x2 +x+ 1)) +B
= x=A2x+1)+ B .. (1)
Put, 2x+1=0 = 2x=-1= x=—;
Substitutex = —% in (1), we get
1 A(0)+ B =B !
— — = = e
2 2
Substitute x = 0 in (1), we get

1 1
0=A0+1) -5 = A=

f xdx _ lf (2x+1)dx . lf xdx
I VaZixrr T 2d VaZixrr 2 vzt
1 xdx
=\/x2+x+1——f
2 1 1\ 1y?
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[ (%)

1 2x+1\‘
=vVx2+x+1—=sinh™! 2

S

. xdx _ 5 _l . —1 (2x+1
f—m =vVxt+x+1 2smh ( ﬁ)
(6x+5)dx
2.Sol —_—
So Vef\/6+x—2x2
Solution:

Letox +5= A(<-(6+x—2x%)) + B
=6x+5=A(1-4x)+ B

Letl —4x =0 =>x=%

Putx = i in equation (1), we get

6(§)+5=A(0)+B = B=2

Substitute x = 0 in equation (1), we get
6(0) +5=A(1-4(0)) + =

—=5-2_-4 = 4=-2
2 2

f (6x+5)dx 13f dx 3f (1—4x)dx
“J Vetx—2xZ ~ 2 Y Verx—2x2 27 Ve+tx—2x2

—3J6 +x —2x2

B 13J dx
=— -
\/—Z(xz —5x—3)

dx
—3y6 +x — 2x2

o e
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(3 - (-3)

. (6x+5)dx I T iy e A \ﬁ
"f—m_zﬁSIHh ( - ) 3V6 + x — 2x?% .

Formulae of the Type:(px + q@)Vax? + bx+c¢ and Vax?+bx+c

l.f\/ a? —x?dx = %x\/ a?—x? + %az sinh™1 (g)
Z.I\/xZ +a?dx = %x\/xz +a? + %az sinh™! (g)
3 f x2 —a?dx = 1x\/x2 —a? +1a2 cosh™! (E)

' 2 2 a

Problems:
1. Evaluate [ Vx? + 2x + 10 dx
Solution:

Consider, [VxZ + 2x + 10dx = [Vx? + 2x + 1 + 9 dx
= [(x+1)2—32dx
We know that, [ VxZ + a? dx = % P2+ a2 + %az sinh-1 G)

(V2 +2x+10dx == VX2 + 2x + 10 + 2sinh~t (1) |
[Vx?+2x+10dx ~(x + 1)Vx? + 2x + 10 + - sinh (9)
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2. Evaluate [(3x — 2)Vx%2 + x + 1 dx

Solution:

Let3x—2=A(%(x2+x+1))+B

= 3x-2=AQx+1)+ B .. (1)
PURXx +1=0 = 2x=-1= x:—%

Substitute x = —% in (1), we get

N
~

3( 1) 2 =A(0)+ B = B 5 >
—_ ) — = - = —— — = - —
2 2 2

Substitute x = 0 in (1), we get

7 1 3

Now, we have3x — 2 = %(Zx +1) —%
 [Bx—2DVAT Fx+ 1dx =[x+ DVaZ +x + 1dx =2 [VaZ +x+ Ldx

Putx? +x+ 1=t = (2x + 1)dx = dt

Consider the first integral.

3 3 (1, (3 (D2
e 2 == l2 = (=
2f(2x+1) x*+x+1dx 2f(t) 2 (2) 3 + c
2
%f(2x+1)\/x2+x+1dx= ®2 + ¢
.--%f(2x+ DV ¥x+1de= (2+x+1)72 + ¢ - (3)

Consider the second integral.

2

e ea(ee ) - @) 10

2 2 2

-3 ey - () o

= I T 4 Lisinnt (220

2l V3

-2
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2
~ I VAT Ldx = S TEE B () )

Substitute (3) and(4) in (2), we get

JBx—2)Vx2+x+1dx = (x2+x+1)3/2 —Wi—zsinh‘l (ZXT?)

I11. The Method of Integration by Parts:

Let u and v are functions of x.

d dv du
Then, ™ (uv) =u —t v [by Product Rule]

Integrating both sides with respect to x, we have
J‘d( )d _j‘ dvd +f dud
dxuv X = udxx ‘dex
cuv = [udv + [ vdu

Thus, [ udv = uv — [ vdu.

Problems:

1.Solve [ xe*dx

Solution:

Letu = x and dv = e*dx
=du =dxand v = e*

We know that, [ udv = uv — [ vdu
= fxexdx = xe* — fe"dx =xe*—ef=e*(x—-1)

s [xe*dx=e*(x—1).

2.S0lve [ x"logx dx
Solution:

Letu = logx and dv = x"dx.
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dx
Then, du =— and v = .
x n+1

We know that, [ udv = uv — [ vdu

n+1 n+1 dx
nl dx = l — —
- fx ogx ax n+ 1 ogx ,fn+1x

xn+1 1

- logx ——— | x" d
n+1 0gx n+1fx x
xn+1 1 xn+1

n+1 1
~ [xMlogx dx = — (logx - m) :

+1
3. Solvefe 2)2 dx.

Solution:

_ x(x+2 1)
Consider, [ e* (+2)2 dx = [e G122

x=1I— I

:fx+2 f(x+2)2

Letu = * and dv = e*dx
x+2

Then, du = —— and v = e*
(x+2)

We know that, [ udv = uv — [ vdu

e* -1
N dx = d
1 fe (x +2)2 x x+2+f(x+2)2 x

x4+ 2
e* e* e*
“h= I = m+f(x+2)2 dx - f(x+2)2 dx = 4
f x x+1 e
(x-i—Z)2 T ox+2”
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MULTIPLE INTEGRALS

Double Integral:

Let f(x,y) be a continuous and single valued function of x and y within a region R
bounded by a closed curve C and upon the boundary C. Let the Region R be subdivided in
any manner into n sub-regions of areasAA;, AA,, ... ,AA,,.

Y
Y
AA,
[
. (€. 1,)
X’ @) X
Y’

Let (€,,7n,) be any point in the sub-region of Area AA, and consider the sum
n_1f (€,,m,) AA, . The limit of this sum as n — o0 and A4, — 0, is defined as the double
integral of f(x,y); (r = 1,2,...) over the region R.

Thus [, f(x,y)dA = lim, o X' f (€,,1,) A4, .

The region R is called the region of integration corresponding to interval of
integration (a, b) in the case of the simple integral.

This integral is sometimes written as [, f(x,y)dxdy.
Note:
(1) Let the region of integration is a rectangle between the lines
x=a to x=b and y =c to y=d.
b cd d (b
Then, [ [ fCeoy)dydx = [ [ f(xy)dxdy.
Thus, for constant limits, the order of integration can be changed.

(2) Integration may be considered as the process of summation.
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Problems:
1. Evaluate [[ xy dxdy, taken over the positive quadrant of the circle, x* + y? = a®.
Solution:

Let the given curve, x? + y? = a?, be represented as in the following diagram:

Let us keep x as constant then y will vary from 0 to va? — x2. To cover the whole area, x
varies from O to a.

NPy
~ff xy dxdy = foafoa Y xydxdy = foax[y?]o dx
=] x x=| —dx— | —=dx
0 2 o 2 0 2
a? (@ 10, a? a*. 1 a*
=2 [ xdx—-<| Pdx==[=]—-[—
2 ), " zfox * =553
_a* 1, 2a*-a
~278" T8
a4
= [f xy dxdy = 7.
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2. Evaluate [ (x? + y?) dxdy over the region for which x,y are each > 0 andx + y < 1.

Solution:

The region is triangle formed by the lines,x =0,y =0,x +y = 1.

Y

x+y=1

AJf 2+ yDydxdy = [} [ 752 + y2)dy dx
1 3
= | bty + G ax
L -
<[ a0+ 85
1 .03
—] zdx_J 3dx-j udx
I 311 I 411 [(1—.’)6)4 1
l———+ (1-x) l

12[4x —3x* 4+ (1 —x)*1%

1
=—[4+0-3+0+0+1] =

12 12

= [[(x* + y*)dxdy = ¢.
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3.Evaluate fob(x2 +y?2)dxdy .
Solution:

Consider,

a rb a 3
f f (x2 +y?)dxdy = f [x%y + y—]8 dx
0 Jo 0 3

a b3
=f lx2b+—l dx
0 3
a ab3
=f x*bdx +f ?dx
0 0
a b3 a
= j x?dx +—f dx
0 3 Jo

_bx3a b
= ?04'?[96]0

B ba® ab3

3 3

ab(a?+b?)

a b
=, J, &* +yHdxdy = -

4. Solve the double integral, [, ['(x* + y*)dy dx.

Solution:

a rx a y3 x
f f (x? + y))dy dx = f lxzy + —l
0 Jo J 3

3

@ X
=f [x3 + —]dx
0 3

@ (3x3 4+ x3
[y,
0 3
=4 3dx :i[ﬁ]a _4at
370 314, 3 4

a rXx a4
=, J, &> +yHdxdy = 5

0

dx
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Double Integral in Polar Co-ordinates:

The double integral can also be evaluated using polar co-ordinates.

To evaluate the double integral in polar co-ordinates, let us first integrate [r. f (1, 6)],
with respect to r, keeping fas constant. The limits of integral becomesr = f;(6)and r =
f>(8). Now, integrate the remaining expression with respect to 6,in the limitsd = a and

6 =p.

Thatis, [, rf(r.@)drde = [ [TV £(r,0) ar ao.

The above can be represented in the diagram given bellow:

w

do

r U|dr'V

We know that, the double integral of f(x, y) over the region R can be represented as

Il f,y)dA = lim,_, o X7 f (€,,7,)DA, .

Here, dA can be regarded as a rectangle. Its area will be the products of a pair of adjacent
sides, say, TU and UV.

Thatis, dA = (rd@)dr =rdr db.

Hence, the double integral given in the Cartesian form is transformed into the
corresponding Polar form as follows:

ffR f(x,y)dxdy = ffR f(rcos @, rsin@)rdrdd.

Problems:

1. Evaluate [f rva? — % drd6 over the upper half of the circle r = a cos 6.
Solution:

Let us represent the given curve, r = a cos 6, in the following diagram:
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0=1/2 r=acoso

$ o 0=0

The limits of the integral are, r = 0 to a cos #and 0 to g

Therefore, the given integral is, JZ f::oawsg rVaZ —r2 drd6

= [ [0 war =7 dr] ao

Put=a?—1r?2 = dt=—2rdr =>rdr=—dz—t.

. z r=acosf dt
Therefore, the integral becomes, [2 [ hoy  —5 \/E] do

On substituting t = a? — r2, the integral becomes,

acos 6

- [_ %] fe%:o E (a® - rz)§]0

L(z 2 2. 29\ 3
=——j [(a* —a“cos“0)2 — a’]dO
3 Jo=0
T
1 (2 3
= ——f a®(1 —cos?0)2 — a3do
3 Jo=0
1(2 3
2
= ——f a3(sin?6)z — adé
6=0

T

12
= ——f a®sin®0 — a3do
3 Jo=o

. ald acosf qx , 3 acos 6
= I7|-3] HO a9 = |3 S, [5e|  de.

12 : >
do = -3 [Z_[(a? — a’cos?6)z — (a? — 0)2]df

Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education, Tirunelveli.

104



3

a L, a2
= —— sin°0 + — de
3 Jo=o 3 Jo=o
a3 2% g3 T
= —?[5](2) +§[9]§
B 2a3 ad w 0
9 3 [2 ]
B 2a® mad
9 6
B —4a3 + 3a®n
B 18

3
~ffrva? —r2drdg = ‘;—8(37'[ —4).

2
2. By transforming into polar co-ordinates, evaluate [[ xxz Ji'

y
between the circles x? + y? = ¢ andx? + y? = b2, (b > a).

Solution:

2
> dx dy over the annular region

Let us represent the two curves, x? +y? = c?and x? + y2 = b%, (b > a), in the

following diagram:

By transforming into polar co-ordinates, the two circles becomes

r=a and r=0>b.
We know that, [f, f(x,y)dxdy = [[, f(rcos@, rsin@)rdrds.

2,,2 2 204,2cin 2
=>_HR x“y dxdyszR r“cos“6r SmBT‘deQ

x2+y? r2(cos 20 +sin 20)
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— 302 fcin — (%™ (P 30c2hcin2
= [, r’cos?*@sin’0drdf = [ [ r’cos*Gsin’6 drdf

b*—a*

4
- fozn[r?] b cos?0sin?6do = [fozn COSZQSinzgdg]

2,2 4_ 4
x°y __ _b¥-a
= [, iy dxdy = m——.

Va2 —y2
3. By changing into polar co-ordinates, evaluate " [“ " (x%y + y*) dy dx .
Solution:
We know that, ff, f(x,y)dxdy = [[, f(rcos®@, rsin@)rdrdo,

wherex =rcos @ and y =rsin6 .. (D)

= dxdy =rdrdf.

