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M.Sc. MATHEMATICS – I YEAR 

DKM13 : DIFFERENTIAL EQUATIONS 

SYLLABUS 

 

 

 

Unit I : Second order linear equations - The general solution of a homogeneous 

equation - Use of a known solution to find another - The method of variation of 

parameters - Power series solution - Series solution of a first order equation. 

 

Unit II : Second order linear equations - Ordinary points - regular singular points - 

Legendre polynomials. 

 

Unit III : Bessel functions and Gamma functions - Linear systems - Homogeneous linear 

systems with constant coefficients - The method of successive approximation - 

Picard‟s theorem. 

 

Unit IV : Partial differential Equations - Cauchy‟s problem for first order equations - 

Linear equations of first order - Nonlinear partial differential equations of first 

order - Cauchy‟s method of Characteristics - Compatible system of first order 

equations. 

 

Unit V : Charpit‟s method - Special types of first order equations - Solutions satisfying 

given conditions - Jacobi‟s method - Linear partial differential equations with 

constant coefficients - Equation with variable coefficients. 
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Unit  - I 

Ordinary Differential Equations  
 

Linear differential equations of Second order  

 The general second order linear differential equation is  

)()()(
2

2

xRyxQ
dx

dy
xP

dx

yd
  

  

Where P(x), Q(x), R(x) are functions of x or constants.  

  

For convenience we write the equation is  

 y" + P(x) y' + Q(x) y = R(x)  

  

The solution of the above equation has 2 parts namely one corresponding to R(x) = 0  and the 

other corresponding to R(x) as a function of x (or) constant.  

 

 The solution corresponding to R(x) = 0  

 

ie) the solution of y" + P(x) y' + Q(x) y = 0  is the general solution and it contains two 

arbitrary constant.  

 

 The solution corresponding to the particular function R(x) is called the particular 

integral of the equation.  

 

 The complete solution of the equation  

 

 y" + P(x) y' + Q(x) y = R(x) is y = yg + yp  

 

 Where yg is the general solution of the equation y" + P(x) y' + Q(x) y = 0 and yp is the 

particular integral corresponding to R(x).     

 

 Consider the Second order linear differential equation  

 

y" + P(x) y' + Q(x) y = R(x)       …..(1) 

 

 Equation (1) is said to be non-homogeneous and  

 

 y" + P(x) y' + Q(x) y = 0        …..(2)   

 

 Equation (2) is said to be homogeneous.  

 

 The general solution of equation (2) is taken as yg and the particular solution of 

equation (1) is taken as yp.  

 

 yg contains two arbitrary constants as it is the solution of the 2
nd

 order linear 

differential equation in equation (1).   
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Theorem:  

 

 If yg is the general solution of y" + P(x) y' + Q(x) y = 0 and yp is any particular 

solution of the equation y" + P(x) y' + Q(x) y = R(x). Then yg + yp is the general solution of  

y" + P(x) y' + Q(x) y = R(x).  

 

Proof:   

 

 Let y" + P(x) y' + Q(x) y = 0        …..(1)  

 

be the homogeneous equation.  

 

 and y" + P(x) y' + Q(x) y = R(x)       …..(2)  

 

be the non-homogeneous equation.  

 

 Given yg is the general solution of (1)  

 

  yg" + P(x) yg' + Q(x) yg = 0       …..(3)  

 

 also yp is the particular solution of (2)  

 

  yp" + P(x) yp' + Q(x) yp = R(x)       …..(4)  

 

 (3) + (4)  

 

 → (yg" + yp") + P(x) [yg' + yp'] + Q(x) [yg + yp]  = R(x)  

 

 → (yg + yp)" + P(x) (yg + yp)' + Q(x) (yg + yp) = R(x)  

 

 This shows that yg + yp is the general solution of (2).  

 

Theorem:  

 

 If y1(x) and y2(x) are any two solutions of y" + P(x) y' + Q(x) y = 0. Then c1 y1 (x) + c2 

y2 (x) is also a solution for any constants c1 and c2.  

 

Proof:  

 

 Given y1(x) and y2(x) are the solution of y" + P(x) y' + Q(x) y = 0   …..(1)  

 

 y1"(x) + P(x) y1'(x) + Q(x) y1(x) = 0      …..(2)  

 

y2"(x) + P(x) y2'(x) + Q(x) y2(x) = 0        …..(3)  

 

 T.P. c1 y1(x) + c2 y2(x) is the solution of (1)  
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 ie) t.p c1 y1(x) + c2 y2(x) satisfies equation (1)  

 

 Now, [c1 y1(x) + c2 y2(x)]" + P(x) [c1 y1(x) + c2 y2(x)]' + Q(x) [c1 y1(x) + c2 y2(x)]  

 = c1 y1"(x) + c2 y2"(x) + P(x) c1 y1'(x) + P(x) c2 y2'(x) +Q(x) c1 y1(x) + Q(x) c2 y2(x)  

 

 = c1 (y1"(x) + P(x) y1'(x) + Q(x) y1(x)) + c2 (y2"(x) + P(x) y2'(x) + Q(x) y2(x)) 

  

= c1 (0) + c2 (0) (using (2) + (3)) 

 

 = 0.  

 

 This shows that c1 y1(x) + c2 y2(x) satisfies equation (1).  

 

  c1 y1(x) + c2 y2(x) is the solution of equation (1).  

 

Problem:  

 

 By inspection find the general solution of y" = e
x
 

 

Solution:  

 

 Given y" = e
x
 

 

y' = e
x
 + c1   

 

y  = e
x
 +c1x + c2 

 

Problem:  

 

 By eliminating the constants c1& c2 find the differential equation of each of the 

following families of curves.  

 

 1) y = c1x + c2x
2
 

 

 2) y = c1 e
kx

+ c2 e
-kx

 

 

 3) y = c1 sinkx + c2 coskx 

 

Solution:  

 

1) y = c1x + c2x
2
 

 

   y' = c1 + 2 c2x 

 

  y" = 2c2 

 

   y' = c1 + y"x 
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   c1 = y' – y"x 

 

2

2

''
)'''( x

y
xxyyy   

22

2

''
''' x

y
xyxyy   

2

''''2'2 22 xyxyxy
y


  

 

 2y = 2y'x – y"x
2
 

 

 y"x
2
 – 2y'x + 2y = 0.  

 

 

 2) y = c1 e
kx

 + c2 e
-kx

 

 

   y' = c1 e
kx

.k + c2 e
-kx

 (-k)  

 

  y" = c1 k e
kx

 (k) – c2 k e
-kx

 (-k)  

 

  y" = k
2
 c1 e

kx
 + k

2
 c2 e

-kx
 

 

 y" = k
2
 (c1e

kx
 + c2e

-kx
)  

 

y" = k
2
y  

 

 y" – k
2
y = 0.    

 

 

 3) y = c1 sinkx + c2 coskx 

 

   y' = c1 coskx (k) + c2 (-sinkx) k.  

 

   y' = c1k coskx – c2 k sinkx 

 

  y" = c1k (-sinkx) k – c2 k coskx.k 

 

  y" = -c1 k
2
 sinkx – c2 k

2
 coskx 

 

  y" = -k
2
(c1 sinkx + c2 coskx)  

 

  y" = -k
2
y  

 

y" + k
2
y = 0.  

 

Problem:  
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 Verify that y = c1x
-1

 + c2x
+5

 is a solution of x
2
 y" – 3xy' – 5y = 0 on any interval [a, b] 

that does not contain zero. If x0 0 and if y0 and y0'are arbitrary. Show that c1 and c2 can be 

chosen in one and only one way. So that y(x0) = y0 and y'(x0) = y0' 

 

Solution:  

 Given x
2
 y" – 3xy' – 5y = 0        …..(1)  

 Take y1 = x
-1

, y2 = x
5
 

 

 
x

y
1

1   

 

 When x = 0, We find y1 is not continuous and so it is not differentiable.  

 

  In any [a,b] which does not contain zero.  

 

 If x0 0  

 

 y1 is differentiable  

 

 Let y1 = x
-1 

 y2 = x
5
 

 

x
y

1
1   

21

1
'

x
y   

31

2
''

x
y   

 

                y2 = x
5
 

 

               y2' = 5x
4
 

 

              y2" = 20x
3
 

 

 T.P y1 and y2 are the solution of (1)  

 

 Now x
2
 y1" – 3x y1' – 5y1 

 

 














 


xx
x

x
x

1
5

1
3

2
23

2

 

 xxx

532


 
 

x
2
 y1" – 3x y1' – 5y1 = 0  
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Also, x
2
 y2" – 3x y2' – 5y2 

 

 = x
2
 20x

3
 – 3x . 5x

4
 – 5x

5
 

 

 = 20x
5
 – 15x

5
 – 5x

5
  = 0.   

  y1 and y2 are the solution of (1)  

 

  y = c1x
-1 

+ c2x
5
 is the general solution of (1)  

 

 Given y(x0) = y0, y' (x0) = y0 

 

     We‟ve  y = c1x
-1 

+ c2x
5
 

 

          y(x0) = c1x0
-1

 + c2x0
5
 

 

                    y' (x0) = -c1x0
-2 

+ 5c2x0
4
 

 

               y0 = c1x0
-1 

+ c2x0
5
 

 

              y0' = -c1x0
-2 

+ 5c2x0
4
 

  

 T.P c1 and c2 are chosen in one and only one way  

 

 

3

0

3

04

0

2

0

5

0

1

0 5
5

xx
xx

xx







 

 

           = 6x0
3
   0.  

 

  c1 and c2 can be chosen in an one and only one way.  

 

The general solution of the homogeneous equation:  

 

 If two functions f(x) & g(x) are defined on an interval [a, b] and have a property that 

one is the constant multiple of the other then they are said to be linearly dependent on [a, b].  

 

 Otherwise that is if neither is a constant multiple of the other they are called linearly 

independent.  

 

 If f(x) is identically zero, then f(x) and g(x) are linearly dependent for every function 

g(x), since f(x) = o. g(x).  

 

 If y1 and y2 are the solutions on the [a,b]. Then the wronskian denoted by W (y1, y2) 

and defined by W (y1, y2) = y1 y2' – y1' y2.  

 

Theorem:      

 

 Let y1(x) and y2(x) be linearly independent solution of the homogeneous equation  
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 y" + P(x) y' + Q(x) y = 0        .....(1)  

 

 on the interval [a, b].  

 

 Then c1 y1(x) + c2 y2(x)        …..(2)  

 

 is the general solution of equation (1) on the [a, b]. In the sense that every solution of 

equation (1) on this interval can be obtained from equation (2) by a suitable choice of the 

arbitrary constant c1 and c2.   

 

Proof:  

 

 The proof will be given in stages by means of several lemma‟s and auxiliary ideas.  

 

 Let y(x) be any solution of equation (1) on the [a, b] we must show that the constant 

c1 and c2 can be found  so that y(x) = c1 y1(x) + c2 y2(x) for all x in [a, b].  

 

Lemma: 1 

 

 If y1(x) and y2(x) are any two solution of y" + P(x) y' + Q(x) y = 0 on [a, b]. Then their 

Wronskian W = W (y1, y2) is either identically zero or never zero on [a, b].  

 

Let y1 and y2 be the two solutions of   

 

 y" + P(x) y' + Q(x) y = 0        …..(1)  

 

  y1" + P(x) y1' + Q(x) y1 = 0       …..(3)  

 

 y2" + P(x) y2' + Q(x) y2 = 0        …..(4)  

 

 (3) × y2→ y1" y2 + P(x) y1' y2 + Q(x) y1 y2 = 0     …..(5)  

 

 (4) × y1→ y1 y2" + P(x) y1 y2' + Q(x) y1 y2 = 0    …..(6)  

 

 (6) – (5) → (y2" y1 – y1" y2) + P(x) (y1 y2' – y1' y2) = 0   …..(7)  

 

w.k.t.  

 

  W = y1 y2' – y1' y2 

 

 W
1
 = y1 y2" + y1' y2' – y1' y2' – y1" y2 

  

      = y1 y2" – y1" y2 

 

 

(7) → W
1
 + P(x) W = 0 
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    W
1
 = -P(x) W  

 
WxP

dx

dW
)(

 

 
dxxP

W

dW
)(

 

 ing
 

 

   dxxP
W

dW
)(

 

ceW
dxxP

logloglog
)(




 


 dxxP

ceW
)(

loglog
 


 dxxP

ceW
)(

 
 

 Since the exponential factor is never zero the proof is complete.   

 

Lemma: 2  

 

 If y1(x) and y2 (x) are two solutions of y" + P(x) y' + Q(x) y = 0 on the [a, b] then they 

are linearly dependent on this interval iff the wronskian W (y1, y2) = y1 y2' – y1' y2 is 

identically zero  

 

Assume that y1 and y2 are linearly dependent.  

 

 T.P W (y1, y2) = y1 y2' – y1' y2 = 0  

 

 If either function is identically zero on [a, b]   

 

 Clearly the Wronskian is zero Now we assume w.l.g. that neither is identically zero.  

 

 Since y1 and y2 are linearly dependent each function in a constant multiple of the 

other 

 

 We‟ve y2 = c y1  for some constant c  

 

    y2' = c y1' 

 

 W (y1, y2) = y1 y2' – y1' y2 

        = y1 cy1' – y1' cy1  

 

         = 0. 

 

  W is identically zero  

 

 Conversely,  
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 Assume that the wronskian is identically zero  

 

 T.P y1& y2 are linearly dependent. If y1 is identically zero on the [a, b] then the 

functions are linearly dependent.  

We may assume that (y1 0) identically on the [a, b]  

 y1 does not vanish at all on some subinterval [c, d] of [a, b].   

 

 Since the wronskian is identically zero on the [a, b] we can divide it by y1
2
 

 

 We get, 0
2

1


y

W

 

0
''

2

1

2121 


y

yyyy

 

0
1

2 









y

y
d

 

 ing
 

 







0

1

2 dx
y

y
d

 

k
y

y


1

2

 

12 yky 
 

 

 for some constant k and all x in [c, d].  

 

  Since y2 (x) and k y1(x) have equal values in [c, d]  

 

  y2(x) = k y1(x) for all x in [a, b]  

 

  y1 and y2 are linearly dependent on the [a, b]  

 

Hence the lemma  

 

 Since c1 y1(x) + c2 y2(x) and y(x) are both solutions of equation (1) on the [a, b]   

 

 It suffices to show that for some point x0 in the [a, b] we can find c1 and c2 so that  

 

 c1 y1(x0) + c2 y2(x0) = y(x0) and c1 y1'(x0) + c2 y2'(x0) = y'(x0)  

 

 For this system to be solved for c1 and c2 

 

 
)()(')(')(

)()(

)()(
02010201

0

1

20

1

1

0201
xyxyxyxy

xyxy

xyxy


 0.  
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 The above result showing that the Wronskian of any two linearly independent 

solutions of equation (1) is not identically zero.  

 

 ie) y1 and y2 are linearly independent solutions of equation (1) iff W  0.  

 

Problem:   

 

 Show that e
x
 and e

-x
are linearly independent solution of y" – y = 0 on any interval.  