The given limits of the integral represents the semi-circle, x? + y? = a? (above x-axis).

Now, the region of integration in terms of polar co-ordinates is obtained as follows:
Consider, x? + y? = a?

(1) =7r2cos?6 +r?sin*6 =a> =r’=a*> =r=4=a, ie,r = —-atoa
Since,r > 0,wehaver =0toa.

(1) = x =rcos 6.

Given that, the limits ofx = 0 and x = a.

-'-0=rcost9=>9=§ and a=rcos=a=acos =06 = 0.

i,e, 8 =0to %

=1

N T
(x%y + y3) dydx = f f (r?cos?0(rsind) + (rsind)3rdrd
0 Jo

[
7 a

= f f (r3cos?8 sinf + r3sin30)rdrdd
9=0Jr=0
> ra

= f f r3(cos?8 sin + sin30)rdrd6
9=0Jr=0

7 ra
= f f r*(cos?0 sin + sin30)drdo
=0 /r=0
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2 a
= f f r*dr(cos?8 sinf + sin36)do
0 r

s 514
2 [r

:f I—l sinf(cos®0 + sin*0)do
6=0 5 0

T 5

2 a
=f sinfdé .[—]
0=0 5

T
[—cos6];

w| 8],

a5 s a5
== [cosz — cos(O)] = ?(O +1).

Va2—x

a 2 a’
= [, GPy+yHdyde =7

BETA AND GAMMA FUNCTIONS

Beta function:

The Beta function is defined and denoted by,

L (m,n)= fol x™ (1 —x)""tdx, form > 0,n > 0.

Gamma function

The Gamma function is defined and denoted by,

I'(n) = fooo x"le=*dx [forn > 0.

Properties of Gamma Function

(i) T(n)convergesforn > 0.

(i) ra)=1
Proof:

By definition,I'(n) = [ x" e *dx .
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Putn =1,wehave I'(1) = [ x' e *dx = [ e dx = [e—x]o _ 14

X o]

“T(1) =1

(iii) T(m+ 1) = nI'(n)
Proof:

We know that,I'(n) = [ x" e ~*dx

Putn=n+1,wehavel'(n+1) = fooo x" 1l dx
=j- x"e *dx =limx_mf x"e *dx
0 0

Let us evaluate this integral by using ‘Integration by Parts’ formula as follows:
Letu = x™ =du = nx" ldx
Let [dv=[e™ = v=—e"

2T+ 1) = limy Lo [x" (—e ™) — fooo —e*nx"ldx

= lim, 0 [x" (—e™)]E — nJ —e*x"ldx
0

= lim, L [ X" (—e™*) — (n(—e®)] — nfw—e_"xn_ldx
0

=" (—e™®) -0+ nf e *x" ldx
0

—_0N _ ®  n-1,-—x _ ®  n-1,—x
=0-0+nf x"e¥dx =n[ x" e ¥dx

~T(n+1) =nl'(n)

i) T(n+1) =n!
Proof:
Consider, ’'(n + 1) = nI'(n)
=n(n—DI(n-1)

=nn—1)n-2)'h—-2)
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=nn—1)(n-2)(n-3)..3.2.1
=123. m=-3)(n=-2)(n—1n
~T(n+1) =n!

Corollary:

Im+a)=n+a—-1)(n+a—2)..aTl(a), when nisa positive integer.

(iv)T'(n)can also be expressed as I'(n) = 2 f0°° e~ X x2"1dx forn > 0.

Properties of Beta Function

(HB(m,n) = B(n,m)

Proof:

We know that, f(m,n) = fol x™ (1 —x)"tdx
Pux=y—-—1 =y=1—-x= dx=—-dy
Putx =0 =y=1

Putx=1 =y=0
=B(m,n) = [[(1 =) ()" (—dy)
=y -y dy
= [} (1 - 0" ()" ldx

~ Bim,n) = p(n,m).

(if) B(m, n)can be expressed as a definite integral with limits 0 to co.

m-—1

That is, B(m,n) = fol x™ 11— x)"dx = fooo n

(1+x)m+n
(iii)g(m,n) = 2 [Z sin®"~'x cos**x dx

(iv) The Relation between Beta and Gamma Functions

r(m)r(n)

p(m,n) = ——— .. (D)

r(m+n)
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W)= =
Proof:

When = n =%,Wehave/3(m,n)=[?(l l) =7

~r() -
(vi) Express fol x™(1 — x™)P dx, in terms of Gamma function.
Solution:
The given integral is, fol x™(1—x™)P dx
Put x® = y=nx™"ldx = dy

1 1 5 d
s [ara - ax= | yra- =S
0 0

nyn

1 m-n+1

1
==fy  (A-yPdy

_1 (m—n+1_|_1 +1)_1ﬁ<m+1 +1)
T n P T n P
(> \rp+1)

= [, x™(1—x")P dx = l(nﬁ#

Problems:
1 1\"
1. Evaluate [ x™ (log;) dx
Solution:
The given integral can be evaluated using Gamma function,

I'(n) = fooo x"Le=*dx ,forn > 0.
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Put log (%) =t=x=e'=dx=—-etdt

afyam (logl)” dx= [P(em Oyt (—etdt) = [ e de (1)

1
Puttm+ 1t =y = dt —m—ﬂdy

On substituting in (1),we have

foo ey 1 =;fme-y w-1gy = — L pug1)
o m+n)*m+n Y (m+ 1D)ntt ), Y Y (m + 1)n+l

1 1\" 1
fO x™ (IOg;) dx = mF(n + 1)

2. Evaluate fol e ™% dx

Solution:

The given integral can be evaluated using Gamma function,

I'(n) = fooo x"le=*dx ,forn > 0.

11
Putx? =t = 2xdx =dt =>dx=-—dt
24t
RS ol 1 _11_t_l _11_t_l+1_1 _11_tl_1
e dx= [ e 2\/Edt-zfoe t"zdt= S [ et 2 dt=2[ etz dt
R
_zr(z)_z'

3. Evaluate (i) f01x7(1 —x)8 dx

(ii) J2 sin”6 cos>6 dO

(iii) f? sin'°6 do

and (iv) [?Vtan 6 do
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Solution :
(i) The given integral can be evaluated using Beta function,
— (1. m-1 n—1
B(m,n) = [ x™~'(1—x)""dx, form > 0,n > 0.

rm)r(n)
F(m+n)

Also, we know that, B(m,n) =
From the given integral, we have

m—-1=7 = m = 8and n—-1=8 = n=9

rero _ 718 _ 1
r7) 16! 102960 °

+f) 27 (1= x)® dx=B(8,9) =

(if) We know that, Beta integral has the following form also:

%,B(m, n) = fog sin®™ 1x cos 1x dx .
From the given integral, we have
2m—1=7 =m=4 and 2n—-1=5 =n=3
-'-f%sin79 cos50 do =+ p(4,3) = rwre) _ 132 1
0 2 ! 2 () 2 6! 120 °
(iii) Given that, [? sin'°0 d6=[?sin'°6 cos°6 do
We know that, Beta integral has the following form also:
%ﬁ(m, n) = fog sin®™ 1x cos®1x dx .

Here, 2m — 1 = 10 =>m=12—1 and 2n—1=0 =>n:%

2
o t0n 0 1 TCNG) _ 533 fQ)] _erssm _ e
..fOZ sin'’@ d9—2— 1"(21—1+12) = R T
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T T 1 -1
(iv) Given that, [? Vtan 8 d6 = [? sinz6 cos? 6 df
We know that, Beta integral has the following form also:

2n—1

1 z .
Eﬂ(m, n) = foz sin®™ 1x cos®1x dx.

Here,2m—1=% =>m=% and 2n—1=—% —n=

T 3N\ (L

fivans ao=3" 00 = e @)r() = tr(1-Dr () s =
2" %

4. Evaluate the integral fol x> (1 — x3)10 dx.

Solution:

Given that, f01x5(1 — x3)10 dx

r m+1 F( +1)
We know that, fol x™(1—x™)P dx = %—F((T,Z‘_H)Jr ;JH)

Here, m = 5,n = 3,p = 10

r(Zrao+1)
f01x5(1 —x3)W0dx = § () _ 1r(ran _ 111o!

r(53i+ 10+1) T3 r(13) 3 12!

1 1
= [ -x)0dx= e
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UNIT - IV : DIFFERENTIAL EQUATIONS

Differential equations: Types of first order and first degree equations. Variables separable,
Homogeneous, Non-homogeneous equations and Linear equation. Equations of first order but of
higher degree. Linear differential equations of second order with constant coefficients. Methods of
solving homogenious linear differential equations of second order. Laplace transform and its inverse
—solving ordinary differential equation with constant coeficients using Laplce transform.

DIFFERENTIAL EQUATIONS OF THE FIRST ORDER
Definitions:
Differential Equations:
A differential equation is an equation in which differential coefficients occur.

Types of Differential Equations:
There are two types of ‘Differential Equations’. They are:

(i) Ordinary differential equations
(ii) Partial differential equations.

An ordinary differential equation is one, in which a single independent variable
enters, either explicity or implicity.

ider Yo o o d’x 2 _ 2d%y o
ConSIder,dx- 2sinx, 7 tmx=0 and Xt 5+ nydx +y = sinx.

These are some examples of ‘Ordinary Differential Equations’.

A partial differential equation is one, in which at least two(two or more) independent
variables occur. Here, the partial differential coefficients occurring in them have reference to
any one of these variables.

9%z 092z 2

. 0z 0z (222
Conmder,xa + Yo, =% and ax2 "9y? _(6x6y) '

These are some examples of ‘Partial Differential Equations’.

Order and Degree of an Ordinary Differential Equation:

The order of an ordinary differential equation is the order of the highest derivative
occurring in it.

If a differential equation can be expressed as a polynomial equation in the derivatives,
the degree of the highest derivative is called the degree of the equation. Here, the differential
coefficients should have been cleared of radicals and fractions.
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The term “degree” is not applied to differential equations which cannot be expressed
as polynomial equations in the derivatives.

Example — 1:

Ly

3
Consider the differential equation:[1 + (Z—i)]i =a—.

In order to clear the radicals and fractions, we have

2

(1+@F) =)

2
Here, the highest derivative is %. Therefore, the order is 2.

2 2

=>[1+(Z—z ]3=a2{d2y}.

dx?

2.2
Here, the highest power of the highest derivative is obtained from the term: {%} tis, 2.

Therefore, the degree of the equation is, 2.

Example — 2:
- d’y  dyyo
Consider, 2 2t =X
2
Here, the highest derivative is ZT? Therefore, the order is 2.

2
Here, the highest power of the highest derivative is obtained from the term: 37? Itis, 1.

Therefore, the degree of the equation is, 1.

Solution of the Differential Equations:

The solution of a differential equations is also called ‘Integral of a differential
equation’. It is defined as a relation that exists between the variable, (without their differential
coefficients) by means of which and the derivatives obtained there from, the equation is
satisfied.

This solution is also called the primitive of the differential equation.

Example:

2
Consider the differential equation,zx—ﬁ +n%y=0 ..2)

A solution to the above differential equation (1)is,
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y = A cosnx, where, A is an arbitrary constant.

o . . d?
Now, the second derivative of ‘y’ is obtained as:dx—z = —An? cos nx.

NOES Zi—z +n’y = —An® cosnx + An®cosnx = 0.
Another solution to the differential equation (1) is,
y = B sinnx, where B is an arbitrary constant.
We can find a general solution for (1) as,
y = A cosnx+ B sinnx .

A solution is called the ‘General Solution’ or ‘Complete Integral’, if the number of
arbitrary constants occurring is the same as the order of the equation,.

2
Thus,Y = Acosnx + Bsinnx is the general solution of ZX—Z +n?y = 0. By giving

particular values to the constants occurring in the general solution, we get particular solutions
or integrals.

For example,y = 2 cos nx — sinnx is a particular integral of the above equation.

Formation of Differential Equations :
We shall consider the derivation of differential equations when their solutions are given.

(i)Ordinary Differential Equation:

Suppose,y = Asinx + B cos x .. (1)
where, A and B are arbitrary constants.
Our aim is to form the differential equation, whose solution is (1).

On differentiating(1), we have

d .
d—y= Acosx — Bsinx.
X

Again differentiating, we have

— = —Asinx —Bcosx = —)y.

2
On eliminating A and B from (1),we get Zx—z + y = 0. This is the differential equation
associated with (1).
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Thus, to eliminate the number of constants from a given solution, we differentiate it as
often as is necessary and then eliminate the constants. The differential equation is thus
obtained.

(if)Partial Differential Equation:

Consider,p(x,y,a) =0 .. (D)
Where ‘a’ is an arbitrary constant.
On differentiating (1) with respect to x, we have

dp | dpdy _
™ 0ydx—0 ...(2)

On eliminating ‘a’ between (1) and (2),we get a differential equation of the form:

f(xyZ)=0 .. (3)

Equation (3) includes all the values of y arising from (1) corresponding to the various
values of ‘@’. Therefore, (3) represents the differential equation of which (1) is the general
solution.

Problems:

1. Form the differential equation by eliminating « and f from,

x-a)?+@-p*=7r"
Solution:

Giventhat, (x — a)? + (y — B)? = r? .. (1)
On differentiating (1) with respect to x, we have

dy

-+ -pE =0 e)
Again, differentiating with respect to x, we have
=1+ @-AE+ @2 =0 )
On eliminating abetween (1) and (2), we have

d

- B |G +1| =72 )

On eliminating Sbetween (3)&(4), we have the differential equation as:
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P22+ (@),

2. Form the differential equation that represents all parabolas each of which has a latus

rectum 4a and whose axes are parallel to the x-axis.

Solution:

If the vertex of any parabola of the system be (a, ), the equation of the parabola is,

(v —B)* = 4a(x —a) - (1)
We have to eliminate « and f from this equation to get the differential equation.

On differentiating (1), with respect to x, we have

G-PF=2a 2)

Again differentiating with respect to x, we have

d? d
0 =B Gz + G? = 0-mrmmees 3
On eliminatingf between (2) and (3), we have

%y . dyya _
2a dy2+(dx) =0.

This is the required differential equation.

Equations of the First Order and the First Degree:

Type-A:Variables Separable

Consider an equation is of the from,

f(x)dx+F(y)dy = 0.
We can directly integrate this equation, and the solution is:

[f(x)dx + [ F(y)dy = ¢, where cis an arbitrary constant.

Problems:

i

1.Solve: & 4 V120" — ¢
dx 1—x

]
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Solution:

: dy | J1=y? _
Given that,a +i== 0

= - 1Y =dy (V1 —x%) = —dx(yJ/1 - y?)

dx 1—x
dy dx
— = —
J1-y? V1—x2
dy dx
> — 4 —= O
Ji—y2  V1-x2

On integrating, we have

Lx=c.

sin™!y + sin™
2. Solve: ydx — xdy + 3x2y?e*’ dx = 0
Solution:
Given that, ydx — xdy + 3x%y%e* dx = 0

On dividing by, y? we have

y—dxy_zxdy +3x2e*dx = 0
We know that, d (%) = Vduv_zudv.

Therefore, we haved (j—})+ d(ex3) =0

On integrating, we have, f—] +e*’ = ¢

3.The stress p in thick cylinders is given by ri—f + 2p = 2c,where c is a constant. Find p in
terms of r.
Solution:

Given that, rZ—f = 2(c —p)

dp _ 2dr

c—p r

=

On integrating, we have
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— log(c —p) = 2logr — log A, where A is an arbitrary constant.
= log(c —p)+2logr —logA =0 = log(c —p)r’ —logA=0
= log(c—p)r’ =logA = elglprr® = gloga

~(c — p)r?=As the solution.

Type B:Homogeneous Equations

Consider, Y - Mwherefl and f, are homogeneous functions of the same degree in

dx — fo(xy)
x andy.

Therefore, f; (x,y) can be written as x"¢ (%)and fo(x,y)asx™ @ (%) if n is the degree of
homogeneity.

dy dv
P — = = = —_
ut y = vx ™ v+xdx

. . dv _o(v)
Therefore, the given equation becomes v + x i

Y (w)dv

) Ldx  Ypdv
The variables can be separated as: ~ + )0 )

Y (v)dv

On integrating, we havelogx + [ === =

The solution is obtained by substituting v = % , after the integration is carried out.

Problems:

2 4 2% — W
1.Solve y* + x il et

Solution:
SR .
Lety = VXS = vt X
The variables can be separated by rewriting the equation as: @ + de = 0.

On integrating, we have logv — v +logx = logc.
= vx = ce’ (1)

Wehavey =vx = v=§
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~(D) =y = ceﬁ, which is the solution.

2.Solve: xdy — ydx = \/x? + y?dx
Solution:

Put y = vx=dy = vdx + xdv

. - . . _dv_dx
The variables can be separated by rewriting the equation as: Ny

On integrating, we havelog(v + V1 + v?) =logx + logc
= (v+V1+v?) =xc . (1)

Wehavey =vx = vz%

(1) = y+x?+y?=cx?

This can be reduced to the form c¢?x? = 1 + 2cy, which is the solution.

Type C:Non-homogeneous equations of the first degree in X and vy

Consider,(ax + by + ¢) Z—z = Ax+ By +C,

where a ,b ,c, A,B,C are constants.

Put x =X + hand y = Y + k ,the given equation becomes:
(aX + bY + ah + bk + c)7- = AX + BY + Ah + Bk + C

If h, k be chosen to satisfy,ah+ bk + ¢ = 0------ 1)

and Ah+ Bk+ C=0, ---—-—--- 2
the above equation reduces to (aX + bY) j—; = AX + BY.

This is homogeneous in X and Y and can be solved by puttingY = v X.

Problems:
d +2y-3
1.Solve &£ = 2272
dx 2x+y—-3
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Solution:
Given that, & = X2 —3 1
i versor- R R TTIRRPPS (1)

Putx=X+h; y=Y+k

_X+2v
T v+2X

. dy
The equation becomes =

We know that, h, k be chosen to satisfy,

ah+ bk +c=0and Ah+ Bk+ C =0.

(1)=>h+2k—-3=0and 2h+ k-3 =0.
On solving these equations, we have h =1and k = 1.
Hencex =X+1landy=Y +1

To solve (2),put Y = vX.

The variables can be separated by rewriting the equation as:

11 31 dX
== -— B ——— = —
(2 1+v+21—v) dv X

1-v2

On integrating, we havel + v = C?X?%(1 —v)3
Hence, X + Y = C?(X —Y)3.

~x+y—2= C*x—y)3, is the solution.

2.S0lve (2x —4y+3) + L + (x—2y +1) =0.
Solution:

Given that,(2x — 4y +3) + 2 + (x =2y +1) =0
Putx — 2y = v, the equation becomes

(Av+5)dx—(2v+3)dv=0

2v+3
4v+5

= dx — dv=20

=dx = (% + %41714—5) dv

On integrating, we have % + %log(4v +5) =x+c¢

dv(2+v) _ dX

X
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~The solution is: log{4(x — 2y) + 5} = 4(x + 2y) + C.

3.Solve 2x —y +5)dy = (x — 2y + 3)dx.
Solution:

Giventhat, (2x —y +5)dy = (x — 2y + 3)dx
= 2xdy + 2ydx + (—y + 5)dy = (x + 3)dx

=2(xdy + ydx) + (—=y + 5)dy = (x + 3)dx

2 2
On integrating, we have 2xy — y? + 5y = x? +3x+ec.

Type D:Linear Equation

Definition:

A differential equation is said to be linear when the dependent variable and its derivatives
occur only in the 1% degree and no products of these occur. The linear equation of the 1°
order is of the form:

dy _
—tPy=0,...(1)
where P and Q are functions of x only.
Consider, Z—z + Py = 0, that is,dTy + Pdx = 0.
~The solution is,ye/ Pd* =,

On differentiating, we havee/ P (Z—i + Py) =0.

This shows that %"’Py = Orenders an exact differential equation. That is, the

differential equation which can be deduced from its primitive by mere differentiation and no

further operation, on multiplying it by the factor, el Pdx Such a factor as this is called an
‘Integrating Factor’.

Thus, an integrating factor is one which changes a differential equation into an exact
differential equation.

From the above, we can say that e/ P2 is an integrating factor of(1).

On multiplying (1) by el Pax \ve have
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d
(ﬁ_l_Py)edex — Qedex .

On integrating, we have
[Pdx _— [ Pdx
ye = [Qel "™ dx + c.

This is the solution of (1).

Problems:

1. Solve Z—i} + ycosx = %sin 2x

Solution:

LetP = cosx; Q = %sian.

= [Pdx = sinx ~ =elpPdx=esinx,

We know that, the solution is,ye/ 7% = [ Qe/P%*dx + ¢
= yeS¥ = f%sianesmx dx +c

= e/ Pdx ginx cosx dx + ¢

[ e?zdz + c, (on putting z = sin x)
=e’(z—1) + ¢
nyestt = S (giny — 1) + c.
1
2. Solve x Z—z +ylogx = e*x'"219 %
Solution:

. dy _ x 1—llogx
leenthat,xa+yl0gx— e*x 2

d _1
=2 4 Llogx = e*x~ /2log*
dx X

log x : Q — exx_l/zlog X

Here, P =

2
:>dex _ flog;cdx _ (logzx)
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(x log x)2 log x log x
:)efpdx:e 2 :(elng)z =x 2 .

We know that, the solution is, ye/P4* = [ Qe Pd* dx + c.

log x -1 1
Syx z = [e¥x 218Xy 28%gy 4 o= [e¥dx+c=e"+c

log x
~yx 2 =e*+ec.

3. Solve (1-x?) Z—Z + 2xy = xV1 — x2, given that y = Owhen x = 0.
Solution:

Given that, (1 — xZ)Z—z + 2xy = xV1 — x?

_ 2 o _x
LetP =175 Q==
=/ Pdx = [Z5 = log (1 - x?) = log (1 — x%)"!

— efP dx — elog(l—xz)_lz (1- xz)—1

We know that, the solution is, ye/ 7% = [ Qe/ P4 dx + ¢

.y _f x dx
T 1—x2 (1—x2)/2

:fsmed9+c [put x = sin 6]

cos? 0

= [ tanfsech db + ¢

=secH +c

Giventhat, x =0 = y =0.

On substituting these values in the above equation, we have 0 = % +c

=c=-1
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Bernoulli’sEquation :

Considerj—z + Py = Qy™, where P and Q are functions of x only. This can be reduced to
the linear form, as follows:

On dividing by y™, we have y™ % + Pyl = Q.
Put z = y'™", this equation reduces to Z—i + Pz(1—n) = Q(1 —n).

This being linear in Z, can be integrated by the method of linear equation. Hence, y
can be obtained.

Problems:

sinx cos®x

dy _
1. Solve = —y tanx = %

Solution:

sinx cos®x

. dy _
Given that, —= — y tanx = %

Multiplying byy?, we have y? Z_i: — y3tanx = sinx cos?x

d .
Putz = y3=>£ — 3z tanx = 3 sinx cos? x.

Here,P = —3 tanx ; Q = 3 sinx cos? x.

~[ Pdx = 3log cosx = log cos® x.

3

—=el Pdz= cos3x.

We know that, the solution is, ye/P4* = [ Qel P4 dx + ¢

—COS6X

=zcos3x = 3 [sinx cos®x dx + ¢ = +c

3 —COSGX

~ y3cos3x = -

+ c.

2. Solve (x + 1)"% +1=2e7.
Solution:

Given that, (x + 1) % +1=2e™”
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Multiplying bye” and putting z = e”, we have

dz
(x+1)a+2—2

dz z 2

dx ' x+1 xt1
Here,P =xl: ; Q =x%
= [ Pdx = logifx + 1)
el Pdx —plogile+1) — 5 4 1
We know that, the solution is, ye/ 7% = [ Qe/ P4 dx + ¢
=z(x+1) = fxzj(x+1)dx+c=2x+c

~e¥(x+1)=2x+c

Equations of the First Order, but of Higher Degree:

Type A:Equations solvable forj—z.

We shall denote Z—zhere after by ‘p’.

Let the equation of the first order and of n" degree in ‘p’ be,

p"+ Pip" TPy P4+ Py =0, (D)
where, P1,P,,-++ ,P, denote functions of x and y.

Suppose the first number of (1) can be resolved into factors of the first degree of the form
(P—R1) (P-R2) (P—R3) ... (p—Rn).

Any Relation between x and y which makes any of these factors vanish, is a solution of (1).
Let the primitives of p—R; =0, p— R, =0, etc., be

d1(x,y,¢1) = 0,¢,(x,y,¢3) = 0,...,n(x,y,c,) = 0, respectively.
Here,cy, Cy, ...,Cp are arbitrary constants.

Without any loss of generality, we can replace cy, Cy, . . . ,Cy by ¢, where ¢ is an
arbitrary constant.
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Hence, the solution of (1) is
$1(x%,y,0).-p2(x, ¥, €) .. Pp(x,y,¢) = 0.
Problems:
1. Solve x*p? + 3xyp + 2y*=0.
Solution:

Given that, x2p? + 3xyp + 2y* = 0.

— 2_ 2 2
Solving for p, we have p = 3xy £/ (Bxy)? -4 (x?)(2y?)

2x2
—p== o =2,
Vp=2__%
Case(i): p = rilaiie
On integrating, we haveg,(x,y,c) =xy =c¢ ....ccevvnven.n. (1)
eyl _ d_y _ _Z_y
Case(ii): p = il
On integrating, we have ¢, (x,y,c) = yx? =c ................ (2)

We know that, the solution shall be obtained in the following form:

d1(x,¥,0).P2(x,7,¢) ... Pp(x,y,¢) =0

~The solution is,(xy — ¢)(yx? — ¢) = 0.