 

Solution:  

 

 First T.P e
x
 and e

-x
is a solution of y" – y = 0   

 y1 = e
x  

, y2 = e
-x

 

 

 y1' = e
x
   y2' = -e

-x
 

 

 y1" = e
x
  y2" = e

-x
 

 

 Now  y1" – y1 = e
x
 – e

x
 

 

                         = 0.   

 

 y1 = e
x
 is the solution of y" – y = 0  

 

    Also y2" – y2 = e
-x

 – e
-x

 

 

               = 0  

 

  y2 = e
-x

is the solution of y" – y = 0   

 

 Next T.P y1& y2 are Linearly Independent solution  

 

 ie) T.P W (y1, y2)  0  

 

 W (y1, y2) = y1 y2' – y1' y2 

  

      = -e
x
 e

-x
 – e

x
 e

-x
 

 

                = -1 -1  

                = -2  

 

 0.  

 

  y1& y2 are linearly independent solution.  
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Problem:   

 

 Show that y = c1 e
x
 + c2 e

2x
 is the general solution of y" – 3y' + 2y = 0 on any interval 

and find a particular solution for which y (0) = -1 and y' (0) = 1.  

 

Solution:  

 

 Given: y" – 3y' + 2y = 0        …..(1)  

 

 T.P y1 and y2 are solution of y" – 3y' + 2y = 0  

 

 y1 = e
x
  y2 = e

2x
 

 

 y1'= e
x
  y2' = 2e

2x
 

 

 y1" = e
x
 y2" = 4e

2x
 

 

 Now y1" – 3y1' + 2y1 = e
x
 – 3e

x
 + 2e

x
 

 

             = 3e
x
 – 3e

x
 

 

             = 0   

 

  y1 is the solution of y" – 3y' + 2y = 0   

 

 Also y2" – 3y2' + 2y2 = 4e
2x

 – 3 × 2e
2x

 + 2e
2x

 

 

          = 4e
2x

 – 6e
2x

+ 2e
2x

 

 

             = 6e
2x

 – 6e
2x

 

 

             = 0.  

 

  y2 is the solution of y" – 3y' + 2y = 0  

 

  y1& y2 are the solution of (1)   

 

Now, 
x

x

x

e
e

e

y

y


2

1

2 is not a constant  

 
 

 y1 or y2 cannot be written as one is the constant multiple of the other.  

 

  y1 and y2 are Linearly independent  

 Also W (y1, y2) = y1 y2' – y1' y2 

 

    = e
x
 2e

2x
– e

x
 e

2x
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    = 2e
3x

 – e
3x

 

 

    = e
3x
 0.  

 

  y1& y2 are linearly independent  

 

  The general solution is y(x) = c1 e
x
 + c2 e

2x
 

 

                          Given y(0) = -1 and y'(0) = 1 

 

   We‟ve y(x) = c1 e
x
 + c2 e

2x
 

 

             y'(x) = c1 e
x
 + 2c2 e

2x
 

 

    y(0) = c1 e
o
 + c2 e

o
 

            y' (0) = c1 e
o
 + 2c2 e

o
 

 

          c1 + c2 = -1      …..(2) 

 

        c1 + 2c2 = 1       …..(3) 

 

 Solving (2) & (3)  

 

   c1 + c2 = -1 

 

 c1 + 2c2 = 1  

 __________ 

       - c2 = -2  

 

  

 

 c1 + c2 = -1 

 

        c1 = -1 –c2 

 

        c1 = -1 -2  

 

        c1 = -3 

 

 The particular solution is y = - 3e
x
 + 2e

2x
.  

 

Problem:  

 

 Consider the two functions f(x) x
3
 and g(x) = x

2
|x| on the closed interval (-1, 1)  

 

 a) Show that their Wronskian W (f,g) vanishes identically.  

 

 b) Show that f and g are not linearly dependent.  

c2 = 2 
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 c) Do Part (a) & (b) contradictors lemma 2 if not, why not  

 

Solution:  

 

a) On the interval -1 ≤ x< 0  

 

 f(x) = x
3 

,  g(x) = x
2
 (-x)  

 

 ie) f(x) = x
3 

,  g(x) = -x
3
 

 

 f′(x) 3x
2
  g′(x) = -3x

2 

 

 W (f,g) = fg′ - f′g 

 

  = x
3
 (-3x

2
) – 3x

2
 (-x

3
)  

 

  = -3x
5
 + 3x

5
 

 

  = 0.  

 

  W (f,g) = 0  

 

 At x = 0    

 

 Clearly W (f,g) = 0  

 

 On 0 <x ≤ 1 

 

 f(x) = x
3
 , g(x) = x

2
(x) = x

3
 

 

 f′(x) = 3x
2
  g′(x) = 3x

2
 

 

 W (f,g) = fg′ - f′g 

 

  = x
3
(3x

2
) – (3x

2
) x

3
 

 

  = 0.  

 

  W (f,g) = 0 on [-1,1]  

 

xx

x

xg

xf
b

2

3

)(

)(
) 

 

 

x

x

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 = ±1  

 

 Which is not a unique constant f(x) and g(x) are not linearly dependent.  

 

c) Part (a) & Part (b) are not a contradiction to lemma 2 for the following reasons.  

 

 g(x) = x
2
 |x| cannot be differentiable and f(x), g(x) cannot be the solutions of the 

homogeneous equation.  

 

Problem: 6  

 

 It is clear that, sinx, cosx and sinx, sinx – cosx are two distinct pairs of linearly 

independent solutions of y" + y = 0. Thus if y1 and y2 are linearly independent solution of the 

homogeneous equation y" + P(x) y' + Q(x) y = 0 we see that y1 and y2 are not uniquely 

determine by the equation.  

 

a) Show that 
),(

)''''(

21

1221

yyW

yyyy 
and 

),(

''''''
)(

21

1221

yyW

yyyy
xQ


so that the equation is uniquely 

determine by any given pair of linearly independent solutions.  

 

b) Use part (a) to reconstruct the equation y" + y = 0 from each of the two pairs of linearly 

independent solutions mentioned above.   

 

c) Use part (a) to reconstruct the equation y" – 4y' + 4y = 0 from the pair of linearly 

independent solutions e
2x

, xe
2x

.  

 

Solution: 

 

 y1 = sinx  y2 = cosx 

 

 y1' = cosx  y2' = - sinx 

 

 y1" = - sinx  y2" = - cosx 

 

 Now,       

 

 y1" + y1 = - sinx + sinx 

 

    = 0  

 

 y1 = sinx is the solution of y" + y = 0   

 

            y2" + y2 = - cosx + cosx 

 

               = 0  

 

 y2 = cosx is the solution of y" + y = 0   
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 y3 = sinx  y4 = sinx – cosx 

 

 y3' = cosx  y4' = cosx + sinx 

 

 y3" = - sinx  y4" = - sinx + cosx 

 

 y3" + y3 = - sinx + sinx 

 

    = 0  

 

  y3 = sinx is the solution of y" + y = 0  

 

 y4" + y4 = - sinx + cosx + sinx – cosx 

 

    = 0  

 

 y4 = sinx – cosx is the solution of y" + y = 0 

 

        W (y1, y2) = y1 y2' – y1' y2 

 

              = sinx (- sinx) – cosx (cosx)   

 

   = -sin
2
x – cos

2
x 

 

   = -(sin
2
x + cos

2
x)  

 

   = -1  

 

 0.    

 

        W (y3, y4) = y3 y4' – y3' y4 

 

  = sinx (cosx + sinx) – cosx (sinx – cosx)  

 

  = sinx cosx + sin
2
x – sinx cosx + cos

2
x 

 

  = sin
2
x + cos

2
x 

 

   = 1  

 

  0. 

 

 y1, y2, y3& y4 are Linearly independent 

 

a) Let y1& y2 be the solutions of  

 

 y" + P(x) y' + Q(x) y = 0   
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 y1" + P(x) y1' + Q(x) y1 = 0        …..(1)  

 

 y2" + P(x) y2' + Q(x) y2 = 0        …..(2)  

 

 (1) × y2 → y2 y1" + P(x) y1' y2 + Q(x) y1 y2 = 0     …..(3)  

 

 (2) × y1 → y2" y1 + P(x) y2' y1 + Q(x) y1 y2 = 0      …..(4)  

 

 (4) – (3)  

 

 → y1 y2" – y1" y2 + P(x) (y1 y2' – y1' y2) = 0  

 

 → y1 y2" – y1" y2 + P(x) W (y1, y2) = 0  

 

 P(x) W (y1, y2) = - (y1 y2" – y1" y2)  

 

 
),(

)''''(
)(

21

2121

yyW

yyyy
xP


  

 

 (1) → y1" + P(x) y1' + Q(x) y1 = 0  

 

 Q(x) y1 = -y1" – P(x) y1'  

 

2121

12121
1

''

')''''(
''

yyyy

yyyyy
y




  

),(

')''''()''(''

21

1212121211

yyW

yyyyyyyyyy 
  

 

),(
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)(

21
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1
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yyyyyyyyyyyy
yxQ


  
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)(

21

211211
1

yyW

yyyyyy
yxQ


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)''''''(
)(

21

21211
1

yyW

yyyyy
yxQ


  

 

),(

''''''
)(

21

2121

yyW

yyyy
xQ


  

 

 Since y1& y2 are Linearly Independent  

 

 W (y1, y2)  0.  
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b)  y1 = sinx  y2 = cosx 

 

 y1' = cosx  y2' = - sinx 

 

 y1" = - sinx  y2" = - cosx 

 

 
),(

)''''(
)(

21

2121

yyW

yyyy
xP


   

 

1

)](cos)sin()cos([sin






xxxx
 

 

 
1

)]cossincossin[






xxxx
 

 

         = 0.  

 

P(x) = 0.  

 

 
),(

''''''
)(

21

2121

yyW

yyyy
xQ


  

 

1

)sin()sin(coscos






xxxx
 

 

 
1

sincos 22






xx
 

 

 
1

)sin(cos 22






xx
 

 

 Q(x) = 1.  

 

 y" + P(x) y' + Q(x) y = 0   

 

 y"+ 0.y' + 1.y = 0 

 

 y" + y = 0.  

 

 y1 = sinx y2 = sinx – cosx 

 

 y1' = cosx y2' = cosx + sinx 
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 y1" = - sinx y2" = - sinx + cosx 

 

),(

)''''(
)(

21

2121

yyW

yyyy
xP


  

 

 
1

)]cos(sin)sin()cossin([sin
)(

xxxxxx
xP


  

 

         = -[-sin
2
x + sinx cosx – (-sin

2
x + sinx cosx)] 

 

         = -[sin
2
x + sinx cosx + sin

2
x – sinx cosx] 

 

        = 0.  

 

),(

''''''
)(

21

2121

yyW

yyyy
xQ


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1

)sin(cossin)cossin(cos xxxxxx 


 
=  - sinx cosx + cos

2
x + sinx cosx + sin

2
x 

 

= cos
2
x + sin

2
x 

 

=1. 

 y" +P(x) y' + Q(x) y  = 0  

 

y" + 0.y' + 1.y   = 0  

 

y" + y   = 0.  

 

 

c)  y1 = e
2x

  y2 = xe
2x

 

 

 y1' = 2e
2x

 y2' = 2xe
2x

 + e
2x

 

 

 y1" = 4e
2x

 y2" = 2[2xe
2x

+ e
2x

] + 2e
2x

 

 

   y2" = 4xe
2x

 + 4e
2x

 

 

  W (y1, y2) = y1 y2' – y1' y2 

 

       = e
2x

 (2xe
2x

 + e
2x

) – 2e
2x

 . xe
2x

 

 

        = 2xe
4x

 + e
4x

 – 2xe
4x
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        = e
4x

.  
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         P(x) = -4 
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        = 4. 

 

 y" + P(x) y' + Q(x) y = 0  

 

y" + (-4) y' + 4y = 0  

 

y" - 4y' + 4y = 0.  

 

The use of a known solution to find another:  

 Suppose y1 is the known solution of the homogeneous equation  
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y" + P(x) y' + Q(x) y = 0        …..(1) 

 

We‟ve to find the other solution y2 s.t y1 and y2 are linearly independent  

 The general solution is y = c1 y1 + c2 y2 

Let us assume that y2 vy1 be the required solution.  

 

  y2" + P(x) y2' + Q(x) y2 = 0       …..(2)  

 

We‟ve y2 = vy1 

 y2' = vy1' + v'y1 

 

 y2" = vy1" + v'y1' + v'y1' + v"y1 

 

 y2" = vy1" + 2v'y1' + v"y1 

Sub in equation (2)  

 

 vy1" + 2v'y1' + v"y1 + P(x) [vy1' + v'y1] + Q(x) vy1  = 0  

 

 v"y1 + v' [2y1 + P(x) y1] + v[y1" + P(x) y1' + Q(x) y1]  = 0   

 

Divide by v'y1 

 

 

0)(
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 ing

 
 

 
 dxxPyv )(log2'log 1  

 

 dxxPyv )(log2'log 1  

 

 
 dxxPy )(log

2

1
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e
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)(

2

1

log
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log
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
dxxP

e
y

v
)(

2

1

1
log'log

 

 

 


dxxP

e
y

v
)(

2

1

1
'

 

 

 
 ing

 
.

1 )(

2

1

dxe
y

v
dxxP


 

 Let us prove that y1& y2 are Linearly independent  

 

 W (y1, y2) = y1 y2' – y1' y2 

 

       = y1 (vy1' + v'y1) – y1' vy1 

 

       = vy1 y1' + v'y1
2
 – y1' vy1 

 

       = v' y1
2
 

 

2

1

)(

2

1

.
1

ye
y

dxxP

 

 

 


dxxP
e

)(

   0.  

 y1& y2 are linearly independent.  

 

Problem:  

 

 Verify that y1 = x
2
 is one solution of x

2
 y" + xy' – 4y = 0 and find the general solution.  

Solution:  

 

Given: x
2
y" + xy' – 4y = 0        …..(1)  

  

 

0
4

'
1

''
2

 y
x

y
x

y

        
 

T.P  y1 = x
2
 is the solution of (1)  

 

 y1 = x
2
  y1' = 2x y1" = 2.  
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 x
2
y1" + xy1' – 4y1 = x

2
.2 + x.2x – 4x

2
 

 

         = 4x
2
 – 4x

2
 

 

         = 0.  

 

  y1 = x
2
 is the solution of (1).  

To find y2 

 ie) y2 = vy1 

 

 

Where 
 dxe

y
v

dxxP )(

2

1

1

 

 

 
x

xP
1

)( 
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 dxe
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v
dx
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22)(

1

 

 

 

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 dxe

x
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1
log
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 dx

xx
.
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1
4
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x
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44

1

x


 

 

 
44

1

x
v 

 

 

  y2 = vy1 

 

 






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
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4 4

1
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4

1

x
x

x
 

 
22

4

1

x
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
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 The general solution is  

 

 y = c1 y1 + c2 y2 

 











22

2

1
4

1

x
cxcy

 

 

1. y1 = x is a solution of x
2
y" + xy' – y = 0. Find the general solution.  