2 2
2.SO|Vep2+(x+y—27y)p+xy+i—2—y—y =0

x
Solution:
2 2
Given that, p? +(x+y—27y)p—|—xy+i—2—y—y7: 0

Solving for p, we have p=>—y (or)>—x

4 _y_ % _ oy _
:>p_dx_x y (Or)p_dx_ x x
dy _ (1_ &y _y_ _

=>y _(x 1)dx (or)dx - =—x

Case (i): log i—’ =—x +log C=¢,(x,y,c) =y =cxe ™.

Case (ii): We know that, ye/Pd* = [ QelPdxdx 4 ¢
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Here,P=—%;Q= -X

~y e Iv=. fxe_deX dx +c
=T=—x+c
= ¢, (x,y,¢) =y = —x% + cx.
We know that, the solution shall be obtained in the following form:

$1(x,7,0).d2(x,¥,¢) ... dp(x,y,¢) =0

~The general solution is, (y — ¢ xe™)(y + x? — cx) = 0.

Type B:

Let the differential equation, f(x)dx + [ F(y)dy =c¢, be put in the form

f(x,y,p) = 0. When it can not be resolved into rational linear factors, namely,
(p—R1) (p—R2) (p—R3) ... (p —Ry), it may be solved for y or x.

(1) Equations solvable for y

Let f(x,y,p) = Ocan be put in the form,y = F(x,p) ..(1)

On differentiating with respect to x, we have

dp
= o (i)

This is an equation in two variables p and Xx. It can be integrated by any of the known

methods. Hence, we obtain

Y(x,p,c)=0 ..(2)

On eliminating p between (1) and (2), the solution is obtained.

(i) Equations solvable for x

Let f(x,y,p) = Ocan be put in the form, x = F(y,p) ..(1)

On differentiating with respect to y, we have

Loy ()

On integrating, we have
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Y(@y,p,c)=0 ..(2)
On eliminating pbetween (1) and (2), the solution of (1) is obtained.

Problems:

1.Solve x*p? — 2yp + x=0.

Solution:

Giventhat, x?p? —2yp+x=0 ... (1)

2
Solving for y, we have y = x%

On differentiating with respect to x, we have

_p2+1 p?+1 dp

p 2p X 2p? dx
p*~-1 _dp (»*-1)
2p dxx 2p2
dx dp
X p
On integrating, we have p = cx ... (2

On eliminating p between (1) and (2), we have

2cy = c?x? + 1,which is the solution.

2.S0lvex =y*+logp
Solution:

Giventhat, x = y2 + log p (D)

On differentiating with respect to y, we have i =2y + p’%

=>Z_§ + 2py = 1.This equation is linear in p.
We know that, yefpdx - erdex dx + ¢
Here, P = y; Q =1

Hence, pe?’ = feyz dy+C ............. ()
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Here, the integral on R.H.S., cannot be evaluated in finite number of terms. Hence, an
explicit solution cannot be obtained by eliminating p.

However, it is enough to express x and y in terms of the parameter p.

Clairaut’s form:

The following form of the equation is known as Clairaut’s form:

y=px+ f(p) (1)

On differentiating with respect to x, we have
, dp
p=p+tlx+tf @}

=>Z—Z: Oorx + f (p) = 0.

ie., ) =p = ¢, aconstant.
dx
=~ The solution of (1) is: y = cx + f(c) ...(2)

We have to replace p in clairaut’s equation by c.

A solution of (1) is obtained by eliminating p, from the other factor x + f (p) = 0,
along with (1). But this solution is not included in the general solution (2). Such a solution as
this is called a ‘Singular Solution’.

Problems:

1. Solve y = (x — a)p — p*.

Solution:

The given equation is, y = (x — a)p — p?, is in Clairaut’s form.

We know that, the solution for the Clairaut’s formis: y = px + f(p) is,y = cx + f(c).

Therefore, we put p = c, then we have y = (x — a)c — c¢?, which is the solution.

2. Solve y = 2px + y*p?
Solution:
We know that, y = 2px + y?p?.

PutX = 2x=dX = 2dx;
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andY = y?=dY = 2ydy;

dy

dX

yp

The equation is transformed into Y = XP + P2 which is the Clairaut’s form.

We know that, the solution for the Clairaut’s form,y = px + f(p), is given by
y =cx + f(c).

Therefore, we put P = c, then we have Y = cX + c2.

Hence, the solution is y? = 2xc + c?.

Extended Form of Clairaut’s Equation:

The extended form of Clairaut’s Equation is of the Type

xf(®) +o@) ... (1)
On differentiating with respect to x, we have
) ) dp
p=f®+Ixf )+ @]

dx | xf ®) _ ¢ ®)
ax = R ¢7)
dp  f)-r p—f) (2)

This is linear in x and hence gives F(x,p,c) = 0

On eliminating p between (2) and (1) give the solution of (1).

Problem:

Solvey = xp + x(1 + p?) /2

Solution:

On differentiating the given equation, y = xp + x(1 + p2)1/2, with respect to x, we have

= 2y1/ d_P[ xp
p=p+1+p7)2+—|x+ | - (D
(Vi+pZ+p)  ax
whence, de + P 0.
On integrating, we have [ —2— + [ 24 (& _ Jog¢
’ J1+p2 1+p?2 x 8
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=log(p +1+p%) + %log(l +p?) + logx = logc
= log [(p,/l +pH)+ 1+ pz)) x] = logc
=>{p,/1+p2+(1+p2)}x=c - (2)

The solution is obtained by eliminating ‘p’ between (1) and (2).

Linear Differential Equations of Second Order with Constant Coefficients:

Definition:

A Linear differential equation of the second order with constant coefficients is given by
d’y

dy _
a—+b;+cy—X,... 1)

dx?
where a,b,c are constants and X is a function of x.
dy | pdy _
Letadx2 +bdx +cy=0. ...(2
The solution of this equation (2) is called the “Complementary Function” of (1).

To solve (2), assume as a trial solution,y = e™* for some value of m.
2
Now, & = memx andd—z = m?2e™*,
dx dx
On substituting these values in (2), we get
e™(am?+bm+c)=0 ... 3)

Hence, m satisfies am? + bm + ¢ = 0.

The equation (3) is called the “Auxiliary Equation” and it is a function of m. The solution of
an auxiliary equation can arise in three cases.

Case (i):
Let the auxiliary equation (3) has two real and distinct roots m; and m..
s~y = e™*andy = e™2* are the two solutions of (2) .
Hence,Ae™1* andBe™2* are solutions of (2), where A and B are arbitrary constants.

Thus,y = Ae™1* 4+ Be™2* is the most general solution of (2).Here, the number of
constants occurring in this solution is two, which is equal to the order of the differential
equation.
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Case (ii):
Let the auxiliary equation (3) has two roots equal and real.
Let m; = m,. The solutionis: y = Ae™1* + Be™2*
= (A + B)e™* = ¢ e™1¥, - (4)
where c is a single arbitrary constant equal to A + B.

Thus, the number of constants is reduced to one, which is one short of the order of the

differential equation (2). Therefore, (4) ceases to represent the general solution.
Hence, we proceed as follows:

Let us putm, = m; + €and allowe to tend to zero.
The solution is, y = Ae™1* + Be(m1+ €)x

= e™*(A + Be®)
€2x? .
= e™M1¥ [A + B (1+ Ex+——+- )] [by the exponential theorem]

= e™1*(A + B+ € Bx), the other terms tending to zero as €— 0.

We can choose B sufficiently large, so as to make (€ B) finite, as €— 0 and A large

with opposite sign to B, so that A + B is finite.
If A+ B=Cand (€ B) = D, the solution corresponding to two equal roots,m, , is
e™*(C + Dx).
Case (iii):
Let the auxiliary equation (3) has imaginary roots.

As imaginary roots occur in pairs, let m; = a + i3, where a and g are real.Then,
m, =a—if.

The solution is, y = Ae(@+if)x 4 B e(a=if)x = gax[ gh)x 4 B ¢=(ih)x]
=e™{ A(cos fx + isin Bx) + B(cos fx — isin fx)} [by Euler’s formula]

= e™[C cosBx + D sin Bx], where C and D are arbitrary constants.
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This can also be written as,
y = Ae® cos( fx + B),

where A and B are arbitrary constants.

Problems:
1. Solveizc—jz’+ 5 Z—i+4y = 0.
Solution:
The given auxiliary equation is,
m?+5m+4=0.
On solving, we havem = 1 and 4.
Here, the roots are real and distinct, that is,m; = 1 and m, = 4.
We know that, the solution is given by, y = Ae™1* 4+ Be™2*,
~y = Ae* + Be**.
2. Solve‘;i—ﬁ+2 Z—z+y= 0.
Solution:
The given auxiliary equation is,m? + 2m + 1 = 0.
On solving, weget, (m + 1)2 = 0,m = —1 twice.
Here, the roots are real and equal, that is, m; = m, = —1.
We know that, the solution is given by, y = e™1*(C + Dx).

~y=e*( + Dx).
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Solution:

The given auxiliary equation is, m?—-3m+5=0.

. 3 +v9-20 3 +iv11l
On solving, we have= ~=—— = HVIT

2

3 —iv1l
2

Here, the roots are imaginary, that is, m; = 3+i2m and m, =

We know that, the solution is given by,

y = Ae™ cos( fx + B), wherea = %and B = \/%_1

Ly = e37x {A sin (g x) + B sin (g x)}

LINEAR DIFFERENTIAL EQUATIONS
Linear Equations with Variable Coefficients:

We shall first consider the homogeneous linear equation. A homogeneous linear
equation of the second order is of the form:

297 L 4oy =
ax®——+ bx o Tey=X ..(1)

wherea, b, ¢ are constants and X is a function of x.

Methods of Solving Linear Equations with Variable Coefficients:
Method 1:

By putting z = log xorx = e?, this equation can be transformed into one with
constant coefficients.

. d
We introduce here an operator, 6 = X—.

ider — &dz _1d. , _ &y _ 4
Con5|der,dx = = o X = = Dy, whereD stands for -~
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d%y _ 1d%z dz 1dy 1 (dzy dy) _ D
dx2 ~ xdx?dx x2dz ~ x2 -

d d
whereD = —=x— = 0.
dz

dx
Hence, putting x = e? in (1), the equation (1) becomes
{aD(D—-1)+bD +c}y =2, e (2)

whereZ is a function of z into which X has been transformed. This equation (2) is a linear
equation with constant coefficients and hence the foregoing method can be adopted.

Method 2:

Without transforming (1) into a linear equation with constant coefficients, an
independent method may be given.

To find the complementary function of (1), we have to solve

2 d%y

ax
dx?

dy _
+ bx oty = 0.
If x™, for some value of m, be taken as a tentative solution, then on substitution, we get
am(m—1)+bm+c = 0.

This, being an equation of the second degree in m, has two roots m,, m,. Hence, the
‘Complementary Function’ (C.F.) of (1) is C;x™! + C,x™2, taking the two roots to be
distinct.

If however, a root m, be repeated twice, then putting m, = m;+ €, where € - 0, the
corresponding C.F., is

xml(Cl + Cz X E) = xml(Cl + CzeEZOg x)
2 2
= x™ {Cl + C; (1+ € logx + @ etc.,)} .

Here, €2 being neglected,as € — 0. Putting (C, €) = BandC; + C, = A, the part of the
C.F., arising from the two equal roots m; is: x™1(A + Blogx).

Equations Reducible to the Linear Homogeneous Equation:

Consider an equation of the form:

d?y dy
(a+ bx)zﬁ + (a + bx)pla + py =X,
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where p1, p, are constants and X is any function of x.

Putting z = a + b x, the equation transforms into

2

2d%y p1z dy p2. 1 (z—a)

2282 4 I P2,y .
dzz+ b dz +b2y b2 b

This is a linear homogeneous equation and can be solved by the method outlined in
the linear equations with variable coefficients.

Example:

2d% _ dy _
Solve (5 + 2x) ~7 6(5+ 2x) =t 8y = 6x.
Solution:

Putting z = 5 + 2x, the given equation becomes

2
472°% - 1222 + 8y = 3(z - 5).

dz?
Putting u = logz andD = %, the equation is now transformed into
(4D%? — 16D + 8)y = 3(e* —5).
The auxiliary equation is: m? — 4m + 2 = 0.
am=2++2
~C.F.= eZ“(Ae‘/E“ + Be‘ﬁ“)

= ZZ(AZ‘/E +B Z_ﬁ)

= (5+20)%{A(5 + 207 + B(5 + 2x)~ 2},

The particular integral is: P.I.= 20?4012
— _S3u_15
= e 8
- _3,_L_ _3,. _%
- g 8 2 8
~y=C.F.+P.I
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The Laplace Transforms:

The Laplace transform has been widely adopted by scientists and engineers as an
efficient tool for solving linear differential equations. Here, we shall discuss the fundamental
properties of Laplace transforms, Inverse Laplace transforms and we shall see how they are
used to solve linear differential equations.

Definition:

If a function f(t) is defined for all positive values of the variable t and if
fgoe‘“f(t) dt exists and is equal to F(s), then F(s) is called the Laplace transform of f(t)
and is denoted by the symbol L{f(t)}.

That is, L{f ()} = [, e™'f(t) dt = F(s).
The operator L that transforms f(t) into F(s) is called the “Laplace Transform Operator”.
Result: Limg_, F(s) = 0.
Piecewise Continuity:

A function £ (t) is said to be piecewise continuous in a closed interval [a, b] if itis
defined on that interval [a,b]and is such that the interval can be broken up into a finite
number of sub-intervals in each of whichf (t) can have only ordinary finite discontinuities in

the interval.
Exponential Order:

A function £ (¢t)is said to be of exponential order if lim,_,,, eS¢ f(t) = 0, or if for
some number. Sy, the product |f(t)] < M fort > T. i.e., e 50| f(¢t)| is bounded for large

value of t, say fort > T.

Sufficient conditions for the existence of the Laplace Transform:
1. f(t) is continuous or piecewise continuous in the closed interval [a, b], where a > 0.
2. It is of exponential order.

3. t"f(t)is bounded near t = 0 for some number n > 1.
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Properties of Laplace Transforms:

i)
i)
i)

iv)

v)

vi)

vii)

viii)

LIf(®) + o] = LIf (O] + Llp(®)]
Llcf(t)] = cL[f(t)], where ‘c’ is constant.

LIf'®] = s LIf(®)] - £(0)

L[f )] = s*LIF ()] — sf(0) — sf'(0)

In general,

LIf" ()] = s"LIf ()] = s" 71 £(0) = s"2£(0) — -+ — 71 (0)

If L[f(t)] = F(s),then

a) limt—)O f(t) = lims—»oo SF(S)
b) lirnt—)oo f(t) = 1ims—>0 SF(S)

1

Lle®] = —; provideds + a > 0.

s+a’

Similarly,L[e®] = ﬁ; provideds —a > 0.

at —at
Corollary:L(coshat) = L(e - ) =5
Similarly, L(sinh at) = Szi7
L(cosat) = ﬁ
. a
(Lsinat) = il
I'(n+1)
L(t") = ﬁ?
n=0= L(l) =
n=1= L) =
n=2 = L(tz) =
1 1
=— = L t7> =
"2 (
_1
n=——=— L (t 2) =

[Initial value theorem]

[Final value theorem]

1
s
1

52
2
s3
\/E

2s
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Problems:
1. Find L(t? + 2t + 3).
Solution:

Consider,L(t% + 2t + 3) = L(t?) + 2 L(t) + 3L(1)

We know that, L(t") = "D,

~L(t?) +2L(t) +3L(1) = 513 + 512+ ?

2. Find L(sin? 2t)

Solution:
We know that, sin? 2t = (%)
= L(sin?2t) = L (HZS ‘“)

N

We know that, L(cosat) = oz and L(1) = %

~L(sin? 2t)= %L(l) - %L(cos 4t)

11 1 s _1(1 s )
2s  2s2442 2\s 52416

. 8
=>L(sm2 Zt) = m

3. Find L(sin3 2t)
Solution:

We know that, sin 6t = 3 sin 2t — 4 sin3 2t.

a

We know that, (L sinat) = e

.'.L(sin3 Zt) - (3 sin 2t—sin 6t)

4

= %L(sin 2t) — %L(sin 6t)
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_3 2 1 6
4 (s2+22) 4 (s%+62%)

48

. in3 TV TN
..L(Sln Zt) _(52+4)(52+36)

4.Find L(f (1)), wheref (¢) = {2 Whervlvh?e: ttf sz

Solution:

We know that, L[f (t)] = [,"e "' f(t)dt
— foze—sff(t)dt+ ) et f(Ddt = foze—Sf(O)dt+ J; et (3)dt
= Bf;e_“dt:ge_zs.

Some General Theorems:

Theorem 1:1f L{f(t)} = F(s), then L{f(at)} = %F (2)

For example, (1) L(cos at) = iF (‘)= szfraz

(2) L(sinh at) = %F G) = ﬁ
Theorem 2: L{e™% f(t)} = F(s + a),where F(s) = L{f(t)}
Problems:

We have,

(1) L(1) = §=> L(e™2) =$.
(2) L(cosbt) ==

T s24p2

—at o — s+a
= L(e ™ cosibt) L
. b
(3) L(sin bt) = PR

at _ b
= L(e* sinbt) = Pl

|
(4) L(t") = s:*.'l’ if nis a positive integer.
—at +n _ n!
= L(e™*t") = GrayH
at gmy — n!
andL(e*t") = oy
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Theorem 3:If L{f ()} = F(s),then L{tF(t)} = —;—SF(S).

Corollary:: L{E2F (D)} = (~1)? 5 L{f ()

In general, L{t"f(£)} = (—1)" < [L{F(O}]
This result can also be written as follows:

If L[f ()] = F(s), then,

F© = L[-tf ()],

F'(s) = L[(-t)*f (D],

Fr(s) = LI(=0"F(©)].

Problems:

1.Find L(te™)

Solution:

We know that L{tf(t)} = —=-F(s)

AL(t.e™) = —=L(e™)

d 1 _ 1

dss+a  (s+a)?’

2. Find L(t?e~3Y)

Solution:

We know that L{£f ()} = (—1)* 5 L{f (1))

.'.L(tze_3t) — (_1)2;5_221‘(6—&)

_d* 1 2
T ds?s+3 (s+3)%°
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3. Find L(tsinat)

Solution:

We know that, L{tf(t)} = -— ;—SF(S)

~L(tsinat) = —;—SL(Sinat)

d a __ 2as

- ds a2+s2  a2+s2’

4. Find L(te tsint)

Solution:

We know that L{tf(t)} = —=-F(s)
L(tetsint) = —;—SL(e‘t sint)

d
__EF(S+1)

1
1+s2°

d 1 2(s+1)
El+(s+1)2 T (s242as+2)2

where, F(s) = L(sint) =

“L(te tsint) = —

Theorem 4: IfL{f(t)} = F(s) and if@ hasalimitast — 0
Then, L £9) = [7F (s) ds.

t

Problems:

1. Find L (Ht).

t

Solution:

We know that,, L {@} = [TF(s)ds

oL (1‘;’”) = [TL(1-eY)dt

. . 1—et
Since, lim,_, — = -1

= L(l_tet) = f:o (l—ﬁ) dt = [logi - logg.
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2. Find L ( “t)

t

Solution:

We know that,, L {@} = [TF(s)ds

oL (Sin at) = f:o L(sinat) ds.

t

sin at
t

Since,lim,_, = a, we have

t a’+s?

L (Sin at) =cot™12,
t a

sin at © a — 15 T 15
L( )=fs—ds=tan to— tan™' == Z— tan™' -

The Inverse Laplace Transforms:

Definition:
Let the Laplace transform of the function f(t) is given by, L{f(t)} = F(s).Then, the
symbol L™1{F(s)} denotes the “Inverse Laplace Transform” of the functionF (s).

Thatis, L"Y{L[f ()]} = f(b).

List of Certain Functions, f(t), and its Laplace Transform, F(s):

The inverse transform of a given function can be obtained from the second column of

the following table associated with the Laplace transform in the last column.

SI. No. (t) =5
1 e 1/s-a

5 cosh at sls*-a°

3 sinh at als*-a’

A cos at sls*+a’

c sin at s/s’+a’

6 1 1/s

. t 1/s

3 t" nl/s™:  [nis +ve]
9 te™ 1/ (s-a)°

10 t? e™ 2/(s-a)°

1 t" e n!/ (s-a)"™; [nis +ve]
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19 e ¥sinbt b/(s+a)’+b*

13 e cosbt (s+a)/(s+a)*+b?
14 t sinat 2as/(s°+a°)*

15 t cos at s?-a’l(s*+a’)’

We can modify the results that we have obtained in finding the Laplace transforms of

functions to get the inverse transforms of functions.

Theorem 1:
If L{F(t)}=F(s), then L{e™f(t)} = F(s+a).
Hence, we get LY{F(s+a)} = e® L F(s).

Problems:

L ((s-l-la)z) = e L (siz) = et

2.17 ((s+2)2+16) = e7H L™ ( 2142) = e %'
3. L1 ((S 3)2+4) = 31 (ﬁ) = e3 cos 2t.
41U () = U ()

=L‘1< (s+1)—1>
(s +1)2 + 22
_ s+1 3 1
=1L 1((s+1)2+22>_L 1((s+1)2+22)

S 1
_ ,—ty—1 _ —ty—1
=e L (s2 + 22) el (52 + 22>

sin2t
2

=e tcos2t—e”

-1 N _ i .
L (s+25+5)_ - (2 cos 2t — sin 2t).
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Theorem 2:
IFL[f()] = F(s), then L[f(at)] == F().

This result can be written in the form:
L2 F(2)] = fat), where £(£) = L[ F(s)].

Put% = k, we have,

L[ F(ks)] = f (5), where £(£) = L[ F(s)].

Problems:

1. Find L—l( s )

s2aZ+b?
Solution:
Consider, 5—— = 552:2“%2 = % F(sa),
where, F(sa) = ﬁ = F(s) = ﬁ
17 () = 1 ()
11 /t
=—L'[F(as)] = a-af(a),

where, £(t) = L[ F(s)] = L™ (=) = cos bt

s2+b2

() =aeos (0)
Hence, L (Sza2+b2)—azcos —)-
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Theorem 3:

If LIf(©)] = F(s),then L[t f(£)] = —F(s).
Hence, we get the result, L™} [F’(s)] = —t f(t) = —t L7[F(s)].

Problems:

1. Find L™ [( 2+a2)2]

Solution:

Consider, F'(s) = m

sds 1

S N R L TE D)

We know that, L™t [F’(s)] = —t L™Y[F(s)]

-7 [(sz-:az)z] = —tlL [_ Z(SZi-az)

=517 ((sTlaz))

=L [ sm at .
(s

2+a2)2] -

- -1 s+2
2. Find L [(sz+4s+5)2]

Solution:

s+2

Consider, F'(s) = GZ14s15)

1
2(s2+4s+5)

~F(s) =—

_[ s+ 2 ]_ tL‘l[ -1
(s2 +4s +5)2] 2(s?2+4s+5)
ST
2 (s2+4s+5)

t 1
5+ (e
2 (s+2)%2+12
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o e b

Theorem 4:

If L{f(£)} = F(s), then L[t f(t)] = —F'(s).

This theorem can be used to get inverse transforms of certain functions.

Problem:
. _1 s+1
1. FindL [logs_l]
Solution:
Let () = L [1og ==|.
s+1

Then,L{f(t)} = logST]L

d s+1 d
~L{t. f()} = —Elogs 1= T 4s [log(s + 1) — log(s — 1)]
_ 1 4 1
T os4+1 s—1
-'-tf(t)=L_1[L]—L_1[ ! = el —e ' =2sinht
' s—1 s+1 '
2sinh t
L f(e) =2
Theorem 5:

The method of partial fractions can be used to find the inverse transform of certain functions.

Problems:
. 1 1
1.Find L [s(s+1)(s+2)]'
Solution:
) 1 . . - .11 1 11
We can split GTDGTD into partial fractions as: ST Tty
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M mmemF 0 - (G ¢ 6

1 o1
=-—et+-e72,
2 2

2. Find L~ [s(s+1)(52+25+2)]

Solution:

Splitting into partial fractions, the function can be expressed as:

1 1 s+1
s(s+1D)(s2+2s+2)  (s+1)  (s2+2s+2)

-1 1 ] _1 B _1 +1
[s(s+1)(52+25+2) (s+1) ( 2+25+2)

s+1

-t -1
€ L ((s+1)2+1)

=et—e L

2+1

—t

—et—etcost

=e (1 — cost).

3. Find L‘l[ﬁ]
Solution:
Splitting into partial fractions, the function can be expressed as:
1+ 2s 1 (s+2)*—(s—1)?

(s+2)2(s—1)2 3" (s+2)%(s—1)2

1
3 -2 (s+2)2]
1+42s ] [ 1 _1[ 1 ]
(s+2)2(s—1)2 3 (s—1)2 3 (s+2)2

= 3 (et. t) —3 (e‘Zt. t)

= %(et —e™2h),

Hence, L71[

Solving Ordinary Differential Equations with Constant Coefficients Using Laplace
Transform:

Problems:

1. Solve the equatlon dly +2 — 3y = sint, given that y— Y —0,when t = 0.
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Solution:
The given equation can be written in the form: y"' + 2y’ — 3y = sint
Applying Laplace transforms to both sides, we have
Liy" + 2y’ —3y) = L(sint)

=LO") + 2LQ") — 3L() =
We know that,L[f ()] = s L[f(t)] — £ (0)

52+1

andL[f"(©)] = sELIf(6)] = sf(0) — sf (0)

S2LO)) - s¥(0) = ¥'(0) +2[s L) — y(0)] - 3L(Y) = 5
Substituting the values of y(0) and y'(0) in the above equation, we have
s’y +2sy—3y = Where y =L(y)

1
5241

=(s?+2s-3)y =
— 1 _ 1

=Y = (s2+25-3)(s2+1)  (s+3)(s—1)(s2+1)

_ -1 1
= y=1L [(5—1)(s+3)(52+1)]'
On splitting into partial fractions, we get,

1
yeit [l e

=71/l (+3) +1/g L_( ) Yol (s25+1)'§l‘

= _1/40 e 3t 4 1/8 et — 1/10 cost — gsin t.