 

Solution:  

 

 Given x
2
 y" + xy' – y = 0        …..(1)  

 

 

0
1

'
1

''
2

 y
x

y
x

y

 

 

Since ,
1

)(
x

xP 

 
 

 To find y2 

 

      ie) y2 = vy1 

 

 

Where 
 dxe

y
v

dxxP )(

2

1

1
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

 









 dxe
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dx
x
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2

1

 
 

  

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xlog
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log
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 dx
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1
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1
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

 dxx 3

 
 

  
13
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


x

 
 

  
2

2




x

 
 

22

1

x
v 

 
 

        y2 = vy1 

 

x
x

.
2

1
2



 
 

x
y

2

1
2 

 
The general solution is  

 

 y = c1 y1 + c2 y2 

 











x
cxc

2

1
21

 

 

1

21
2

1  xcxcy
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2. Find y2 and the general solution of each of the following equations from the given  

solution y1 

 

 a) y" + y = 0, y1 = sinx;  b) y" – y = 0, y1 = e
x
 

Solution:  

a) Given: y" + y = 0  

 Since P(x) = 0          

 To find y2 

 

 ie) y2 = vy1 

 

 

Where 
 dxe

y
v

dxxP )(

2

1

1

 

 

 


 dxe
x

odx

2sin

1

 
 

 dx
x

v
2sin

1

 
 

 
 dxxec2cos

 
 

= - cotx 

y2 = vy1 

= - cotx × sinx 

 

x
x

x
sin

sin

cos





 
 

                   y2 = - cosx 

 The general solution is  

 

 y = c1 y1 + c2 y2 

 

  = c1sinx + c2 (- cosx)  

 

           y = c1sinx – c2cosx 
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b) y" – y = 0, y1 = e
x
 

 

 Given: y" – y = 0  

 

 Since P(x) = 0  

 

 To find y2 

 

 ie) y2 = vy1 

 

 

Where 
 dxe

y
v

xP )(

2

1

1

 

 


 dxe

e

o

x 2)(

1

 

 

 dx
e x2

1

 
 

  


 dxe x2

 
 

  
2

2xe


 
        y2 = vy1 

 

x
x

e
e

.
2

2


 
 

2

xe


 
 

 The general solution is  

 y = c1 y1 + c2 y2 

 







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xx ececy  21
2

1

 
 

Problem:  

  

 

Verify that y1 = x is the solution of 0
1

1
'

1
'' 





 y

x
y

x

x
y Find the general  

 

Solution:  

 

Given: 0
1

1
'

1
'' 





 y

x
y

x

x
y

      
…..(1)  

 

 T.P y1 = x is the solution of equation (1)  

 

 y1 = x,  y1'= 1,  y1" = 0    

 

 Now, 
1
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0
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1
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            = 0.   

 

  y1 = x is the solution of equation (1)  

 

 To find y2 

 

 y2 = vy1 
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y

v
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, du = -x
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 y2 = vy1 

 

x
x

ex


 

  y2 = e
x
 

 

 The general solution is  

 

 y = c1 y1 + c2 y2,  

 

y = c1x + c2 e
x
 

 

Problem:  
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 Verify that y1 = x is the solution of the equation (1 - x
2
) y" - 2xy' + 2y = 0. Find the 

general solution 

 

 

Solution:  

 

 Given: (1 - x
2
) y" - 2xy' + 2y = 0       …..(1)  

 

 0
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2
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2
''

22
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 y

x
y
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y  

 

 T.P y1 = x is the solution of equation (1)  

 

 y1 = x, y1" = 1, y1" = 0  

 

 (1 - x
2
) y1" - 2xy1' + 2y1 

 

     = (1 - x
2
) (0) - 2x (1) + 2x 

 

     = - 2x + 2x 

 

       = 0.  

 

  y1 = x is the solution of y1 = x 

 

 To find y2 
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Put x = 1 → B = 1
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  The general solution is  

 

 y = c1 y1 + c2 y2 

 

 y = cx + c2 















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xx
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1
log
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The Method of Variation of Parameters.  

 

To solve the Second order linear equations  

 

 y" + P(x) y' Q(x) y = R(x)        …..(1)  

 

 The solution corresponding to R(x)  0 is called a Particular solution 

 

 For this we consider the homogeneous equation  
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 y" + P(x) y' + Q(x) y = 0        …..(2)  

 

 The general solution of equation (2) is  

 

 y = c1 y1 + c2 y2 

 

 Where c1& c2 are arbitrary constant  

 

 The solution of equation (1) may be assume in the above form, where c1& c2 are taken 

as the unknown function v1& v2.  

 

  The Particular solution of equation (1) is y = v1 y1 + v2 y2 

 

The method applied is known as the variation of parameters.  

 

 We‟ve y = v1 y1 + v2 y2       …..(3)  

 

 y' = v1 y1' + v1' y1 + v2 y2' + v2' y2 

 

    = (v1 y1' + v2 y2') + (v1' y1 + v2' y2)  

 

 Let us assume v1 and v2 be such that  

 

 v1' y1 + v2' y2 = 0         …..(a)  

 

 y' = v1 y1' + v2 y2'        …..(4)  

 

 y" = v1 y1" + v1' y1' + v2 y2" + v2' y2'       …..(5)  

 

 Sub (3), (4), (5) in (1)  

 

 v1 y1" + v1' y1' + v2 y2" + v2' y2' + P(x) [v1 y1' + v2 y2'] + Q(x) [v1 y1 + v2 y2] = R(x)  

 

 v1 [y1" + P(x) y1' + Q(x) y1] + v2 [y2" + P(x) y2' + Q(x) y2] + 

v1' y1' + v2' y2' = R(x)        …..(6)  

 

 Since y1& y2 are solution of (2)  

 

  y1" + P(x) y1' + Q(x) y1 = 0  

 

 y2" + P(x) y2' + Q(x) y2 = 0     

 

  Equation (6) becomes  

 

 v1 (0) + v2 (0) + v1' y1' + v2' y2' = R(x)  

 

 v1' y1' + v2' y2' = R(x)         …..(b) 
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 Solving equation (a) & (b)  

 

 v1' y1 + v2' y2 = 0          …..(a)  

 

 v1' y1' + v2' y2' = R(x)         …..(b)   

 

(a) × y2' ⟹ v1' y1 y2' + v2' y2 y2' = 0        …..(7)  

 

(b) × y2⟹ v1' y1' y2 + v2' y2 y2' = R(x) y2      …..(8)   

 

(7) - (8) ⟹ v1' [y1 y2' - y1' y2] = - R(x) y2 

 

 v1' W (y1, y2) = - R(x) y2 

 
),(

)(

21

21

1
yyW

yxR
v   

 

 ing  

 

 dx
yyW

yxR
v

),(

)(

21

2
1  

 

 (a) → v2' y2 = - v1' y1 

 

 
),(

)(
'

21

12
22

yyW

yyxR
yv   

 

 
),(

)(
'

21

1
2

yyW

yxR
v   

 

  ing  

 

  dx
yyW

yxR
v

),(

)(

21

1
2  

 

 Since y1& y2 are Linearly independent solutions of the homogeneous equation (2).  

 

  W (y1, y2)  0.   

 

  The expressions v1' and v2' are valid expressions.   

 

  dx
yyW

yxR
v

),(

)(

21

2
1 and  dx

yyW

yxR
v

),(

)(

21

1
2  

 

  The Particular solution of equation (1) is  
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 y = v1 y1 + v2 y2 

 

Note:  

 

 The complete solution in y = c1 y1 + c2 y2 + yp Where yp = v1 y1 + v2 y2 

Problem:  

 

 Find the particular solution of y" - 2y' + y = 2x. First by inspection and then by 

variation of parameters.  

 

Solution:  

 

 Given: y" - 2y' + y = 2x       …..(1)  

 

 The homogeneous equation is y" - 2y' + y = 0     …..(2)  

 

 The auxillary equation is  

 

 m
2
 - 2m + 1 = 0  

 

      (m - 1)
2
 = 0  

 

   m = 1,1  

 

  The general solution is 

 

 y = (c1 + c2x) e
x
 

 

 ie) y = c1e
x
 + c2xe

x
 

 

  y1 = e
x
 , y2 = xe

x
 

 

 y1' = e
x
 ,  y2' = xe

x
 + e

x
 

 

 W (y1, y2) = y1 y2' - y1' y2 

 

       = e
x
 (xe

x
 + e

x
) - e

x
xe

x
 

 

       = xe
2x

 + e
2x

 - xe
2x

 

 

       = e
2x

 

 

   0.  

 

 To find the particular solution of (1)  

 

 The Particular solution is  
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 yp = v1 y1 + v2 y2 

 

 R(x) = 2x 

  dx
yyW

yxR
v

),(

)(

21

2
1

 

dx
e

xex
x

x

 2

)(2

 
 

 dxeex xx 222

  


 dxex x22  

 

 xxx exeex   222 2
    u = x

2 

 
 dxedv x

 

 

           v1 = 2e
-x

 (x
2
 + 2x + 2)       u' = 2x       v = - e

-x
 

    

    vnuvuvuvuuvudv nn)1(....''''' 221   u" = 2       v1 = e
-x

 

           

  dx
yyW

yxR
v

),(

)(

21

1
2          v2 = - e

-x
 

 dx
e

xe
x

x

2

2
 

 

 
 dxexe xx 22        u = x 

                  du = dx   


 dxxe x2         

 dxedv x
 

                   v = - e
-x

 

 
  dxexe xx2  

 

   = 2 (- xe
-x

 - e
-x

)  

 

   = - 2e
-x

 (x+ 1).  

 

  The Particular solution is  

 

 yp = v1 y1 + v2 y2 

 

 yp = 2e
-x

 (x
2
 + 2x + 2) e

x
 - 2e

-x
 (x+ 1) xe

x
 

 

     = 2 (x
2
 + 2x + 2) - 2x (x +1)  

 

     = 2x
2
 + 4x + 4 - 2x

2
 - 2x 
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yp = 2x +4.  

 

 The complete solution is    

 

 y = yg + yp 

 

 y = c1 e
x
 + c2xe

x
 + 2x+ 4.  

Problem 

 

Find the Particular solution of y" + 4y = tan 2x 

 

Solution:  

 

 Given: y" + 4y = tan 2x       …..(1)  

 

 The homogeneous equation is y" + 4y = 0      …..(2)  

 

 The auxiliary equation is  

 

 m
2
 + 4 = 0  

 

 m
2
 = -4  

 

 m
2
 = i

2
 2

2
 

 

 m = ± 2i  

 

 The general solution is  

 

 y = c1 cos2x + c2 sin2x 

 

 y1 = cos2x y2 = sin2x 

 

 y1' = -2 sin2x y2' = 2 cos2x 

 

 W (y1, y2) = y1 y2' - y1' y2 

 

       = cos2x (2cos2x) + 2sin2x (sin2x)  

 

       = 2 cos
2
2x + 2 sin

2
2x 

 

       = 2 (cos
2
2x + sin

2
2x)  

 

       = 2.      0.  

 

 To find the particular solution of equation (1)  
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 The particular solution is  

 

 yp = v1 y1 + v2 y2 

 

 R(x) = tan 2x 

 

  dx
yyW

yxR
v

),(

)(

21

2
1

 

 

 dx
xx

2

2sin2tan
 

 

dxx
x

x
2sin.

2cos

2sin

2

1
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dx
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2

1 2
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x

x



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2cos1

2

1 2

 

 

 dxx
x 








 2cos

2cos

1

2

1
 

 

 dxxx  )2cos2(sec
2

1
 

 

 










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2

2sin

2

)2tan2(sec
log

2

1 xxx
 

 

4

2sin

4

)2tan2(sec
log1

xxx
v 




 
 

 dx
yyW

yxR
v

),(

)(

21

1
2  

 

dx
xx

v  2

2cos2tan
2  

 

dxx
x

x
2cos.

2cos

2sin

2

1
  

 

dxx 2sin
2

1
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









2

2cos

2

1 x
 

 

 
4

2cos x
  

 

  The Particular solution is   

 

          yp = v1 y1 + v2 y2 

x
x

x
xxx

yp 2sin
4

2cos
2cos

4

2sin

4

)2tan2(seclog












  

 

4

2sin2cos

4

2cos2sin
2cos

4

)2tan2(sec
log

xxxx
x

xx



  

 

x
xx

yp 2cos
4

)2tan2(sec
log


  

 

Problem:  

 

 Find the general solution of (x
2
 + x) y" + (2 - x

2
) y' - (2 + x) y = x (x + 1)

2
 

 

Solution:  

 

 Given: (x
2
 + x) y" + (2 - x

2
) y' - (2 + x) y = x (x + 1)

2
   …..(1)  

 

 The homogeneous equation is (x
2
 + x) y" + (2 - x

2
) y' - (2 + x) y = 0  …..(2)  

 

 Take y1 = e
x
 

 

 T.P y1 = e
x
 is the solution of equation (2)  

 

 y1' = e
x
  y1" = e

x
 

 

  (x
2
 + x) y1" + (2 - x

2
) y1' - (2 + x) y1 = (x

2
 + x) e

x
 + (2 - x

2
) e

x
 - (2 + x) e

x
 

 

       = x
2
 e

x
 + xe

x
 + 2e

x
 - x

2
 e

x
 - 2e

x
 - xe

x
 

 

       = 0.   

 

  y1 = e
x
 is the solution of equation (2)  

 

 To find y2 

 

 y2 = vy1 
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xx 1

12
1

      x + 2 = A (x+1) + Bx 

= x - 2 log x + log (x + 1)      x = 0 → A = 2  

 

 = x - log x
2
 + log (x + 1)      x = -1 → B = -1 

 

 = x + log (x + 1) - log x
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1
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x
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
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 y2 = vy1 
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 The solution is 

x
cecy x 1

21 

 
 

 To find the particular solution.  

 

 The particular solution is y = v1y1 + v1y2 
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R(x) = x + 1   

 

y1 = e
x
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y1' = e
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 W (y1, y2) = y1 y2' - y1' y2 
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 The particular solution is  

 

 yp = v1y1 + v2y2 
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  The complete solution is  

 

 y = c1y1 + c2y2 + v1y1 + v2y2 

 

3
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A Review of Power Series:  

 

 An infinite series of the form  

 







0

2

210 ...
n

n

n xaxaaxa       …..(1)  

 

 is called a power series in x 

 

 
The series 






0

2

020100 ....)()()(
n

n

n xxaxxaaxxa   …..(2)   

 
 is a power series in (x - x0)  
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The series equation (1) is said to converge at the point x if the limit n

m

n

n
m

xa



0

lim is 

exist and in this case the sum of the series is the value of this limit.  

 

 Let 





0

3210 ...
n

n uuuuu be a series of non-zero constant.  

 

 Clearly at x = 0, the series equation (1) is convergent.  

 

 We are interested in other points at which the series is convergent.  

 

 For this we use the Ratio test. Which states that “ L
u

u

n

n

n




1lim exist then the series Σ 

un converges if L < 1 and diverges if L > 1”  

We may identify Σ anx
n
 with Σ un n

n

n

n

n

n

xa

xa

u

u 1

11


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 x
a
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u

u

n
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n
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u
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 The converges depend upon the value of x.  

 

 Let 
1
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n
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LtR
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n u
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x
R

1
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 The series is convergent if L < 1  

 

1
1

 x
R
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 Rx   

 

 Also the series is diverges if L > 1   

 

 1
1

 x
R

 

 

 Rx   

 

 Each power series in x has the radius of convergence where 0 ≤ R ≤ ∞ with the 

property that the series converges if | x | < R and diverges if | x | > R.  

 

 Also if R = 0, then no x satisfies | x | < R and if R = ∞, then no x satisfies | x | > R.  

 

 If R is finite and non-zero then it determines an interval of convergence are                         

-R <x< R such that inside the interval the series converges and outside the interval it diverges.  

 

  Power series may or may not converge at either n points of its interval of 

convergence.  

Using Power series to find the Taylor‟s series.  

 

 Suppose that  ...2

210

0






xaxaaxa
n

n

n Converges for | x | < R with R > 0  

 

 Denote its sum by f(x)  

 

 





0

)(
n

n

n xaxf  

 

  = a0 + a1x + a2x
2
 + a3x

3
 + a4x

4
 + a5x

5
 + …  

 

 Then f(x) is continuous and has derivatives for all orders for | x | < R.    

 

 The series can be differentiated term wise  

 

  f'(x) = a1 + 2a2x + 3a3x
2
 + 4a4x

3
 + 5a5x

4
 + …  

 

 f" (x) = 2a2 + 3.2a3x + 4.3.a4x
2
 + 5.4.a5x

3
 + …  

 

 f‴ (x) = 3.2.a3 + 4.3.2.a4x + 5.4.3.a5x
2
 + …  

 

 f
(IV)

 (x) = 4.3.2.a4 + 5.4.3.2.a5x + …  

     
 Put x = 0 in the above  
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 f(0) = a0 

 

 f'(0) = a1 

 

 
!2

)0(''
2)0('' 22

f
aaf   

 

 f‴(0) = 6a3 

 

 
3.2

)0('''
3

f
a   

 

 
!3

)0('''
3

f
a   

 

 f
IV

(0) = 4.3.2. a4 

 
!4

)0(
4

IVf
a   

     

 
!

)0()(

n

f
a

n

n   

     
 The series f(x) = a0 + a1x + a2x

2
 + a3x

3
 + a4x

4
 + …  

 

...
!4

)0(

!3

)0('''

!2

)0(''

!1

)0('
)0()( 432  x

f
x

f
x

f
x

f
fxf

IV

 

....
!)1(

)0(

!

)0( 1
)1()(




 


n
n

n
n

x
n

f
x

n

f
 

 

 This is known as the Taylors series for f(x)  

 

 )(
!

)0(
....

!3

)0('''

!2

)0(''

!1

)0('
)0()(

)(
32 xRx

n

f
x

f
x

f
x

f
fxf n

n
n

  

 

 Where Rn(x) is called the remainder after n-terms.  

 

 Also  2

0
0

0
0

0 )(
!2

)(''
)(.

!1

)('
)()( xx

xf
xx

xf
xfxf  

 

    ...)(
!

)(
... 0

0

)(

 n
n

xx
n

xf
 

 

 This is known as the Taylor‟s series for f(x) at x = x0 
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Note:  

 

 Suppose f(x) = a0 + a1x + a2x
2
 + … + … is convergent in - R <x< R (| x | < R) then 

g(x) = b0 + b1x + b2x
2
 + b3x

3
 + …… is also convergent in - R <x< R.   

 i) If f(x) = g(x), then a0 = b0, a1 = b1, a2 = b2, … 

 ii) f(x) ± g(x) = (a0 ± b0) + (a1 ± b13x
2
) + (a2 ± b2) x

2
 + … 

 iii) f(x) . g(x) = Σ cnx
n
, where cn = a0bn + a1 bn-1 + … + an b0 

 

 f(x) g(x) are also converges in the same interval - R <x< R.  

 

Algebraic and Transcendental function:  

 

 An algebraic function is a polynomial, a rational function (or) more generally any 

function y = f(x) that satisfies an equation of the form  

 

 pn (x) y
n
 + pn-1 (x) y

n-1
 + …+ p1(x) y + p0 (x) = 0  

Where each pi(x) is a polynomial.  

  

 All other functions which do not satisfy a polynomial equation of the above form are 

called Transcendental function.  

 

Eg:  

 

 i) Polynomials are algebraic functions.  

 ii) e
x
, logx are transcendental functions.  

 

Definition: (Elementary Function) 

 

 A Combination of (a) addition, subtraction, multiplication, devition, logarithmic 

function, or forming functions of functions) algebraic and transcendental function is called 

the elementary function.  

 

Eg:  

 

2

1

21

1

log2cossin

)1(tan
tan
























xxx

xxe
y

x

 

 

Some standard series:  

 

1. ....
!3!2!1

1
32


xxx

e x  

 

2. ...
53

sin
53


xx

xx  
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3. ...
!4!2

1cos
42


xx

x  

 

4. ...
53

)(tan
53

1  xx
xx  

 

5. ...
432

)1(log
432


xxx

xx  

 

Problem: 

 

It is well known from elementary algebra that 1 + x + x
2
 + … + 

x

x
x

n
n








1

1 1

if x 1.  

 

 Use this to show that the expansions ...1
1

1 32 


xxx
x

and 

...1
1

1 32 


xxx
x

are valid for | x | < 1. Applying the latter to show that 

...
432

)1log(
432


xxx

xx and ...
753

)(tan
753

1  xxx
xx for | x | < 1.  

 

Solution:  

 

 Given that 
x

x
xxx

n
n








1

1
...1

1
2

 if x 1  

 

 For | x | < 1  

 

 0limlim 1  



n

n

n

n
xx  

 

 
x

x
xxx

n

n

n

n 






 1

1
lim)...1(lim

1
2

 

 
x

xx



1

1
...1 2  

  ...1
1

1 2 


xx
x        …… (1) 

 

Sub -x for x 

 ....1
1

1 5432 xxxxx
x


       ……. (2)

 

 

Integrating equation (2) 
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dx
x 1

1
 = dxxxxxx )...1( 5432

    

log(1+x) = ....
432

432


xxx

xA  

 

Put x = 0 

 

 Log(1)  = A 

 

  A =  0 

 

 log (1+x)  = x 

 

Sub x
2
 for x in equation (2) 

 

 
21

1

x
  = ...1 8642 xxxx   

Integrating 

 

  dxxxxxdx
x

....)1(
1

1 8642

2


   

  ...
753

)(tan
753

1  xxx
xBx  

 

 Put x = 0 

        tan
-1

 (0) = B 

 

    B = 0 

 

 ∴ ...
753

)(tan
753

1  xxx
xBx  

 

Problem: 

 

 Show that the series ...
6.4.24.22

1
222

6

22

4

2

2


xxx

y  converges for all x an verify that 

it is a solution of xy"+y'+xy = 0. 

 

Solution 

 

 Given ...
6.4.24.22

1
222

6

22

4

2

2


xxx

y  
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2222

2

)2...(6.4.2

)1(

n

x
u

n

n




 
 

   
2222

221

)22...(6.4.2

)1(








n

x
u

nn

n  

 

  
nn

nn

n

n

x

n

n

x

u

u
2

2222

2222

221

1

)1(

)2....(6.4.2

)22...(6.4.2

)1(











  

 

       = 
2

2

)22( 



n

x
 

 

  
2

2

1

)22( 


n

x

u

u

n

n  

 

 
2

2

1

)22( 






 n

x
Lt

u

u
Lt

n
n

n

n
 

  01 


n

n

n u

u
Lt  for all x 

 

 ∴un is convergent 

 

   (OR) 

 

  
2222 )2...(6.4.2

)1(

n
a

n

n


  

 

  
2222

1

1
)22...(6.4.2

)1(









n

a
n

n  

 

  
1

2222

222

1 )1(

)12...(6.4.2

)2...(4.2

)1(


 







n

n

n

n n

na

a
 

 

          = -(2n+2)
2
 

 

      R = 





2

1

)22( nLt
a

a
Lt

n
n

n

n
 

 

 ∴ Radius of convergence R =  

 

 ∴ The series of convergent for all x 
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  ...
6.4.24.22

1
222

6

22

4

2

2


xxx

y  

 

  ...
6.4.2

6

4.2

4

2

2
'

222

5

22

3

2

2


xxx

y  

 

  ...
6.4.2

.5.6

4.2

.3.4

2

2
222

4

22

3

2


xx
y  

 

  ...
6.4.2

.5.6

4.2

.3.4

2

2
222

5

22

3

2


xxx
yx  

  
















 ...

6.4.2

6

4.2

4

2

2
...

6.4.2

.5.6

4.2

.3.4

2

2
222

5

22

3

2222

5

22

3

2

xxxxxx
yyx  

   =       ...15
6.4.2

6
13

4.2

4
11

2

2
222

5

22

3

2


 xxx
 

  ...
6.4.24.22 222

6

22

5

2

2


xxx

xyyx  

 

    = 







 ....

6.4.24.22
1

222

6

22

4

2

2 xxx
x  

 

    = -xy 

 

 ∴xy"+y'+xy = 0 

 

Problem: 

 

Use the expansion ...1
1

1 32 


xxx
x

To find the Power Series for 
2)1(

1

x
 

(a) By squaring  b) By differentiating 

 

Solution: 

 

 Given ...1
1

1 32 


xxx
x

 

 

 a) By Squaring 

 

    ...1...1
1

1 3232

2











xxxxxx

x
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   

.........

...1
1

1

543432

43232

2






xxxxxx

xxxxxxx
x  

 

  ....4321
)1(

1 32

2



xxx

x
 

 

 b) By differentiating 

 

  ....1
)1(

1 32 


xxx
x

 

 

 Diff, ...321
)1(

)1(1)0)(1( 2

2





xx

x

x
 

 

  ...4321
)1(

1 32

2



xxx

x
 

 

 

Series solutions of first order Equations: 

 

Solve y' = y 

 

Solution: 

 

 The series solution is  

 

  





0n

n

n xay  

 (i.e)  y = a0+a1x1+a2x
2
+a3x

3
+a4x

4
+a5x

5
+… 

 

  y' = a1+2a2x+3a3x
2
+4a4x

3
+5a5x

4
+… 

 

  y' = y 

 

  a1+2a2x+3a3x
2
+4a4x

3
+5a5x

4
+….. = a0+a1x+a2x

2
+a3x

3
+a4x

4
+... 

 

 Equating the like coefficients 

 

  a1 = a0 

 

  2a2 = a1 

 

  a2 = 
22

01 aa
  
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  3a3 = a2 

 

  a3 = 
3.23

02 aa
  

 

  4a4 = a3 

 

  a4 = 
4.3.24

03 aa
  

 

  5a5 = a4 

 

  a5 = 
5.4.3.25

04 aa
  

 

  y = a0+a1x+a2x
2
+a3x

3
+a4x

4
+a5x

5
+….. 

 

     = ....
5.4.3.24.3.23.22

50403020
00  x

a
x

a
x

a
x

a
xaa  

 

    = 







 ...

!5!4!3!2
1

5432

0

xxxx
xa  

 

  y = a0e
x
 

 

 Verification: 

 

  y' = y 

 

  y
dx

dy
  

  dx
y

dy
  

 

 Integrating 

 

    dx
y

dy
 

 

  log y = x+logc 

 

          = log e
x
+logc 

 

  log y = log ce
x
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        y = ce
x
 

 

Problem 

 

Solve y = (1+x)
p
 where p is a arbitrary constant, and y(0) = 1. 

 

Solution: 

 

  y = (1+x)
p
        …….. (1) 

 

 Diff (1) w.r.t x 

 

  y' = p(1+x)
p-1

 

 

  y' = 
)1(

)1(

x

xp p




 

 

  (1+x)y' = p(1+x)
p
 

 

  (1+x)y' = py         

 

  y'+xy' = py        …….. (2) 

 To find the solution of (2) 

 

 The series solution is 

 

  





0n

n

n xay  

 

  y = a0+a1x+a2x
2
+a3x

3
+a4x

4
+… 

 

  y' = a1+2a2x+3a3x
2
+4a4x

3
+… 

 

  xy' = a1x+2a2x
2
+3a3x

3
+4a4x

4
+… 

  py = pa0+pa1x+pa2x
2
+pa3x

3
+pa4x

4
+… 

 

 (2)  

 

  (a1+2a2x+3a3x
2
+4a4x

3
+….)+(a1x+2a2x

2
+3a3x

3
+4a4x

4
+...) 

 

   = pa0+pa1x+pa2x
2
+pa3x

2
+pa3x

3
+pa4x

4
+… 

 

 Equating the like coeff 

 

  a1 = pa0    [∵ y(0) = a0 = 1] 
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  a1 = p.1     

 

  a1 = p 

 

   2a2+a1 = pa1 

 

         2a2 = pa1-a1 

 

           a2 = 
2

)1(1 pa
 

 

          a2 = 
2

)1( pp
 

 

   3a3+2a2 = pa2 

 

          3a3 = pa2-2a2 

 

          3a3 = a2(p-2) 

 

            a3 = 
2

)1(
.

3

)2(  ppp
 

 

            a3 = 
3.2

)2)(1(  ppp
 

 

   4a4+3a3 = pa3 

 

          4a4 = pa3-3a3 

 

          4a4 = (p-3)a3 

 

           a4 = 
3.2

)2)(1(
.

2

)3(  pppp
 

 

   a4 = 
4.3.2

)3)(2)(1(  pppp
 

         

 

 y = a0+a1x+a2x
2
+a3x

3
+a4x

4
+… 

 

 y = ...
!4

)3()2()1(

!3

)2)(1(

!2

)1(
1 432 








 x

pppp
x

ppp
x

pp
px  
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 (i.e) 

 ...
!4

)3()2()1(

!3

)2)(1(

!2

)1(
1)1( 432 








 x

pppp
x

ppp
x

pp
pxx p  

 

 for x< 1 

 

 This expansion is called binomial series. 

 

 

Problem 

 

 Express Sin
-1

x in the form of power series Σanx
n
 by solving y' = (1-x

2
)
-1/2 

in two ways 

use the result to obtain the formula 

...
2.7

1
.

6.4.2

5.3.1

2.5

1

4.2

3.1

2.3

1
.

2

1

2

1

6

π
753
  

 

Solution 

 

  y' = (1-x)
-1/2

 

  

 
21

1

xdx

dy


  

 

 
21 x

dx
dy


  

 

 



21 x

dx
dy  

 

     y  =  sin
-1

(x) +C         …….. (1) 

 

     y'  =  (1-x
2
)
-1/2

 

 

 ...)(
3.2.1

2
5.

2
3.

2
1

)(
2.1

2
3.

2
1

2

1
1' 32222  xxxy  

 

 ...
6.4.2

5.3.1

4.2

3.1

2

1
1' 642  xxxy  

 

 ...
6.4.2

5.3.1

4.2

3.1

2

1
1 642  xxx

dx

dy
 

 

 dxxxxdy 







 ...

6.4.2

5.3.1

4.2

3.1

2

1
1 642
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  







 dxxxxdy ...

6.4.2

5.3.1

4.2

3.1

2

1
1 642

 

 

 ...
7

.
6.4.2

5.3.1

5
.