1
s2+1

2. Show the solution of the differential equatlon + 4y = Asin kt, which is such that

sin kt -3 sin 2t

- dy _ —0 isy=
y=0and——=0,whent =0, isy=A——5

if k# 2. 1f k = 2, show that

__A(sin 2t—2t cos 2t)
y - 8 "

Solution:
Given that, y"' + 4y = Asinkt

= L(y"") + 4L(y) = AL(sin kt)
We know that,L[f ()] = s L[f(t)] — £ (0)

andL[f"(®)] = s*LIf ()] = sf(0) — sf (0)

52y —sy(0) —y'(0) + 4y = Am,WhereL(}’) =y
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Since,y(0) = 0,y'(0) = 0, we have

k
s2+k2

(s2+4)y=4A

_ k
- y=4 (s2+4)(s2+k?)

=y = Ak L7 o]

(s24+4)(s2+k?)
Case (i):k # 2,
We have y = Ak L1 —[ﬁH(S L )]
Y= (k2—4)
_ Ak R U B 1
T (k2-4) {L [s2+4] L [(sz+k2)]}
Ak sin 2t sin kt
= ——]
T (k2-4) [ 2 k
Ak . k.
y = m (sm kt — ESII’I Zt)
Case(ii):k = 2.
_ -1 1
We have,y = 2 AL [(52+4)(52+22)
_ -1 1
=241 ()
_ 1 ) _
=24 TR (sin 2t — 2t cos 2t)

Ly = g(sin 2t — 2t cos 2t).

Advantage of the method:

The special advantage of solving differential equations using Laplace Transform is that, the
initial conditions are satisfied automatically. It is unnecessary to find the general solution

and determine the constants using the initial conditions.
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UNIT -V : THEORY OF EQUATIONS

Theory of Equations: Nature of roots, Formulation of equation whose roots are given. Relation
between coefficients and roots - Transformation of equations - Reciprocal equations - Horner’s
method of solving equatios.

THEORY OF EQUATIONS

General Algebraic Equation:

Consider the equation,
f) =pox™ +p1x" T+ pox" P e+ X+ e Py X +pp =0,

where, the coefficients py, p1,p2, ..., p, are real and p, # 0. This equationis called the
‘General Algebraic Equation’ of degree ‘n’.

Roots of an Algebraic Equation:

We know that, from the fundamental theorem of algebra, every equation of the above
type has atleast one root. Let the root be ;. Then, we have (a;) = 0. Hence, f(x) is exactly
divisible by x — a;.

Thatis, f(x) = (x — 1) @1(x),

where, ¢, (x) is a rational integral function of degree (n — 1) of the formpox™~1 + --- .
Since, @1 (x) is also an algebraic equation,¢4 (x)=0 has a root. Let the root be «a,.

Hence, ¢1(x) = (x— az)@,(x),

where, @, (x)is a rational integral function of degree (n — 2) of the form pyx™~2 + --- .
S f0) = (x —a)) (x — ax) g, (x).
By continuing the process, we obtain,
fO) = (x—a1) (x = az) . (Xx—=ap)@n(x),
where, ¢, (x)is of degree n — n = 0. Thus,¢,, (x)is a constant,that is, ¢, (x) = py.
S fO) = po(x —a)(x—az) .. (x—ay).

Hence, the equation f(x) = 0 has ‘n’ roots,since, f(x) will vanish, when x has any one of the
values a4, ay, as, ..., a,.

Since,f(x) does not vanish for any other value, the equationf(x) = 0 has only n
roots. All the roots of f(x) = 0, may not be real and they need not all be distinct.
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Properties of Roots of an Algebraic Equation:

(i) Consider an equation with real coefficients. The imaginary roots of such equation

will occur in pairs.
Let the equation be f(x) = 0 and let @ + i3 be an imaginary root of the equation.
We shall show that (« — i) is also a root.

We have,(x — a —if)(x — a+if)=(x—a)>+p%> ...(1)

Iff (x) is divided by (x — a)? + B2, let the quotient be P(x) and the remainder be Qx + R.

If f (x) is of degree n, then P(x) is of degree (n — 2).
of (x) = {(x —a)* + B*}P(x) + Q(x) + R. )
On substituting x = a + ifin the equation (1), we get
fla+if) = {(a+if —a)*+p*IP(a+iB) +Q(a+iB)+R
= Q(a+iB) +R
Given that, « + i isaroot of f(x) =0 =f(a+if) =0.
~Q(a+iB)+R=0.
Equating to zero, the real and imaginary parts, we have
Qa+ R =0andQf =0
Since,8 # 0, we haveQ= 0 = R=0.
2) = fO)={x-a)* +p*}P(x) + 0+ 0
= f(x) = {(x — a)* + f*}P(x).
We know that, f(x) = (x —a1) (x —a3) ... (x— a,)@,(x), ...(3)
whereay, ay, a3, ..., @, are the roots of the equation f(x) = 0.

From (1)& (3), we have(a — if3) is also a root of f(x) = 0.

Problems:
1. Solve the equation x* — 4x? + 8x + 35 = 0, given that 2 + i/3 is a root of it.
Solution:

Let the given equation be denoted as f(x) = x* —4x%2 +8x +35 =10

(1)
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Here, the coefficients of the equation are real.

Therefore, we know that, “In an equation with real coefficients, the imaginary roots occur in
pairs”.

Also, given that 2 + i+/3 is a root of the given equation.
= 2 — iv/3 is also a root of the given equation.
slx=(2+iV3)|[x—(2-iV3)]| =(x—2—iV3) (x — 2+ iV3)
=(x—-2)+3
= x> +4—4x+3
= x?—4x+7.
On dividing f(x)by x? — 4x + 7, we have the quotient, (x? + 4x + 5).
wox* —4x? +8x+35=(x%2—4x +7)(x? + 4x +5) .. (2

—_ph+Vp2—
Now, let us find the roots of (x? + 4x + 5), using the formula, x = W :

—4+V42-20 _ —4+V—4 _ —4+420 _ 2(=2%0)

2 2 2 2

SX =
=>x= -2+

Hence,—2 + i, —2 — i are also roots of the given equation.
The given roots are: 2 + iv/3, 2 — iv/3.

cxt—4x?2 +8x+35=[x —(2+iV3)|[x - (2 - iV3)]lx = (=2 + D][x - (-2 - D] = 0.

2. Form a rational cubic equation, which shall have for roots 2, 3 + v—2.
Solution:

Here, let the coefficients of the cubic equation to be formed, is real. Then, the
imaginary roots occur in pairs.

Given that,3 + v/ —2 is a root of the equation.
=3 —+/—2 is also the root of the equation.

Therefore, the roots of the required equation are:2,3 +vV—-2,3 —v—-2.

Hence, the required equation is
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(x—2)(x—3-vV=-2)(x—3+V=-2)=0

= x-2)((x-3)2%+2)=0

= x-2)(x*—-6x+11)=0

=x3 —8x2 +23x—22=0 .. (1)

Therefore, (1) is the required equation.

a2 2

3. Show that

xX—a

Solution:

+ beﬁ —x + Yy = 0 hasonly real roots, if a, b, a, B,y are all real.

Let us assume that, the given equation has imaginary roots also.Then, in order to
prove that the given equation has only real roots, we have to prove that our assumption is

wrong.

We know that, “In an equation with real coefficients, the imaginary roots occur in pairs”.

That is,p + iq is a root. Then,p — iq is also a root .. (1)
a? b? . _
p+iq—a+p+iq—,8_p_lq+y_0 e (2)
a? b2 . 0 3
e g PTAtY= ..(3)
—2a’iq 2b%iq _
B-2)= —2ig=0

P-a32+q* (-B2+q°

a? b2
(p—a)?+q? + (r—B)%+q?

= —2ig{ +1}=0 (@)

Equation (4) is true, only if g = 0, since, the other factors cannot be zero.
On substituting g = 0, in (1), we have
p+i(0)=p andp—-i(0)=p
That is, the imaginary part, g, of our assumed root p =+ iq, is zero.
=Our assumption that the given equation has imaginary roots is wrong.

Therefore, the given equation has only real roots.
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4.Solve the equation,x* + 4x® + 5x% + 2x — 2 = 0, which has a root —1 +/—1 .
Solution:

Let the given equation be denoted as f(x) = x* + 4x3 + 5x%2 +2x —2 =0 (1)
Here, the coefficients of the equation are real.

Therefore, we know that, “In an equation with real coefficients, the imaginary roots occur in
pairs”.

Also, given that —1 ++/—=1 = —1 + i is a root of the given equation.
=—1 — i is also a root of the given equation.
A+ 1-DE+1+0)=(x+1)2—i?
=x>+2x+1+1
=x2+2x+2
On dividing f(x)by x2 + 2x + 2, we have the quotient, (x? + 2x — 1).
axt+4x3 +5x24+2x—2) = (2 +2x+2)(x2+2x—1)  ...(2)

—b+VbZ—4ac

Now, let us find the roots of (x? + 4x + 5), using the formula: x = ”

SX = =
2

—2+./4-4(-1) (D) —2?/@ = —1+V2.

= x = —1 + +/2are also roots of the given equation.

Therefore, the roots of the given equation are: —1 + iand —1 + v/2.

(i) Consider an equation with rational coefficients. The irrational roots of such
equation will occur in pairs.

Problems:

1.Solve the equation, x* — 6x3 + 11x? — 10x + 2 = 0, given that 2 ++/3 is a root of the
equation.

Solution:
Giventhat, f(x) = x* — 6x3 + 11x2 —10x +2 =10 .. (1)
Here, the coefficients of the equation are rational.

We know that, “In an equation with rational coefficients, the irrational roots occur in pairs”.
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Also given that, 2 + /3 is a root. Therefore, 2 — /3is also a root.
Consider, (x —2—V3)(x —2++V3) =(x—2)?-3
=x2+4—4x-3
= x> —4x+1
On dividing f(x)by x? — 4x + 1, we have the quotient, (x? — 2x + 2).
cxt —6x3 +11x%2 —10x + 2 = (x2 —4x + 1) (x? — 2x + 2)

—b+Vb2—4ac

Now, let us find the roots of (x? — 2x + 2), using the formula: x = -

x_Zi\/4—8_2i\/—4_ZiZi_
- 2 T 2 T2

= 1 + i are also roots of the given equation.

Therefore, the roots of the given equation are: 2 + v/3and 1 + i.

2.Form the equation with rational coefficients whose roots are 1 + v/2, 3
Solution:

Let the coefficients of the equation to be formed, is rational. Then, the irrationalroots
occur in pairs.

Given that,1 + /2 is a root of the equation.
=1 —+/2 is also the root of the equation.
Therefore, the roots of the required equation are: 1 ++/2,1 — /2, 3.
Hence, the required equation is
(x=1-vV2)(x—1+V2)(x—-3)=0
= {(x—-1)?-2}(x-3)=0
= *?-2x-1Dx-3)=0
= x3 —5x2+5x+3=0 .. (1)

Therefore, (1) is the required equation.
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3.Solve the equation, x* — 2x3 — 22x? + 62x — 15 = 0, given that one of the root is 2 +

V3.
Solution:
Given that, f(x) = x* — 2x3 —22x2 + 62x —15=0 )
Here, the coefficients of the equation are rational.
We know that, “In an equation with rational coefficients, the irrational roots occur in pairs”.
Also given that, 2 + /3 is a root. Therefore, 2 — +/3is also a root.
Consider, (x —2—v3)(x —2++3) =(x—-2)*-3
=x?>+4—4x -3
= x> —4x+1.
On dividing f(x)by x? — 4x + 1, we have the quotient, (x? — 2x — 15).
cxt—6x3 4+ 11x% —10x + 2 = (x% — 4x + 1)(x? — 2x — 15)
Now, let us find the roots of (x? — 2x — 15) = 0.
Consider, x> +2x—-15=0 = (x+5)((x—-3) =0 = x =-50r3.
= —5 and 3 are also roots of the given equation.

Therefore, the roots of the given equation are: 2 + /3, —5 and 3.