4.2

3.1

3
.

2

1 753


xxx

xAy     ……. (2) 

 

Equating (1) & (2) 

 

sin
-1

(x) + C = ...
7

.
6.4.2

5.3.1

5
.

4.2

3.1

3
.

2

1 753


xxx

xA  

 

Put x = 0 

 

 sin-1(0) + C = A 

 

0 + C = A 

     A = C 

 

We get, 

 

...
7

.
6.4.2

5.3.1

5
.

4.2

3.1

3
.

2

1
)(sin

753
1  xxx

xx      …….. (3) 

 

Put x = ½ in equation (3) 

 

...
7

)2/1(
.

6.4.2

5.3.1

5

)2/1(
.

4.2

3.1

3

)2/1(
.

2

1

2

1
)2/1(sin

753
1 

 

 

...
2.7

1
.

6.4.2

5.3.1

2.5

1
.

4.2

3.1

2.3

1
.

2

1

2

1

6

π
753
  

 

 

Problem 

 

 Given ordinary non-linear equation y' = 1+y
2
. The differential equations consider in 

the text and proceeding problem are all linear. The equation y' = 1+ y
2
 is non-linear and it is 

easy to see directly that y = tanx is the particular solution for which y(0) = 0. Show that 

...
5

2

3

1
tan 53  xxxx  By assuming a solution for the above equation y' = 1 + y

2
 in the 

form of a power series Σanx
n
 and finding the an‟s. By differentiating the equation y' = 1+y

2
 

repeatedly to obtain y'' = 2yy', y''' = 2yy''+2(y')
2
 and using the formula 

!n

)(f
an

)n( 0
  

 

Solution 
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 Given y' = 1 + y
2
 

 

  21 y
dx

dy
  

  dx
y

dy


 21
 

∫ing 

  xd
y

dy
 

 21  
 

  tan
-1

(y) = x + C 

 

Put x = 0 and y(0) = 0 

 

  tan
-1

(0) = 0 + C 

 

         C  = 0 

 

           tan
-1

(y) = x 

 

  ⇒ y = tanx        ……… (1) 

 

The series solution is  

  





0n

n

n xay  

⇒ y =  a0+a1x+a2x
2
+a3x

3
+a4x

4
+… 

 

 y' =  a1+2a2x+3a3x
2
+4a4x

3
+… 

 

 y' = 1+y
2
 

 

a1+2a2x+3a3x
2
+4a4x

3
+5a5x

4
……  =  1+( a0+a1x+a2x

2
+a3x

3
+a4x

4
+…)

2
 

 

 =   1+ a0
2
+a1

2
x

2
+a2

2
x

4
+a3

2
x

6
+… 

 + 2a0a1x+2a0a2x
2
+2a0a3x

3
+ …  

 + 2a1a2x
3
+2a1a3x

4
+…+2a2a3x

5  
+ … 

 

Equating the like coefficient 

 

a1 =  1 + a0
2
     ( ∵ y(0) = a0 = 0) 

a1 =  1   

 

2a2 =  2a0a1   (∵ a0 =0, a1 = 1) 

 

a2 =  0 
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3a3 =  a1
2
+2a0a2 

 

3a3 =  1 + 2(0) 

 

a3 =  1/3 

 

4a4 = 2a0a3 + 2a1a2   (∵a0 = 0, a2 = 0) 

 

4a4 = 2(0) + 2(1) (0) 

 

a4 = 0 

 

5a5 = a2
2
 + 2a1a3 

 

5a5 = 0 + 2 (1) (1/3) 

 

5a5 = 2/3 

 

a5 = 2/15 

 

y = a0+a1x+a2x
2
+a3x

3
+a4x

4
+a5x

5
+… 

 

 = ...
15

2
.0

3

1
.0.10 5432  xxxxx  

 

y = ...
15

2

3

1 53  xxx       ……. (2) 

From (1) & (2) 

 

...
15

2

3

1
tan 53  xxxx  

 

Given y' = 1+ y
2
 

 

Differentiating 

 

 y'' = 2yy' 

 

 y''' = 2yy''+2y'y' 

 

 y''' = 2yy''+2(y')
2
 

 

 y
(iv)

 = 2yy'''+2y'y''+4y'y'' 

 y
(iv)

 = 2yy'''+6y'y'' 

 

 y
(v)

 = 2yy
(iv)

+2y'y'''+6y''y'''+6y'y''' 
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 y
(v)

 = 2yy
(iv)

+6(y'')
2
+8y'y''' 

 .  . 

 .  . 

Let  y(x) = f(x) 

 

 y'(x) = f'(x) 

 

 y''(x) = f''(x) 

 

 y'''(x) = f'''(x) 

 

 y(0) = 0 

 

 f(0) = 0 

 

 f'(0) = y'(0) 

 

 y' = 1++y
2
 

 

 y'(0) = 1 + [y(0)]
2
 

 

  = 1 + 0 

 

 y'(0) = 1 

 

 
!n

)(f
a

)n(

n

0
  

 

 
!

)(f
a

1

01

1   

 1
1

1
1 

!
a  

 
!

)(''f
a

2

0
2   

 

 f''(0) = y''(0)   =   2y(0)y'(0) 

 

  =  2(0)(1) 

 

 y''(0) = 0 

 

 a2 = 0 

 

 
!

)(f
a

'''

3

0
3   
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 f'''(0) = y'''(0) 

 

  = 2y(0)y''(0)+2(y'(0))
2 

= 2(0)(0) + 2(1)
2
 

 f'''(0) = 2 

 

 a3 = 
!3

2
   =  

32

2

.
 

 a3 = 
3

1
 

 !

)(f
a

)iv(

4

0
4 

 
 

      f
(iv)

(0) = y
(iv)

(0) 

 

  = 2y(0)y'''(0)+6y'(0)y''(0) = 2(0)(2) +6(1)(0) 

   

      f
(iv)

(0) = 0
 

 

 
a4 = !4

0

 = 0 

  

 a4 = 0 

 

 !

)(f
a

)v(

5

0
5 

 
 

       f
(v)

(0) = y
(v)

(0) 

 

  = 2y(0)y
(iv)

(0)+6(y''(0))
2
+8y'(0)y'''(0) 

 

  = 2(0)(0) + 6(0)
2
+ 8(1)(2) 

 

       f
(v)

(0) = 16 

 

 a5 = 
5.4.3.2.1

16

!5

0)(


vf

 
= 

15

2

 
 

 
∴ y = a0+a1x+a2x

2
+a3x

3
+a4x

4
+a5x

5
+… 

 

 = ...
15

2
.0

3

1
.0.10 5432  xxxxx  

 y = ...
15

2

3

1 53  xxx  
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UNIT II 

 

Second order linear Equations (Ordinary points) 

 

 Consider the homogenous linear equations of the second order y'' + p(x)y'+q(x) = 0. 

The solution of this equation depends upon the nature of functions p(x) and Q(x). If these 

functions are analytic at x = x0. Then the power series solution of the above point x = x0 exist 

and coverage at x = x0. The points at which P(x) and Q(x) are analytic are called ordinary 

points of the equations. 

 

 The point at which these functions are not analytic is called singular points. 

 

Problem 

 

 Slove y'' + y = 0 

 

Solution 

 

 Gn  y'' + y = 0 

 

Here P(x) = 0, Q(x) = 1 

 

 P(x) and Q(x) are analytic at all points. 

 

The series solution is  

 

 






0n

n

n xay
 

 

ie)  y  =  a0+a1x+a2x
2
+a3x

3
+a4x

4
+a5x

5
+a6x

6
+… 

 

 y'  =  a1+2a2x+3a3x
2
+4a4x

3
+5a5x

4
+6a6x

5
+… 

 

 y''  =  2a2+3.2.a3x+4.3.a4x
2
+5.4.a5x

3
+6.5.a6x

4
+… 

 

 y''  = -y 

 

2a2+3.2.a3x+4.3.a4x
2
+5.4.a5x

3
+6.5.a6x

4
+… = -a0-a1x-a2x

2
-a3x

3
-a4x

4
-a5x

5
-a6x

6
-… 

 

Equating the like coefficient 

 

 2a2 = -a0 

 !

aa
a

22

00
2







  
 



 

Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education, Tirunelveli. 
62 

 

2.3.a3 = -a1 

 

 !

a

.

a
a

332

11
3







 
 

4.3.a4 = -a2 

 

 34

2
4

.

a
a




 
 

 







 


!

a

.
a

234

1 1
4

 

 

 !

a
a

4

0
4 

 
 

5.4.a5 = -a3 

 








 


!

a
a..

3
45 1

5

 

 

 !

a

.!

a
a

5543

11
5 

 
 

6.5.a6 = -a4 

 











!

a
a..

4
56 0

6

 

 

 !

a

.!

a
a

6654

00
6 

 
  .   . 

  .   . 

  .   . 

The series solution is  

 

 y   =   a0+a1x+a2x
2
+a3x

3
+a4x

4
+a5x

5
+a6x

6
+… 

 

  =
 

....
!6!5!4!3!2

6051403120
10 


 x

a
x

a
x

a
x

a
x

a
xaa  

  
=

 

















 ...

!5!3
...

!6!4!2
1

53

1

642

0

xx
xa

xxx
a
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  = a0cosx + a1sinx 

 

∴ y = a0cosx + a1sinx 

 

Where  y1= cosx = ...
!6!4!2

1
642


xxx

 and y2= cosx = ...
!5!3

53


xx

x  

 

(OR) 

 

Also,   y = Σanx
n
 

 

 
y' = Σnanx

n-1 

 

 
y'' = Σn(n-1)anx

n-2
 

 

Sub in y'' + y = 0
  

  
Σn(n-1)anx

n-2 
+ Σanx

n
 =  0 

 

 Σ(n+2)(n+2-1)an+2x
n+2-2 

+ Σanx
n
 =  0 

 

 
Σ(n+2)(n+1)an+2x

n
+ Σanx

n
 =  0 

 

 ((n+2)(n+1)an+2+a
n
) x

n
 =  0 

 

Equating the coeff of x
n
 to zero 

 

   
∴(n+2)(n+1)an+2 = -an  

 

 

 
)n)(n(

a
a n

n
21

2



  

 

Put n = 0 

 

 ⇒
!

a

)(

a
a

221

00
2





  

 

Put n = 1 

 

 ⇒
!

a

.

a
a

332

11
3





  

 

Put n = 2 
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 ⇒
43

1

243

02
4

.
.

!

a

.

a
a 







 



  

 

  
!

a

4

0  

Problem 

 

 Solve the Legendre‟s eqn 

An equation is of the form (1-x
2
)y''-2xy'+P(P+1)y = 0 is called the legendre‟s equation, 

Where P is a constant. 

 

Solution 

 

 The legendre‟s equation is 

 

       (1-x
2
)y''-2xy'+P(P+1)y  =   0       ……. (1) 

 

⇒ 0
1

1

1

2
22








 y

x

)P(P
'y

x

x
''y  

 

 
21

2

x

x
)x(P




 , 

21

1

x

)P(P
)x(Q




  

 

Clearly P(x) and Q(x) are analytic 

 

∴ The series solution is  

 

 y = Σanx
n
 

 

 
y' = Σnanx

n-1 

 

 
y'' = Σn(n-1)anx

n-2
 

 

Sub in (1) 

 

(1-x
2
) (Σn(n-1)anx

n-2
) - 2xΣnanx

n-1
 + P(P+1)Σanx

n
 =  0 

 

Σn(n-1)anx
n-2

 -Σn(n-1)anx
n
 - 2Σnanx

n-1
 + P(P+1)Σanx

n
 =  0 

 

Σ(n+2)(n-1)an+2x
n
 -Σn(n-1)anx

n
 - 2Σnanx

n
 + P(P+1)Σanx

n
 =  0 

 

{(n+2)(n+1)an+2- n(n-1)an- 2nan+ P(P+1)an}x
n
 = 0 

 

Equating the coeff of x
n
 to zero. 

 

   (n+2)(n+1)an+2- [n(n-1)+2n- P(P+1)]an =  0 
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   (n+2)(n+1)an+2- [n
2
-n+2n-P

2
-P]an = 0 

 

   (n+2)(n+1)an+2- [n
2
+n-P

2
-P]an = 0 

 

    (n+2)(n+1)an+2 = [n
2
+n-P

2
-P]an 

 

     = [(n+p)(n-p)+(n-p)] an 

 ∴ nn a
)n)(n(

)Pn)(Pn(
a

21

1
2




      …… (2) 

 

Put n = 0 

 

 02
21

1
a

.

)P)(P(
a


  

 

Put n = 1 

 

 13
32

21
a

.

)P)(P(
a


  

 

Put n = 2 

 

 24
43

32
a

.

)P)(P(
a


  

 

 0
21

1

43

32
a

.

)P)(P(
.

.

)P)(P( 
  

 

 04
4

321
a.

!

)P)(P)(P(P
a


  

 

Put n = 3 

 

 35
54

43
a

.

)P)(P(
a


  

 

 1
32

21

54

43
a

.

)P)(P(
.

.

)P)(P( 
  

 

 15
5

4231
a

!

)P)(P)(P)(P(
a


  

 . 

 . 

 . 

  

The solution is  



 

Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education, Tirunelveli. 
66 

 

 

 y = Σanx
n
 

 

ie) y =  a0+a1x+a2x
2
+a3x

3
+a4x

4
+a5x

5
+a6x

6
+… 

 

  

......xa
!

)P)(P)(P)(P(
xa

!

)P)(P)(P(P

xa
!

)P)(P(
xa

!

)P(P
xaa

















5

1

4

0

3

1

2

010

5

4231

4

321

3

21

2

1

 

  

 

































......x
!

)P)(P)(P)(P(
x

!

)P)(P(
xa

......x
!

)P)(P)(P(P
x

!

)P(P
a

53

1

42

0

5

4231

3

21

4

321

2

1
1

 

 

∴ y = a0y
1
 + a1y

2
 

 

Where ......x
!

)P)(P)(P(P
x

!

)P(P
y 





 42

1
4

321

2

1
1 and 

.....x
!

)P)(P)(P)(P(
x

!

)P)(P(
xy 





 53

2
5

4231

3

21
 

 

Clearly y1 and y2 are linearly independent 

 

From eqn (1) & (2) 

 

 nn a
)n)(n(

)Pn)(Pn(
a

21

1
2




  

 

⇒
)Pn)(Pn(

)n)(n(

a

a

n

n

1

21

2 






 

 

)
nn

P)(
n

P(n

)
n

)(
n

(n

a

a

n

n

111

2111

2

2

2 






 

 

)
nn

P)(
n

P(

)
n

)(
n

(

a

a
LimLim

nn

n

n
111

2111

2 






 

 

        = 1 

 

   R  = 1 
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Note: 

 

i. The solution y1 and y2 are in the form of infinite series, but generally it is not an 

elementary function. They are called Legendre‟s functions are valid for |x| < 1. 

ii. If P is a +ive even integer, the series for y1 terminate at a particular stage and y1 

becomes a polynomial, y2 still remains an infinite series. 

iii. If P is a +ive odd integer, the series for y2 terminate at a particular stage and y2 

becomes a polynomial and y1 still remains an infinite series. 

iv. The polynomial defined in Note (ii) & (iii) are called Legendre‟s Polynomial. 

v. For different values of P we get different Legendre‟s equation. 

 

Theorem 

 

 Let x0 be an ordinary point of the differential equation y''+P(x)y'+Q(x)y = 0 and let a0 

and a1 be arbitrary constants. Then there exist a unique function y(x) that is analytic at x0, is a 

solution of the given equation in a certain neighborhood of this point and satisfies the initial 

conditions y(x0) = a0 and y'(x0) = a1. Further more if the power series expansion of P(x) and 

Q(x) are valid on an interval |x-x0| < R, R >0. Then the power series expansion of this 

solution is also valid on the same interval. 

 

Proof 

 

 It is enough. if we prove the theorem for the point x0 = 0 

 

Given that y'' + P(x)y' + Q(x)y = 0       ..…….(1) 

 

 The functions P(x) and Q(x) are analytic at the point x = x0. 

 

We have assume that P(x) & Q(x) are analytic at the origin 

 

 ∴ The power series expansion 

 

...)()( 2

210

0

 




xpxppxxpxP
n

n
 

 

...)()( 2

210

0

 




xqxqqxxqxQ
n

n
 

 

To find the solution for y'' + P(x)y' + Q(x)y = 0 in the form of the power series  

y = Σanx
n
 

 

ie) y = a0+a1x+a2x
2
+a3x

3
+… 

 

y = a1+2a2x+3a3x
3
+… 

 

    ∴ y(0) = a0 
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      y'(0) = a1 

 

Which corresponds to the given condition y(x0) = a0, y'(x0) = a1 

 







0n

n

n xay

 

 







1

1'
n

n

n xnay 





0

1)1(
n

n

n xan

 

 







2

2)1(''
n

n

n xanny 





0

2)1)(2(
n

n

n xann

 

 

Sub the above in (1)
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








 













 n

kkn

n

k

kkn

n

k

n

n

xaqakpann

 

0)1()1)(2(
0

1

0

2  







  kkn

n

k

kkn

n

k

n aqakpann

 

 

  0)1()1)(2( 1

0

2  



  kknkkn

n

k

n aqapkann

 

 

 kknkkn

n

k

n aqapkann 



   1

0

2 )1()1)(2(     ……… (2) 

Put n = 0 in (2) 

 

 kknkkn

n

k

aqapka 





  1

0

0

2 )1(.1.2  

 

].1[.2 00102 aqapa   
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2

].1[ 0010
2

aqap
a


  

 

Put n = 1 in (1) 

 

  kknkkn

n

k

aqapka 





  1

1

0

3 )1(.2.3  

 

])11(.1[.3.2 11111110011013 aqapaqapa    

 

]2[.3.2 102001113 aqapaqapa   

]
2

)(
2[.3.2 10

0010
001113 aq

aqap
paqapa 







 
  

 

     = - [p1a1+q1a0-p0
2
a1-p0q0a0+q0a1] 

 

     = - p1a1-q1a0-p0
2
a1+p0q0a0-q0a1 

 
      2.3 a3 = a0(p1q0-q1)+a1(p0

2
-p1-q0) 

 

3.2

)()( 01

2

011000
3

qppaqqpa
a


  

. 

. 

. 

 

∴ we get a2, a3, a4, …… interms of a0 and a1 

 

ie) All the coefficients of the series 


0n

n

n xa  in terms of a0 and a1. 

 

 Hence the solution of the equation y''+P(x)y'+Q(x)y = 0 exist in the form of the series 







0n

n

n xay

 
 

Problem 

 

 The equation 0)
4

1

2

1
('' 2  yxpy , where p is  constant. Certainly has a series  

solution of the form y  = Σanx
n
. 
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a) S.T. the coefficient an are relate by the three term recursion formula 

0
4

1

2

1
)2)(1( 22 








  nnn aapann . 

b) If the independent variable is change from y to  by means of y = e
x2/4

, Show that the 

equation is transformed into ''-x'+p = 0. 

c)  Verify that the equation in (b) has a two term recursion formula and find its general soln. 

 

Solution 

 

a)  Given 0)
4

1

2

1
('' 2  yxpy       …… (1) 

 

Here P(x) = 0, Q(x) = 2

4

1

2

1
xp  . 

 

 ∴ P(x) and Q(x) are analytic. 

 ∴ we assume the power series solution  

 

 y  = Σanx
n 

 

 
y'  = Σnanx

n-1
 

 

 y''  = Σn(n-1)anx
n-2

 

 

sub in (1) 

 

  







  n

n

n

n xaxpxann 22

4

1

2

1
)1(   = 0 

 

  


 









2

2
4

1

2

1
)1)(2( n

n

n

n

n

n xaxapxann  = 0 

 

 
2

2
4

1

2

1
)1)(2(



 







 n

n

n

n

n

n xaxapxann   = 0 

 

 n

nnn xaapann 
















  22

4

1

2

1
)1)(2(   = 0 

 

 22
4

1

2

1
)1)(2(  








 nnn aapann    = 0 

 

b) y = e
x2/4
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 'ω
4

)2(
.ω' 4/4/ 22 xx e

x
ey  


  

 

 'ωω
4

2 4/4/ 22 xx eex  


  

 

 "ω.'ω
4

)2(
'ω)1(ω

4

)2(
.ω

2

1
" 4/4/4/4/4/ 22222 xxxxx e

x
exee

x
exy  





  

 

 4/4/4/4/4/2 22222

"ω'ω
2

1
'ω

2

1
ω

2

1
ω

4

1 xxxxx eexexeex    

 

 4/4/4/4/2 2222

"ω'ωω
2

1
ω

4

1
" xxxx eexeexy    

 

sub in (1) 

 

 0)
4

1

2

1
('' 2  yxpy  

4/24/4/4/4/2 22222

ω)
4

1

2

1
("ω'ωω

2

1
ω

4

1 xxxxx expeexeex      = 0 

 

4/24/4/4/4/4/4/2 2222222

ω
4

1
ω

2

1
ω"ω'ωω

2

1
ω

4

1 xxxxxxx exeepeexeex    = 0 

 
4/4/4/ 222

ω'ω"ω xxx epexe    = 0 

 

 )ω'ω"ω(4/2

pxe x     = 0 

 

    04/2

xe  

 

   ω'ω"ω px   = 0 

 

c) Given 0ω'ω"ω  px  

 

 P(x) = -x and Q(x) = p 

 

 ⇒ P(x) and Q(x) are analytic 

 

 ∴ We assume power series solution 

 

   = Σanx
n 

 

 
'  = Σnanx

n-1
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 ''  = Σn(n-1)anx
n-2

 

 

sub in the given equation 

 

 Σn(n-1)anx
n-2

 - xΣnanx
n-1

 + pΣanx
n
 = 0 

 

 Σ(n+2)(n-1)an+2x
n
 - Σnanx

n
 + pΣanx

n
 = 0 

 

 (n+2)(n-1)an+2x
n
 - nanx

n
 + panx

n
  = 0 

 

 (n+2)(n-1)an+2x
n
 - (n-p)anx

n
  = 0 

 

 [(n+2)(n-1)an+2 - (n-p)an]x
n
  = 0 

 ⇒ (n+2)(n-1)an+2 - (n-p)an  = 0 

 

 ⇒   (n+2)(n-1)an+2 = (n-p)an 

 

 nn a
nn

pn
a

)1)(2(
2




   

 

Put  n = 0 

 02
2.1

a
p

a


  

 

Put  n = 1 

 

 13
3.2

1
a

p
a


  

 

Put  n = 2 

 

 24
4.3

2
a

p
a


  

 

  0
2.14.3

2
a

pp







 
  

 

  0
4.3.2.1

)2(
a

pp 
  

 

 04
!4

)2(
a

pp
a




 
 
Put  n = 3 
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 35
5.4

3
a

p
a


  

 

  1
3.2

1

5.4

3
a

pp







 
  

 

 
15

!5

)3)(1(
a

pp
a




 
 .   

 . 

 .  . 

  

∴ The solution is 

 

    =   a0+a1x+a2x
2
+a3x

3
+a4x

4
+a5x

5
+… 

 

     = ...
!5

)3)(1(

!4

)2(

!3

1

!2

5

1

4

0

3

1

2

010 








 xa
pp

xa
pp

xa
p

xa
p

xaa  

 

 

    = ...
!5

)3)(1(

!4

)2(

!3

1

!2

5

1

4

0

3

1

2

010 








 xa
pp

xa
pp

xa
p

xa
p

xaa  

    = 

























 ...

!5

)3)(1(

!3

1
...

!4

)2(

!2
1 53

1

42

0 x
pp

x
p

xax
pp

x
p

a  

 

  = a0y1+a2y2 

 

Where ...
!4

)2(

!2
1 42

1 


 x
pp

x
p

y  and ...
!5

)3)(1(

!3

1 53

2 





 x
pp

x
p

xy
 

 

Regular Singular Points 

 

 Consider the homogeneous linear equation of second order y''+P(x)y'+Q(x)y = 0 .… (1).  

The solution of the equation depends upon the nature of the functions P(x) and Q(x). If these 

functions are analytic at the Point x = 0 then the points are called the ordinary points of the 

equation. 

 

 The points at which the functions are not analytic is called singular points. 

 

 A singular points x0 of the equation (1) is said to be regular if the functions (x-x0)P(x) 

and (x-x0)
2
P(x) are analytic. 

 

 If these functions are not analytic then x0 is called irregular singular point. 

 

Problem 
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 Locate and classify its singular points on the x axis 

 

a) x
3
(x-1)y''-2(x-1)y'+3xy = 0 

 

b) x
2
(x

2
-1)

2
y''-x(1-x)y'+2y = 0 

 

 

Solution 

 

b) Gn : x
2
(x

2
-1)

2
y''-x(1-x)y'+2y = 0 

  

 ⟹ 0
)1(

2
'

)1(

)1(
"

222222








 y

xx
y

xx

xx
y  

 
222 )1(

)1(
)(






xx

xx
xP  

 

  
22 )1()1(

)1(






xxx

x
 

 

 
)1()1(

1
)(

2 


xxx
xP  

 

 
222 )1(

2
)(




xx
xQ  

 

        = 
222 )1()1(

2

 xxx
 

 

 Here P(x) and Q(x) are not analytic At x = 0 

 

 
)1()1(

)(.
2 


xxx

x
xPx  

 

        = 
)1()1(

1
2  xx

 

 

 
222

2
2

)1()1(

2
)(




xxx

x
xQx  

 

        = 
22 )1()1(

2

 xx
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 ∴ x = 0 is a regular singular point. 

 

At x = 1 

 

 
)1()1(

1
)().1(

2 




xxx

x
xPx  

 

   = 
2)1(

1

xx
 

 

   = 
4

1

)1(

1
2


 xx

lt
xx

 

 

222

2

)1()1(

)1(2
)()1(






xxx

x
xQx  

 

   
22 )1(

2




xx
 

 

   
2

1

4

2

)1(

2
22

1





 xx
lt
x

 

 

 ∴ x = 1 is a regular singular point at pt x = -1 

 

 
)1()1(

1
)().1(

2 




xxx

x
xPx  

 

   = 
)1)(1(

1

 xxx
 

 

   = 
)1)(1(

1

 xxx
lt

xx
 

 

   = 
)2)(0(1

1


 

 

   =  ∞ 

 

222

2
2

)1()1(

)1(2
)()1(






xxx

x
xQx  
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22 )1(

2




xx
 

 

   
2

1

4

2

)1(

2
22

1





 xx
lt
x

 

 

∴ x = -1 is a irregular singular point. 

 

 

Problem 

 

 Determine the nature of pt x = 0, for each of the following equation. 

 

a) y''+(sinx).y     = 0  

 

b) x
3
y''+(sinx)y   = 0 

 

c)  x
4
y''+(sinx) y   = 0 

 

 

 

Solution 

 

a) Gn : y''+(sinx).y     = 0  

 

 ⟹ P(x) = 0;  Q(x) = sinx 

 

 At pt x = 0 

 

  P(x) and Q(x) are analytic 

 ∴ x =0 is an ordinary pt. 

 

b) Gn : x
3
y''+(sinx)y  = 0 

 

 ⟹ 0
sin

''
3

 y
x

x
y  

 

P(x) = 0, Q(x) = 3

sin

x

x
 

 

At pt x = 0 

 

 P(x) and Q(x) are not analytic 

 

x. P(x) = 0,  3

2
2 sin

)(
x

xx
xQx   
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   1
sin

)(
2

0

2

0


 x

x
LtxQxLt
xx

 

 

 xP(x) and x
2
Q(x) are analytic at pt x = 0 

 

 ∴ x = 0 is a regular singular pt. 

 

c) Gn : x
4
y''+(sinx) y   = 0 

 

 ⟹ 0
sin

''
4

 y
x

x
y  

 

 P(x) = 0, Q(x) = 4

sin

x

x
 

 

 Here P(x) and Q(x) are not analytic at x = 0 

 

At x = 0 

 

 x. P(x) = 0 

 

 
4

2
2 sin

)(
x

xx
xQx   

  2

sin

x

x
  

  2
0

sin

x

x
Lt
x

  

 

 ∴ x = 0  is irregular singular point. 

 

Frobenius Method 

 

 Consider a differential equation y''+P(x)y'+Q(x)y = 0. If x = 0 is an ordinary point we can 

get independent solutions in the form of the power series 


0n

n

n xa  

 If x =0 is a regular singular point of the equation then a solution of the form 


0n

n

n xa may 

not be possible. In such a cases the series solution can be obtained by the method of 

Frobenius series. 

 

 We can take the series solution as 





0n

n

n

m xaxy where m is a constant to determined. 
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 Let 





0n

n

n

m xaxy  

 

      =  x
m

(a0+a1x+a2x
2
+a3x

3
+a4x

4
+a5x

5
+……) 

 

      =  a0x
m

 +a1x
m+1

 +a2x
m+2

+a3x
m+3

+a4x
m+4

+a5x
m+5

+…… 

 

 y'     =  ma0x
m-1

 +(m+1)a1x
m

 +(m+2)a2x
m+1

+(m+3)a3x
m+2

+…… 

 

 y''     =  m(m-1)a0x
m-2

 +m(m+1)a1x
m-1

 +(m-1)(m+2)a2x
m

+(m+2)(m+3)a3x
m+1

+…… 

 

 Sub these in the equation y''+P(x)y'+Q(x)y = 0 and equating the coefficient of varius 

power to  0. Equating the lowest power of x to zero. We get, a quadratic equation in m. 

 

 This equation is called the indicial equation of the given differential equation. The roots 

of this equation m1& m2 (say) are called the exponents of the differential equation. 

 

 If m1 and m2 are distinct, then there are two independent solutions. 

 

 If m1 = m2, there is only one independent solution say y1. 