(iii) Relation between the Coefficients and the Roots of an Algebraic Equation
(1) Consider the cubic equation, x3 + px? + gx + r = 0.
Leta, B8,y are the roots of the equation.
w3 tpxltgx+r=(x-—-a)(x—B)(x—y)

=x3—(a+ B +y)x*+ (af + By + ya)x — afy
Equating the coefficients of x>, wehave a+pf+y=—p ...(1a)
Equating the coefficients of x, we have af + Py +ya=q ...(1b)
Equating the constants, we have afy = —r ...(Ic)

The equations (1a), (1b) and (1c) gives the relation between the coefficients, p, g, and the
roots a, 3, y.
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(2) Consider the bi - quadratic equation,x* + px3 + gx* + rx + s = 0
Leta, 5,y, 6 are the roots of the equation.
cxt+pxdtgxttrx+s=Gx—a)x—Bx—y)(x —96)

=x*—(a+B+y+8)x3+(af +ay +ad + By + B + y8)x?
— (ByS + ayd + aBé + afy)x + aByd

Equating the coefficients of x3, we have a+f+y+8=—-p ... (2a)

Equating the coefficients of x?, we have aft+ay+ad+py+pé5+yd=q ...(2b)
Equating the coefficients of x, we have Byé +ayd + afd + afy = —r ... (20)
Equating the constants, we have afyd =s ... (2d)

The equations (2a), (2b), (2c) and (2d) gives the relation between the coefficients, p,q,r,s
and the roots a, S, v, 6.

Problems:
1. If a, B, yare the roots of the cubic equation,x® + px? + qx + r = 0, find the values of
(i) a*+pi+y?
(i) a’B+aB?+By*+ By +yat+yia
(i) B+y-3a)y+a-3B)(a+p—3y)
Solution:
Given that,a, B,y are the roots of the equation, x> + px?> + gx +r = 0.
We know that, the relationship between the coefficients and roots of the equation are:
atf+y=-p
af + Py +ya=q
afy = —-r
(i) Consider, a® + B> +y% = (a + B + y)? — 2(apf + By + ya)
= (-p)* - 2(q) =p* - 2q

~a’+ B +y? =p*-2q.
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(ii)Consider, a?B + af? + By? + By + ya® + y?a
=af(a+p)+By(B +vy) +ya(a+y)
=apla+p+y—-y)+pyla+f+y—a)+ya(a+f+y—p)
=af(-p—vy) +By(=p —a) +ya(-=p—B)
= —p(aB + By +ya) —3afy = —pq + 3r

S alB+af?+ By? + By +yat +yta = —pq + 3r.

(iii) Consider,(B +y —3a)(y + a — 3B)(a + B — 3y)
=(@a+p+y—4a)(a+B+y—4Bf)(a+p+y—4y)
=@ —4a)(=p —4B)(-p — 4y)
=—{p®> +4p>(a+p +v) + 16p(af + fy +ya) + 64 afy}
= —{p® + 4p*(— p) + 16pq — 647}
= 3p® — 16pq + 64r

“(B+y—-30)y+a—-38)(a+ B —3y) =3p3—16pq + 64r.

2. If a, B,y be the roots of the equation x> + px? + gx + r = 0, form the equation whose
roots are af5, By and ya

Solution:
The given equation is, x3 + px? + gx +r = 0.

We know that, the relation between the coefficients, p, g, v and the roots, a, 8,y are:

a+pf+y=-p .. (D)
af + Py +ya=gq ... (2
aﬂy:—r (3)

LetS; be the sum of the roots of an equation taken one at a time.
LetS, be the sum of the roots of an equation taken two at a time.

LetS; be the sum of the roots of an equation taken three at a time.
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Then, the corresponding equation with the coefficients Sy, S, S3is obtained by using (1), (2)
and (3) as:

X3 — Slxz + Szx — 53 =0 (4)

Given that, af8, By and ya arethe roots of the equation (4).

Using (1), we have from (4), S1 = af + By +ya.
But, from (2), we have Si=af+By+ya=q
Using (2), we have from (4), S; = (aB)(By) + (By)(ya) + (af)(ya)

= ap’y +afy’ +a’py
=S, = afy(a+ B +7v).
But, from (3), we haveafly = —r
and from (1), we have (a + B +y) = —p
~S; = —r(=p) =pr
Using (3), we have from (4), S3 = (ap)(By)(ya)
= a?B2y? = (aBy)?
But, from (3), we have afy = —r
= §3; =(-1r?=r2
On substituting the values of S;, S,, S3 in (4), we have
x3 — (x? + (pr)x — (r?) = 0.

Hence, the required equation is, x3 — gx? + prx —r? = 0.

3. Find the condition for the roots of the equation x3 + px? + gx + r = 0 to be in geometric
progression and hence solve the equation 3x3 — 26x2 + 52x — 24 = 0

Solution:
Let the roots of the equation be in geometric progression, namely,é, k and kr.

We know that, for the equation, x> +px?+qx+r =0, the relation between the
coefficients, p, g, r and the roots, «a, 3,y are:

a+p+y=-p .. (D)
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af + fy +yva =q ... (2
afy = —r .. (3)

Here,=§,ﬁ=kandy=kr.
W==+k+kr=—p .4

=>k(%+1+r)=—p =>(%+1+r)= -

bl la~

2
@==+kr+kl=q ..(5
2 (1 _ 2(_p\ _ _—q
=k (;+1+r)—q =k (—;)—q =k=—

(3) =k3 = —r ... (6)

Therefore, the condition for the roots of the equation,x® + px%? +qx+7 =0 to be in
geometric progression is obtained as: g3 = p3r.

It is required to solve the equation,3x3 —26x% +52x —24 =0, using the
conditiong® = p3r.

Consider, 3x* —26x? +52x —24=0 =x*-2x?+Zx-8=0.
Here,p=—§, q=5?2, r=—8.

@)= +k+kr =2 (7

(6) =5+ k2 4+ ktr =2 .. (8)

6)=k>=8 = k=2
. , 1 13
Usingk = 2in (7),wehave;+1+r =3
= 3r2—10r+3=0
:>(r—3)(r—§)=0
1
..r—3(0r)§.

Therefore, the roots of the equation are obtained as:

Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education, Tirunelveli.
163



k=2mMr=&:§=§k=zmr=n@=6.

2 2

=2(3)=6;k=2;kr=2(§)=§.

k=2andr=l=E=
3 r

G)

2
Therefore, the roots are > 2,6.

W=

4. Solve the equation,2x3 — 11x2 + 10x + 8 = 0, given that one of the roots is double of
any one of other roots.

Solution:
Let the roots be a, 2, .

We know that, for the equation, x3 + px% + qx +r = 0, the relation between the
coefficients, p, g, r and the roots, «a, 3,y are:

a+pf+y=-p .. (D)
af + Py +ya=q ... (2
aﬂy:—r (3)

Here,a = a,B = 2a,y = 0.
The given equation is, 2x3 — 11x%2 + 10x + 8 = 0
3_1 2
=X’ ——x"+5x+4=0

p=-Lig=sr=4

=>a+20:+ﬁ=12—1 = 3a+,6’=12—1 =ﬁ=12—1—3a...(4)
= aRa)+ Ra)p+pa=5 = 2a’+3af =5 ..(5)
= aRa)f=—-4 = 2a’f=-4 ...(6)

On substituting the value of g from (4) in (5), we get
11
2a? +3a(7—3a) =5

= 14a?—-33a+10=0

= (a—2)(14a—-5)=0
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5
=2 =
=« (or)14

when,a = 2 ,we have from (4), B = —%.

5 31
when,a = — ,we have from 4), B = — -

But, a = %,B = % does not satisfy equation (6).

Therefore, the roots of the equation are: 2;2a = 4; 8 = — % that is, 2,4, — %

5. Solve the equation,x® —12x% 4+ 32x —28 =0, whose roots are in arithmetical

progression.
Solution:

Let the roots of the equation are:a — k, a, a + k.

We know that, for the equation, x3 + px% + qx +r = 0, the relation between the

coefficients, p, g, r and the roots, «a, 3,y are:

a+f+y=-p .. (D)
af + Py +ya=gq .. (2
aﬂy:—r (3)

Here,a=a—-k,f=a,y=a+k.
The given equation is,x3 — 12x% + 32x — 28 = 0.
=p =—-12;q = 32;r = —28.
D)=a-k+a+a+k=12 = 3a=12 = a=4
Q= (a—k)+ ala+k)+ (a —k)(a+ k) =39
=32’ -k’=39 =k’=9 =k=143
B)= (e —k)a(a + k) = 28.
Therefore, the roots of the equation are obtained as:
k=3anda=4 =a—-k=4-3=1,a=4,a+k=4+3=7
k=-3anda=4=a—-k=4—-(-3)=7,a=4a+k=4-3=1

Therefore, the roots are:1, 4, 7.
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6. Solve x* — 8x3 + 14x2 + 8x — 15 = 0, given that the sum of two roots is equal to the
sum of the other two.

Solution:
Let a, B, y, & be the roots of the equation,x* — 8x3 + 14x? + 8x — 15 = 0.

We know that, for the equation, x* + px3 + qx? + rx +s =0, the relationship
between the coefficients, p, q,r, s and the roots, a, 8,y, 6 are:

a+f+y+5=-p .. (D)
af+ay+ad+Ly+p5+y6=q...(2)
afy +ayd + pyd +afd = —r ...(3
afyd =s .4
From the given equation, we havep = —8;q = 14;r = 8 and s = —15.
Also, giventhata + =y + 6 .. (5
From (1) and (5), we have 2(a + ) = 8

= a+pf =4 ... (6)
From (2), we have aff + yd + (a + B)(y + 6) = 14
= af +y5+ (a + p)? =14
=af +yd= 14—-16
= af +yé= -2 ..(7)
From (4) and (7), on factorization, we have two cases:
Case(i):aff = =5, y6 =3 (o)r Case(ii):af =3, yé=-5.
Case(i):
a+pf =4 af=-5andy+8§ =4, yé = 3.

=a=5 p=-1y=36=1
Case(ii):

a+pf =4 af=3andy+d6 =4, y6=-5

=a=3, =1 y=5 6 =-1.

Therefore, the roots are:5,—1, 3, 1.
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Transformation of Equations:

An equation can be transformed into another equation. The roots of the transformed
equation will bear a certain specified relation with those of the given equation. Such
transformation helps us to solve certain type of equations easily.

Below are some of the important elementary transformations of equations:

Transformation — I:

To transform a given equation into another, whose roots are the roots of the given
equation with their signs changed.

Let @y, ay, ..., a,, be the roots of the equation,
f(x) =pox™ + p1x" 7+ ppx"F o+ pygx +p, = 0.
“poX™ + P T pox T 4 e Py X 4y = Po(x — a) (X — ap) . (x — @)
Put x = —y, then we have
Po(=y)" + Py (=y)" "' + -+ By = Po(—y —a1)(—y — az) ... (=¥ — ay)
=(D"P(y+a)y+az) .. (y+ )
Hence, the roots of the equation,Py(—y)™ + P;(—y)"* ! + -+ + P, = 0 are:
—Qq1, = Ay, e, — Ay
That is, the roots of the given equation are: a4, ay, ..., ;.
When the transformation, x = —y, is used,

the roots of the transformed equation are: —ay, —ay, ..., —@,,.

Transformation — II:

To transform a given equation into another whose roots are the roots of the given
equation multiplied by a constant ‘m”’.

Let a4, a5, ... @, be the roots of the given equation,
f) =pox™ +p1x" 7+ ppx™F e+ Py x +p, = 0.
2poX™ + prx" T A pox T 4 e Py Xy = Po(x — a) (X — ap) . (x — @)

Putx = % then we have
n—1 n—2

PO(%)H+P1(%) +P2(%) +---+Pn_1(%)+Pn
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=) () (e
=m () +n () R e ()R

= Py~ may)(y ) . (v~ may)
= poy" + Pymy" ! + Pym?y" 2 4 4 Pyym™ Ty + Bym”
= Py(y — ma;)(y — may) ... (y — ma,)
Hence, the roots of the transformed equation are:may, ma,, ... ma,,.

That is, the roots of the given equation are: a4, ay, ..., ;.

When the transformation, = % ,is used,

the roots of the transformed equation are: ma,, ma,, ..., ma,,.

Transformation — IllI:

To transform a given equation into another whose roots are the roots of the given
equation diminished (or increased) by a constant ‘h’.

Let the roots of the equation,pgx™ + p;x™ ! + p,x" 2 + -+ p,_1x +p, = 0, be
a,x, ..., Ay.

Consider, the transformation,x = y + h.
The transformed equation is, po(y + h—a))(y + h—a;) ...(y + h — a,) = 0.
The roots of the transformed equation are: a; — h,a, — h, ..., a,, — h.
The simplified form of the transformed equation is,
apy" + a1 y" T+ ay" Tt 4+ a, = 0,

whereay, a4, a,, ..., a, are successive remainders when the left side of the equation is divided
by x — handa, = p.