 

 The other solution may be obtained by y2 = νy1, where dxe
y

dxxP


)(

2

1

1
ν  

 

Problem 

 

 Solve :  2x
2
y''+x(2x+1)y'-y = 0 

 

Solution 

 

 Gn :     2x
2
y''+x(2x+1)y'-y = 0       …….... (1) 

 

 0
2

1
'

2

)12(
"

22



 y

x
y

x

xx
y  

 

 P(x) = 
22

)12(

x

xx 
,  Q(x) = 

22

1

x
  

 

⟹ P(x) = 
x

x

2

)12( 
,  Q(x) = 

22

1

x
  

 

 Here P(x) and Q(x) are not analytic at x = 0 

 

   x.   P(x) = 
x

xx

2

)12.( 
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       = 
2

1

2

)12(

0






x
Lt
x

 

 

     x
2
Q(x) = 

22

1

x
  

 

       = 









 2

1

0x
Lt  

 

 ∴ x = 0 is a regular singular point. 

 

 ∴ The series soln is 

 

 Let 





0n

n

n

m xaxy  

 

      =  x
m

(a0+a1x+a2x
2
+a3x

3
+a4x

4
+…) 

 

      =  a0x
m

 +a1x
m+1

 +a2x
m+2

+a3x
m+3

+a4x
m+4

+… 

 

 y'     =  ma0x
m-1

 +(m+1)a1x
m

 +(m+2)a2x
m+1

+(m+3)a3x
m+2

+(m+4)a4x
m+3

+… 

 

 y'' =  m(m-1)a0x
m-2

+m(m+1)a1x
m-1

 +(m-1)(m+2)a2x
m

+ (m+2)(m+3)a3x
m+1 

+ (m+4)(m+3) a4x
m+2

+ … 

 

Sub  in eqn (1) 

 

2x
2
[m(m-1)a0x

m-2
+m(m+1)a1x

m-1
 +(m-1)(m+2)a2x

m
+ (m+2)(m+3)a3x

m+1 

+ (m+4)(m+3) a4x
m+2

+ ……]+x(2x+1) [ma0x
m-1

 +(m+1)a1x
m

 

+(m+2)a2x
m+1

+(m+3)a3x
m+2

+(m+4)a4x
m+3

+…] 

-[a0x
m

 +a1x
m+1

 +a2x
m+2

+a3x
m+3

+a4x
m+4

+…]     =   0 

 

Equating the coefficient of Lower power of x  

 

ie) x
m

 to zero 

 

 2m(m-1)a0+ma0-a0 = 0 

 

 (2m(m-1)+m-1)a0  = 0 

 

⟹ (2m
2
-2m+m-1)a0  = 0 

 

⟹ 2m
2
-2m-1    = 0     (∵ a0 0 

 

 This is called the indicial equation 
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 2m
2
-2m-1    = 0 

 

 2m
2
-2m+m-1   = 0 

 

 2m(m-1)+1(m-1)   = 0 

 

 (m-1) (2m+1)  = 0 

 

⟹ m = 1, 2m = -1 

 

⟹  m1 = 1, m2 =  -1/2 

 

 Equating the coefficient of x
m+1 

to zero  

 

 2m(m+1)a1+2ma0+(m+1)a1-a1 = 0 

 

 [2m(m+1)+(m+1)-1] a1 = -2ma0 

 

 (2m
2
+2m+m+1-1)a1 = -2ma0 

 

⟹  (2m
2
+3m) a1  = -2ma0 

 

⟹  m(2m+3)a1  = -2ma0 

 

⟹  01 .
32

2
a

m
a




  

 

 Equating the coefficient of x
m+2 

to zero 

 

2(m+1)(m+2)a2+2(m+1)a1+(m+2)a2 - a2 = 0 

 

  [2(m+1)(m+2)+(m+2)-1]a2  =  -2(m+1)a1 

 

   [2(m+1)(m+2)+(m+1)] a2 =  -2(m+1)a1 

 

   (m+1) [2(m+2)+1]a2  = -2(m+1)a1 

 

  ⟹  (2m+4+1)a2  = -2a1 

 

  ⟹  (2m+5)a2  = -2a1   

 

     











 02 .

32

2
2)52( a

m
am  

 

      
0

2

2 .
)52)(32(

2
a

mm
a


  

 



 

Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education, Tirunelveli. 
81 

 

Equating the coefficient of x
m+3 

to zero 

 

2(m+2)(m+3)a3+2(m+2)a2+(m+3)a3-a3 = 0 

 

  (2(m+2)(m+3)m+3-1)a3  =  -2(m+2)a2 

 

  (2(m+2)(m+3)+(m+2))a3  = -2(m+2)a2 

 

  (m+2) [2(m+3)+1] a3   = -2(m+2)a2 

 

    (2m+6+1)a3  = -2a2 

 

    (2m+7)a3  = 









 0

2

.
)52)(32(

2
2 a

mm
 

 

      a3 = 
0

3

.
)72)(52)(32(

2
a

mmm 
  

    .  . 

    .  . 

    .  . 

    

Put m1 = 1 

 ∴ 001
5

2
.

3)1(2

2
aaa







  

 
0

2

0

2

2
75

2
.

)52)(32(

2
aaa





  

  0

2

35

2
a  

 
0

3

3
)72)(52)(32(

2
aa




  

 

 0

3

975

2
a




  

 

.  . 

.  . 

.  . 

Put m2 = -1/2 

 

 01

3
2

1
2

2
aa








 


  
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 01
2

2
aa


  

 

 a1 = -a0 

 

 
0

2

2 .

5
2

1
23

2

1
2

2
aa

















 
















 
  

 

 0

2

2
42

2
aa


  

 

 02
2

1
aa   

 

 
0

3

3

7
2

1
25

2

1
23

2

1
2

2
aa

















 
















 
















 


  

 

 0

3

3
642

2
aa




  

 

 03
6

1
aa


  

 . 

 . 

The series solution is  

 

  





0

1
1

n

n

n

m
xaxy  

 

      =  x
1 
(a0+a1x+a2x

2
+a3x

3
+a4x

4
+……) 

 

      =  







 .......

315

2

35

2

5

2
0

33
2

0

2

00 a
x

xaxaax  

 

 

 

 

Put a0 = 1 

 

    y1  = 







 .......

315

2

35

2

5

2
1

33
2

2 x
xxx  
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 





0

2
2

n

n

n

m
xaxy

 
 

     =  x
-1/2 

(a0+a1x+a2x
2
+a3x

3
+a4x

4
+……) 

 

     =  







 .......

6

1

2

1 3

0

2

000

2/1 xaxaxaax

 

     =  







 .......

6

1

2

1
1 32

0

2/1 xxxax

 

 
Put a0 = 1 

 

     =  







 .......

6

1

2

1
1 322/1 xxxx

 

 

 These two solutions are linearly independent. 

 

∴ The general solution is y = c1y1+c2y2 

 

 

∴ y =  
















  .......

6

1

2

1
1.......

315

2

35

2

5

2
1 322/1

2

3
3

2
2

1 xxxxCxxxxC

 

Bessel’s Equation 

 

 An equation is of the form x2y''+xy'+(x2-P2)y = 0 where P is a constant is called the 

Bessel‟s equation. 

 

Problem 

 

 

When P = 0, the Bessel‟s equation becomes x2y''+xy'+x2y = 0. Show that it indicial 

equation has only one root, and deduce that n

n
n

n

x
n

y 2

0
22
.

)!(2

)1(






 is the corresponding Frobenius 

series solution. 

Solution 

 Gn : x2y''+xy'+x2y = 0.       ……. (1) 

⟹ 0'
1

"  yy
x

y  

 
x

xP
1

)(  ,  Q(x) = 1 
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 P(x) is not analytic and Q(x) is analytic 

 

∴ x = 0 is not an ordinary pt. 

 

At  x = 0 

 

 1)( 
x

x
xxP  

  

 x
2
Q(x) = x

2
 

 

 At the pt x = 0, xP(x) and x
2
Q(x) are analytic 

 

 ∴ x = 0 is a regular singular pt 

 

 ∴ The Frobenius series solution is  

 

 Let 





0n

n

n

m xaxy  

 

      =  x
m

(a0+a1x+a2x
2
+a3x

3
+a4x

4
+……) 

 

      =  a0x
m

 +a1x
m+1

 +a2x
m+2

+a3x
m+3

+a4x
m+4

+…… 

 

 y'     =  ma0x
m-1

 +(m+1)a1x
m

 +(m+2)a2x
m+1

+(m+3)a3x
m+2

+(m+4)a4x
m+3

+…… 

 

 y'' =  m(m-1)a0x
m-2

+m(m+1)a1x
m-1

 +(m-1)(m+2)a2x
m

+ (m+2)(m+3)a3x
m+1 

+ (m+4)(m+3) a4x
m+2

+ …… 

 

Sub  in eqn (1) 

x
2
[m(m-1)a0x

m-2
+m(m+1)a1x

m-1
 +(m-1)(m+2)a2x

m
+ (m+2)(m+3)a3x

m+1 

+ (m+4)(m+3) a4x
m+2

+ …]+x[ma0x
m-1

 +(m+1)a1x
m

 

+(m+2)a2x
m+1

+(m+3)a3x
m+2

+(m+4)a4x
m+3

+…] 

+x
2
[a0x

m
 +a1x

m+1
 +a2x

m+2
+a3x

m+3
+a4x

m+4
+…]    = 0 

 

Equating the coeff of x
m

 to zero 

 

 m(m-1)a0+ma0 = 0 

 

 (m
2
-m+m)a0 = 0 

 

  m
2
 a0 = 0 

 

 ∵ a0 0, m
2
 = 0 

 

         m  = 0  

Equating the coeff of x
m+1

 to zero 
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m(m+1)a1+(m+1)a1 = 0 

 

(m+1)a1 (m+1) = 0 

 

 a1(m+1)
2
 = 0 

 

⟹ a1 = 0   (∵ m = 0) 

 

 Equating the coeff of x
m+2 

to zero 

 

 (m+1)(m+2)a2+(m+2)a2+a0  = 0 

 

  (m+2)a2[m+1+1]+a0  = 0 

 

   (m+2)
2
a2  = -a0 

 

    
2

0

2

0
2

2)2(

a

m

a
a







  (∵ m = 0) 

 

 Equating the coeff of x
m+3 

to zero 

 

(m+2)(m+3)a3+(m+3)a3+a1 = 0 

(m+3)a3(m+2+1)+a1  = 0 

 

(m+3)a3(m+3)  = -a1 

 

a3 (m+3)
2
 = 0 

 

a3 = 0    (∵m = 0 

 

 Equating the coeff of x
m+4

 to zero 

 

(m+3) (m+4) a4+(m+4)a4+a2 = 0 

 

(m+4)a4(m+3+1) = -a2 

 

   (m+4)
2
a4 =  -(-a0/2

2
) 

 

 
22

0
4

)4(2 


m

a
a  

 

22

0
4

4.2

a
a   

 . 

 . 

 . 
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∴ The series solution is 

 

 y =  x
m

(a0+a1x+a2x
2
+a3x

3
+a4x

4
+…)  

 

 ...)
4.2

.0
2

.0( 4

22

032

2

0
00 


 x

a
xx

a
xax  

 

 ...)
6.4.24.22

6

222

04

22

02

2

0
0  x

a
x

a
x

a
ay  

 

 







 ...

6.4.24.22
1

222

6

22

4

2

2

0

xxx
ay  

 

Take a0 = 1 

 

 ...
6.4.24.22

1
222

6

22

4

2

2


xxx

y  

 

 ...
)3.2.1.(2)2.1.(2)!1(2

1
26

6

24

4

22

2


xxx

 

 

 ...
)3.2.1.(22)!2.()2()!1(2

1
2

6

222

4

22

2


xxx

 

  

 







0
22

2

)!()2(

)1(

n
n

nn

n

x

 

 









0
22

2

)!(2

)1(

n
n

nn

n

x
y

 

Problem 

 

Consider the diff equation  0
1

'
1

"
2

 y
x

y
x

y  

a) Show that x = 0 is an irregular singular pt. 

b) Use a fact that y1= x is a solution to find the second independent solution y2. 

c) Show that the 2
nd

 solution y2 found in (b) cannot expressed as a Frobenisious series 

 

Solution 

 

 Given : 0
1

'
1

"
2

 y
x

y
x

y       ……… (1) 
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a) 
2

1
)(

x
xP  , 

3

1
)(

x
xQ   

 

 Here P(x) and Q(x) are not analytic at the pt x = 0 

 ∴ x = 0 is not an ordinary point 

 

 
xx

x
xPx

1
)(.

2
  

 

 
xx

x
xQx

1
)(.

3

2
2 


  

 

 ∴ xP(x) and x
2
Q(x) are not analytic at the point x = 0 

 

 ∴ x = 0 is an irregular singular point. 

 

b) T.P. y1 =x is the solution of equation (1) 

 

 y1 = x, y1'=1, y1'' 
 

 )(
1

)1(
1

01
1

'
1

"
323121 x

xx
y

x
y

x
y   

    
22

11

xx
  

    = 0 

 

 ∴ y1= x is the solution of equation (1) 

 

To find y2 

 

 y2 = νy1 where dxe
y

dxxP


)(

2

1

1
ν  

 dxe
x

dx
x



2

1

2

1
ν  

 

 dxe
x

x

1

2

1
  

 

 dzez

      Put z = 1/x, dx
x

dz
2

1
  

 

   = -e
z
 

 

xe

1

ν    
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          y2 = νy1 

xey x .

1

2   
 

c) Which cannot be expressed in ascending power of x. So it is to a Frobenisius series 

Problem 

 

 The diff equation x
2
y''+(3x-1)y'+y = 0 has x = 0 is an irregular singular pt. If the 

Frobenisius series is inserted into this eqn. Show that m = 0 and the corresponding 

Frobenisius series solution is the power series 





0

!
n

nxny . Which converges only at x =0. 

This demonstrate that even when a Frobenisius series formally satisfied such an equation it is 

not necessarily a valid solution. 