For this purpose, we can write the series of operations as follows:

Po p1 [ %) Pn—1 Pn
Poh bih b, _2h b,_1h
by b, bp-1 R =a,
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Problem:

1. Diminish the roots of the equation,x* — 4x3 — 7x2 + 22x + 24 = 0 by 1 and hence solve

the equation.
Solution:
Given that, x* — 4x3 — 7x? + 22x + 24 = 0.
Here,po =1, p1=—4,p, =—-7,p3 =22, p, =24andh =1
Consider, the transformation, x = y + h.
We know that, the transformed equation is,
agy*+ a1y} +ayy* +azy+a, =0 .. (D)
Divide the expression on the left side of the equation by x — 1.
We have a4, az, a;, a; as the successive remainders, and a, = 1.

We know that, the series of operations can be written as follows:

Po P1 p2 Pn-1 Pn
poh bih by —2h by-1h
b, b, b, 4 R=a,
That is,
1 -4 -7 22 24
1 -3 -10 12
3 0 2 3%
The quotient is:x3 — 3x? — 10x + 12; The remainder is: 36 = a,.

Again, on dividing the above quotient by x — 1, the reminder is as.

The series of operations can be written as follows:

1 -3 -10 12
1 -2 -12
-2 -12 0
The quotient is: x? — 2x — 12; The remainder is: 0 = as.
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Again, on dividing the above quotient by x — 1, the reminder is a,.

The series of operations can be written as follows:

1 -2 -12
1 -1
a4 o
The quotient is: x — 1,; The remainder is: —13 = a,.

Again, on dividing the above quotient by x — 1, the reminder is a;.
The series of operations can be written as follows:

1 -1

The remainder is: 0 = a;.
Sy = 1,611 = O,az = —13,613 = 0,a4 = 36.
From (1), the transformed equation is,y* — 13y? + 36 = 0

The operations can be consolidated as follows:

1 -4 -7 22 24
R ]
-3 -10 12 36
1 -2 -12
-2 -12 0
BT
-1 -13
1
0

The transformed equation is (1)y* + (0)y3 + (—13)y%? + (0)y + 36 =0

= y* —13y2 +36 = 0.
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The roots of the transformed equation is obtained as follows:
Consider,  y*—9y? —4y?2 +36=0

= yO'-9-40-9=0

= -0 -H=0

= (*-3)0*-29)=0

= +3)0-3D+2)y-2)=0.

Hence, the roots of the transformed equation are:—3, 3, -2, 2.
The roots of the original equation are obtained as follows:
ai—h=a;—1=-3=a,=-3+1=-2;
a,—h=a,—1=3=a,=3+1=4,;
a3—h=a3—1=-2=a3;=-2+1=-1
as—h=a,—1=2=a,=2+1=3.

Therefore, the roots of the original equation are:a; = —2,a, = 4,a3 = —1,a, = 3.

Transformation —IV: (Reciprocal Equations)

1. To transform an equation into another whose roots are the reciprocal of the roots of
the given equation.

Let a4,09,...,0n be the roots of the equation,
X"+ px" L+ pox™ i+ o+ px +p, = 0.
We have,
X+ X" b x4 b p i x = (X — ) (x — ) . (X — ay).
Put = % , We have
n n—2

B e Q) o) v Gn)o)- (o)

Multiplying throughout by y™, we have

Py F ooty A A py 1= (T- ) = apy) o (1 - a,y)

= (i ...a;) (ail — y) (é — y) (i — y)
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Hence, the transformed equation is,

Pny" + Dpo1y" 4+ oy +1=0.

The roots of the transformed equation are: i,i, i

a1 az an

2. If an equation remains unaltered when it is changed into its reciprocal, it is called a
reciprocal equation.

Let the reciprocal equation be,
X"+ px" T+ px™ i+ o+ pix +py, = 0. .. (1)

When x is changed into%, we get the transformed equation as

() +m Q) 4m (@) 4 tma (=0

X

On multiplying both sides by x™, we have
PnX® +pp x4+ pix+1=0
On dividing both sides by p™, we have

xn+P;z—1xn—l+...+z_1x+pL:0 (2)

Since (1) is reciprocal equation, it must be the same as (2).

1

-,-Pn =D2 -u 5_111 = pn—l'g = Dn (3)

-1 _
Pn P1

Pn-2
Pn

Consider, -— = p,=p,> = 1 = p, = *1.
Case(i):p, =1

(3) =DPn-1 = P1,Pn—2 = P2, Pn—3 = D3, """ -

In this case, the coefficients of the terms at equidistant from the beginning and the end
are equal in magnitude and have the same sign.

Case(ii):p, = —1
(3) =Pn—1 = —P1,Pn—2 = —D2,Pn-3 = —D3,"*" -

In this case, the coefficients of the terms at equidistant from the beginning and the end
are equal in magnitude and have the opposite sign.
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3. Standard Form of a Reciprocal Equation

. . 1 ..
Let a; be a root of a reciprocal equation. Then,a— must also be a root, because it is a
1

root of the transformed equation. Also, the transformed equation is identical with the first
equation.

. . . . 1 1
Hence, the roots of a reciprocal equation occur in pairs (al'a_) ) (az,—) .
1

az
When the degree is odd, one of its roots must be its own reciprocal.

=a,2=1 =aq, = +1.

p

Case(i): If all the coefficients have like signs, then -1 is a root.

Case(ii): If the coefficients of the terms at equidistant from the first and last have opposite
signs, then +1 is a root.

In either case, the degree of an equation can be depressed by unity if we divide the
equation by x + 1 or by x — 1. The depressed equation is always a reciprocal equation of
even degree with like signs for its coefficients.

If the degree of a given reciprocal equation is even, say, n = 2m and first and last
have opposite signs, then B, = —P,. That is, B,, = 0, so that in this type of reciprocal
equations, the middle term is absent. Such an equation may be written as:

x2™ — 14+ Px(x?™ 2 —1) +-- = 0.
Dividing by x% — 1, this reduces to a reciprocal equation of like signs of even degree.

Hence, all reciprocal equations may be reduced to an even degree reciprocal equation
with like signs.

Hence, an even degree reciprocal equation, with like signs is considered as the
standard form of reciprocal equations.

That is, the standard form of reciprocal equations is given by
x?Mm — 1+ Px(x*" 2 =1 +--=0.
Problems:
1. Solve the equation 6x° + 11x* — 33x3 — 33x? + 11x + 6 = 0.
Solution:
The given equation is a reciprocal equation of odd degree with like signs.

Hence,(x + 1) is a factor of the expression on the left — hand side of the equation.
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The equation can be written as follows:

6x° + 6x* + 5x* +5x3 —38x3 —38x2 +5x2 +5x+6x+6 =0

= 6xt(x+ 1)+ 5x3(x+1)— 38x%(x+ 1) +5x(x+ 1)+ 6(x+1) =0
= (x+1) (6x*+ 5x3 — 38x2+5x+6) = 0
“(x+1)=0=x=—1lisaroot.

Consider the equation, (6x* + 5x3 — 38x% + 5x + 6) = 0.

To solve the equation, divide the equation byx?. We have,
=6(x%+) +5(x+) —38=0 ..(1)
PUt x+-=t = x> =122
X X
(1) =6(t?—2)+5t—38=0
= 6t2+5t—50 = 0

= (3t +10)(2t —5) =0

-10
3 2

. 1_ 10 15
I.e.,x+;—T(0r) x+;—5.

= 3x2+10x+3=0 (or) 2x>—5x+2=0
= Bx+1Dx+3)=0((r)2x—-—1)(x—-2)=0

_—1 1
= x = 3 (or) =3 (OT)E (or) 2

Hence, the roots of the equation are:—1,_?1, —3,%, 2.

2. Solve the equation,2x® — 15x* + 37x3 — 37x%2 + 15x — 2 = 0.
Solution:

This is a reciprocal equation of odd degree with unlike signs.

Hence,(x — 1) is a factor of the expression on the L.H.S., of the equation.

Therefore, the equation can be written as follows:

2x° — 2x* — 13x* 4+ 13x3 + 24x3 — 24x%2 —13x2 +13x +2x—2=0
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= 2x*(x—1)+ 13x3(x — 1)+ 24x*(x —1) —13x(x — 1) +2(x—1) =0
= (x—1) (2x* —13x3 + 24x%2 — 13x + 2) = 0.
Now, let us solve the equation, (2x* — 13x3 + 24x? — 13x +2) = 0.

On dividing the equation by x2, we have
202 +) — 13 (x+) +24 =0 N0
PUt x+- =t=x*+— =t2—2,
X X
(1) =2(t2 —2) — 13t + 24 = 0
= 2t> —13t+20 = 0

= (t—4)(2t—5) =0

5
=t= 4(or)§

1 1
=x+-=4(or)x+-==
x x 2

= x2—4x+1=0 (or) 2x>?—5x+2=0= (2x — 1)(x — 2) = 0.
X = Ziﬁ(or)% (or) 2.

Hence, the roots of the given equation are:1,2 + \/§% 2.

3. Solve the equation,3x® + x> — 27x* + 27x?> —x — 3 = 0.
Solution:
This is a reciprocal equation of even degree with unlike signs.
Hence,(x? — 1) is a factor of the expression on the L.H.S., of the equation.
The equation can be written as follows:
3(x6 — 1)+ x(x* —1)— 27x2(x* =1) =0
=30 -DE*+x2+ D)+ x(x> -2 +1) - 27x2(x*-1) = 0
= x2—-1)Bx*+x3—-24x>+x+3) = 0
= (x?—-1)=00r3x*+x3—-24x>+x+3=0

Sx?-1)=0=x*>=1=x = +1.
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Let us solve the equation, 3x* + x3 — 24x%2 + x +3 = 0.

On dividing the equation byx?, it can be written as,
=32 +5) +(x+) —24=0 .. (1)
Put(x +3) =t =x?+= =t2-2
1)=3(t*—2)+t—24=0

=3t +t—30 = 0

= 3t2 -9t +10t—30 = 0

= 3t(t—3)+10(t—3) = 0

= (3t+10)(t—3) =0

—10
:>t:T (OT') 3

cxte = Fi=3
Xt = (or) x ol

= 3x24+10x+3=0 (or)x?—-3x+1=0

345

= x = _?1(07") — 3 (or) —

3445

Therefore, the roots of the equation are:il,_?l, -3, >

Horner’s Method:

By this method, we can conveniently find both the commensurable and
incommensurable roots of a given equation. The procedure is to determine first the integral
part and then the decimal part. If the root be commensurable, then we can find it exactly and
in case of incommensurable roots, the value can be determined to any number of places of
decimals.

The method of finding the positive roots of f(x) = 0 is given below. The negative
roots of f(x) = 0 is obtained by finding the positive roots of f(—x) = 0.
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Problem:

1. Find the real positive root of the equation,x® + 24x = 50 to three places of decimals.

Solution:

The given equation is, f(x) = x3 + 24x — 50.

= f(0)=0+4+0—-50=-50; f(1)=1+24—-50=-25 f(2)=8+48—50=6.

We can easily see that for all positive values of x greater than 2, f(x) is positive.

Hence, the positive real root lies between 1 and 2.
Therefore, the integral part of the root is 1.

Diminish the roots of the equation by 1.

1 0 24 -50
1 1 25
1 25 -25
2 2
2 27
1
3

Therefore, the transformed equation is x> + 3x? + 27x — 25 = 0.
= f(0) = -25; f(1)=6.

=This equation has a root between 0 and 1.

Multiply the roots of the equation by 10.

Then, the transformed equation is,x® + 30x? + 2700x — 25000 = 0
By trail, the root of this equation is found to lie between 8 and 9.

Diminish the roots of the equation by 8. We have

1 30 2700 -25000
8 304 24032
38 3004 -968
8 368
46 3372
8
54
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The transformed equation is,x3 + 54x? 4+ 3372x — 968 =0

This equation hasa root between 0 and 1.

Multiply the roots by 10. Then the transformed equation is,
x3 + 540x2 + 337200x — 968000 = 0.

Here, the root lies between 2 and 3.

Diminish the roots by 2. We have

1 540 337200 -968000

) 1084 676568
542 338284 | -291432
2 1088
> 339372
2
546

Hence, the transformed equation is,

x3 + 546x% + 339372x — 291432 = 0.
Multiply the roots of the equation by 10.

The transformed equation is

x3 + 5460x% 4+ 33937200x - 291432000 = 0
This equation has a root between 8 and 9.

Hence, diminish the roots by 8.

1 5460 3372000 -291432000
g 43744 271847552
5468 33980944 -19584448
8 43808
>476 34024752
2
5484

Hence, the transformed equation is, x3 + 5484x% + 34024752x — 1958448 = 0.

Multiply the roots by 10.The new transformed equation is,
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x3 + 54840x% + 3402475200x — 1958448000 = 0.

Here, the root of the equations lies between 1 and 2.1t is obtained as 1.8285.

Hence, the root correct to three decimal places is 1.829.

The series of arithmetical operations is represented as follows:

1 0 24 -50
1 1 25
1 25 -25000
1 2 24032
2 2700
1 -968000
304
30 676568
8 3004
268 -291432000
38 271847552
. 337200
— 1084 -19584448000
46
8 338284
1088
540
2 3372000
E42 43744
2
33980944
544 43808
2
54ig 3402475200
5468
8
5476
8
54840
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