 

Solution 

  

 Given : x
2
y''+(3x-1)y'+y = 0       …… (1) 

 

⟹ 0
1

'
13

"
22




 y
x

y
x

x
y

 

2

13
)(

x

x
xP


 ,  

2

1
)(

x
xQ   

 

Here P(x) and Q(x) are not analytic at x = 0 

 

x P(x) is not analytic 

 

∴ x =0 is a irregular singular point 

 

If 





0n

n

n

m xaxy  

 

      =  x
m

(a0+a1x+a2x
2
+a3x

3
+a4x

4
+…) 

 

      =  a0x
m

 +a1x
m+1

 +a2x
m+2

+a3x
m+3

+a4x
m+4

+… 

 

 y'     =  ma0x
m-1

 +(m+1)a1x
m

 +(m+2)a2x
m+1

+(m+3)a3x
m+2

+(m+4)a4x
m+3

+… 

 

 y'' =  m(m-1)a0x
m-2

+m(m+1)a1x
m-1

 +(m-1)(m+2)a2x
m

+ (m+2)(m+3)a3x
m+1 

+ (m+4)(m+3) a4x
m+2

+ … 

 

Sub  in eqn (1) 

 

x
2
[m(m-1)a0x

m-2
+m(m+1)a1x

m-1
 +(m-1)(m+2)a2x

m 

+ (m+2)(m+3)a3x
m+1

+ (m+4)(m+3) a4x
m+2

+ …] 

+(3x-1)[ma0x
m-1

 +(m+1)a1x
m

 +(m+2)a2x
m+1 
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+(m+3)a3x
m+2

+(m+4)a4x
m+3

+……] 

+a0x
m

 +a1x
m+1

 +a2x
m+2

+a3x
m+3

+a4x
m+4

+…   = 0 

 

Equating the coefficient of x
m-1

 to zero 

 

 -ma0 = 0 

 

 ∵ a0  0 m = 0 

 

m(m-1)a0+3ma0-(m+1)a1+a0 =  0 

 

(m(m-1)+3m+1)a0 = (m+1) a1 

 

(m+1) a1 = (m
2
-m+3m+1)a0  

 

(m+1) a1 = (m
2
+2m+1)a0  

 

(m+1) a1 = (m+1)
2
a0  

 

  a1 = (m+1) a0 

 

  a1 = a0 

 

 Equating the coeeficient of x
m+1 

to zero 

 

m(m+1)a1+3(m+1)a1-(m+2)a2+a1 = 0 

 

a1(m(m+1)+3(m+1)+1) = (m+2)a2 

 

a1(m
2
+4m+4)  = (m+2)a2 

 

a1(m+2)
2
 = a2 

 

2a1 = a2  (m = 0) 

 

a2 = 2a0 

 

 Equating the coeff of xm+2 to zero 

 

 (m+1)(m+2)a2+3(m+2)a2 - (m+3)a3+a2 = 0 

 

  [(m+1)(m+2)+3(m+2)+1]a2  = (m+3)a3 

 

    (m2+6m+9)a2  = (m+3)a3 

 

    (m+3) (m+3) a2 = (m+3)a3 

 

      a3 = a2(m+3) 
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      a3 = 6 a0 

 

The series solution is 

  

 y =   x
m

(a0+a1x+a2x
2
+a3x

3
+a4x

4
+…) 

 

  = x
0 

(a0+a0x+2a0x
2
+6a3x

3
+a4x

4
+…) 

 

  = a0(1+x+2x
2
+6x

3
+……) 

 

Put a0 = 1 

 

 y  = 1+x+2x
2
+6x

3
+… 

 

  = 1+x+2!x
2
+3!x

3
+4!x

4
+…) 

 

 





0

!
n

nxny  

Let us discuss the convergence 

 

 un = n! x
n
, un+1 = (n+1)! x

n+1
 

 

 
n

n

n

n

xn

xn

u

u

!

)!1( 1

1



 
  

   

  = (n+1) x 

 

 xn
u

u

n

n )1(1   

 

For convergence 

 1)1(lim 


xn
n

 

)1(

1
lim




 n
x

n
 

 

Hence the series is convergent only for the point x = 0, so that the above series cannot 

be taken as a valid solution of the differentiable equation. 

 

Problem 

 

 The equation x
2
y''-3xy'+(4x+4)y = 0 has only one Frobenius series solution find it. 

 

Solution 
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 Given : x
2
y''-3xy'+(4x+4)y = 0     ……….. (1) 

 

⟹ 0
44

'
3

"
2








 
 y

x

x
y

x
y  

 

x
xP

3
)(  , 

2

44
)(

x

x
xQ


  

 

 

 

At point x = 0 

 

 3
3

)( 
x

x
xxP  

 

 44
)44(

)(
2

2
2 


 x

x

xx
xQx  

 

At the point x = 0 

 

 03)( PxxP   

 

 0

2 4)( qxQx   

 

 The indicial equation is  

 

 m(m-1)+mp0+q0 = 0 

 

 m(m-1)-3m+4  = 0 

 

  m
2
-m-3m+4 = 0 

 

  m
2
-4m+4 = 0  

 

  (m-2)
2
  = 0 

 

   m = 2, 2 

 This has only one root 

 







0n

n

n

m xaxy  

 

      =  x
m

(a0+a1x+a2x
2
+a3x

3
+a4x

4
+…) 

 

      =  a0x
m

 +a1x
m+1

 +a2x
m+2

+a3x
m+3

+a4x
m+4

+… 
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 y'     =  ma0x
m-1

 +(m+1)a1x
m

 +(m+2)a2x
m+1

+(m+3)a3x
m+2

+(m+4)a4x
m+3

+… 

 

 y'' =  m(m-1)a0x
m-2

+m(m+1)a1x
m-1

 +(m-1)(m+2)a2x
m

+ (m+2)(m+3)a3x
m+1 

+ (m+4)(m+3) a4x
m+2

+ … 

 

Sub in (1) 

 

x
2
[m(m-1)a0x

m-2
+m(m+1)a1x

m-1
 +(m-1)(m+2)a2x

m 

+ (m+2)(m+3)a3x
m+1

+ (m+4)(m+3) a4x
m+2

+ …] 

-3x[ma0x
m-1

 +(m+1)a1x
m

 +(m+2)a2x
m+1

+(m+3)a3x
m+2

+(m+4)a4x
m+3

+…] 

+(4x+4)[a0x
m

 +a1x
m+1

 +a2x
m+2

+a3x
m+3

+a4x
m+4

+…]     = 0 

 

x
m

[m(m-1)a0-3ma0+4a0]+x
m+1

[m(m+1)a1-3(m+1)a1+4a0+4a1] 

+x
m+2

[(m+1)(m+2)a2-3(m+2)a2+4a1+4a2] 

+x
m+3

[(m+2)(m+3)a3-3(m+3)a3+4a2+4a3]+….    = 0 

 

Equating x
m+1

 to zero 

 

 m(m+1)a1-3(m+1)a1+4a0+4a1 = 0 

 

 m(m+1)-3(m+1)+a)a1+4a0 = 0 

 

  (m
2
+m-3m-3+4)a1  = -4a0 

 

  (m
2
-2m+1)a1   = -4a0 

 

Put m = 2 

 (2-1)2a1 = -4a0 

 

  a1 = -4a0 

 

Equating x
m+2

 to zero 

 

 (m+1) (m+2)a2 - 3(m+2)a2+4a1+4a2 = 0 

 

  ((m+1) (m+2) - 3(m+2)+4)a2  = -4a1 

 

Put m = 2 

  [(3 × 4)-3(4)+4]a2 = -4(-4a0) 

   (12-12+4)a2 = 16a0 

 

    4a2 = 16 a0 

 

    a2 = 4a0 

Equating x
m+3

 to zero 

 

 (m+2) (m+3)a3 - 3(m+3)a3 + 4a2 + 4a3 = 0 
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  [(m+2) (m+3)-3(m+3)+4a]a3  = -4a2 

 

Put m = 2 

 

  (4×5 - 3(5) + 4)a3 = -4(4a0) 

 

  (20 - 15 + 4)a3 = -16 a0 

 

    9 a3 = -16 a0 

 

    a3 = (-16/9)a0 

    . 

    . 

    . 

∴ The series solution is  

 







0n

n

n

m xaxy  

 

  y =  x
2 

(a0+a1x+a2x
2
+a3x

3
+a4x

4
+……) 

 

     = .....)
9

16
44( 3

0

2

000

2  xaxaxaax  

 

     = .....)
9

16
441( 32

0

2  xxxax  

 

Put  a0 = 1 

 

  y = .....)
9

16
441( 322  xxxx  

 

Problem 

 

 Find the indicial equation and its roots for each of the following differential equation  

 

a)  x
3
y''+(cos2x-1)y'+2xy = 0 

 

 

Solution 

 

 Given : x
3
y''+(cos2x-1)y'+2xy = 0  

 

⟹ y
x

y
x

x
y

23

2
'

12cos
" 


  = 0 
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  P(x) = 
3

12cos

x

x 
,  Q(x) = 

2

2

x
 

 

 xP(x) = 
3

12cos

x

xx 
  = 

2

12cos

x

x 
= p0 

 

 x
2
Q(x) = 

2

22

x

x
 = 2 = q0 

 

 xP(x) = 
2

642

1.......
!6

)2(

!4

)2(

!2

)2(
1

x

xxx











 

 

     = ......
!6

2

!4

2

!2

2 46242


xx

 

 

)(
0

xxPLt
x

= 
!2

22

  = -2  = p0 

 

The indicial equation is 

 

 m(m-1) + mp0 + q0 = 0 

 

 m(m-1) - 2m + 2  = 0 

 

  m
2
-m-2m+2  = 0 

 

   m
2
-3m+2 = 0 

 

  m (m-1) - 2(m-1) = 0 

 

   (m-1)(m-2) = 0 

 

         m = 1, 2 

 

Problem 

 

 Find two independent Frobenius series solution for equation xy''+2y'+xy = 0. 

 

 

Solution 

 

 Given :  xy''+2y'+xy = 0      ………… (1) 
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⟹ 0'
2

"  yy
x

y  

 

 P(x) = 
x

2
, Q(x) =1 

 

 P(x) and Q(x) are not analytic at the pt x = 0 

 

xP(x) = 2, x
2
Q(x) = x

2
 

 

At x = 0 

 

 xP(x) = 2 = P0,  x2Q(x) = 0 = q0 

 

∴ The indicial equation is 

 

 m(m-1)+mp0+q0 = 0 

 

 m
2
-m+2m+0 = 0 

 

  m
2
+m  = 0 

 

  m(m+1) = 0 

 

  m1 = 0, m2 = -1 

 

The series solution is 







0n

n

n

m xaxy  

 

      =  x
m

(a0+a1x+a2x
2
+a3x

3
+a4x

4
+…) 

 

      =  a0x
m

 +a1x
m+1

 +a2x
m+2

+a3x
m+3

+a4x
m+4

+… 

 

 y'     =  ma0x
m-1

 +(m+1)a1x
m

 +(m+2)a2x
m+1

+(m+3)a3x
m+2

+(m+4)a4x
m+3

+… 

 

 y'' =  m(m-1)a0x
m-2

+m(m+1)a1x
m-1

 +(m-1)(m+2)a2x
m

+ (m+2)(m+3)a3x
m+1 

+ (m+4)(m+3) a4x
m+2

+ … 

 

Sub in (1) 

 

 x[m(m-1)a0x
m-2

+m(m+1)a1x
m-1

 +(m-1)(m+2)a2x
m 

+ (m+2)(m+3)a3x
m+1

+ (m+4)(m+3) a4x
m+2

+ …] 

+2[ma0x
m-1

 +(m+1)a1x
m

 +(m+2)a2x
m+1 

+(m+3)a3x
m+2

+(m+4)a4x
m+3

+……] 

+x[a0x
m

 +a1x
m+1

 +a2x
m+2

+a3x
m+3

+a4x
m+4

+…]   = 0 
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x
m-1

[m(m-1)a0+2ma0]+x
m

[m(m+1)a1+2(m+1)a1] 

+x
m+1

[(m+1)(m+2)a2+2(m+2)a2+a0] 

+x
m+2

[(m+2)(m+3)a3+2(m+3)a3+a1]+…  = 0 

 

Equating the coeff of x
m

 to zero 

 

 m(m+1)a1+2(m+1)a1  = 0 

 

  (m+1)a1(m+2)  = 0 

 

    a1 = 0 

 

Equating coeff of x
m+1 

to zero 

 

(m+1) (m+2)a2+2(m+2)a2+a0 = 0 

 

(m+2)a2[m+1+2]+a0  = 0 

   a2 = 
)3)(2(

0





mm

a
 

 

Equating coeff. of x
m+2

 to zero 

 

(m+3) (m+4)a4+2(m+4)a4+a2 = 0 

 

(m+4)a4 [ m+3+2] = -a2 

 

(m+4) (m+5) a4 = 
)3)(2(

0

 mm

a
 

 

  a4 = 
)5)(4)(3)(2(

0

 mmmm

a
 

Put m = 0 

  

 a1 = 0 

 

 a2 = 
3.2

0a
 

 

 a3 = 0 

 

 a4 = 
5.4.3.2

0a
 and so on 

 

Put m = -1 

 

 a1 = 0 
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 a2 = 
2.1

0a
 

 

 a3 = 0 

 

 a4 = 
4.3.2.1

0a
 and so on 

 







0

1

n

n

n

m xaxy  

 

  y1 =  x
0 

(a0+a1x+a2x
2
+a3x

3
+a4x

4
+……) 

 

     = .....
4.3.2

.0
3.2

.0 40320
0  x

a
xx

a
xa  

 

     = .......
!5!3

4020
0  x

a
x

a
a  

 

    = 







 .......

!5!3
1

42

0

xx
a  

 

Put a0  = 1 

         y1 = .......
!5!3

1
42


xx

 

 

         y1 = 







 .......

!5!3

1 53 xx
x

x
 = x

-1
 sinx 

 







0

2

n

n

n

m xaxy  

 

  y2 =  x
-1 

(a0+a1x+a2x
2
+a3x

3
+a4x

4
+……) 

 

     = 







 .....

!4
.0

!2
.0 40320

0

1 x
a

xx
a

xax  

 

     = 







 .......

!4!2

4020
0

1 x
a

x
a

ax  
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    = 







 .......

!4!2
1

42

0

1 xx
ax  

 

Take a0 = 1 

 

 y2   = 







 .......

!4!2
1

42
1 xx

x  

 

 y2    = x
-1

 cosx 

 

 ∴ y1 = x
-1

 sinx  and y2 = x
-1

 cosx 

 

 

Legendre Polynomials 

 

 An equation is of the form (1-x
2
)y'' – 2xy' + n(n + 1) y = 0 is called the Legendre 

equation where n is a constant. 

 

  ⇒ 0
1

1

1

2
22








 y

x

)n(n
y

x

x
y  

  

  
22 1

1

1

2

x

)n(n
)x(Q

x

x
)x(P









  

 

 P(x) and Q(x) are analytic at point x = 0 

 

 ∴ The series solution is 

 

 y  = Σakx
k
 

 

 y' =  Σakx
k-1

 

 

 y'' = Σk(k-1) akx
k-2

 

 

Sub in (1) 

 

(1 – x
2
) Σk(k-1) akx

k-2
 -2xΣk akx

k-1
 +  n(n + 1) Σakx

k
  = 0 

 

⇒ k(k-1) akx
k-2

 – x
2
 k (k-1) 9k x

k-2
 – 2k akx

k
 + n(n + 1) ak x

k
 = 0 

 

⇒ (k + 2) (k + 1) ak+2x
t
 – k(k-1) akx

k
 – 2k akx

k
 + n(n + 1) akx

t
 = 0 

 

⇒ {(k + 2) (k + 1) ak+2 – k(k-1)ak – 2kak + n(n+1)ak} x
k
  = 0 

 

Equating the coeff of x
k
 to zero 
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∴ (k + 2) (k + 1) ak+2 – k(k -1)ak – 2kak + n(n+1)ak  = 0 

 

(k + 2) (k + 1) ak+2 – [k(k-1) +2k –n(n+1)]ak   = 0 

 

 (k + 2) (k + 1) ak+2 = [k
2
 – k + 2k – n

2 
– n]ak 

 

   = [k
2
 + k – n

2
 – n]ak 

  

   = [(k
2
– n

2
) + (k – n)]ak 

 

   = [(k + n) (k – n) + (k –n)]ak 

 

 (k + 2) (k + 1) ak+2 = (k + n) (k + n +1)ak 

 

  

⇒ ak+2 = 
  
   ka

kk

nknk

21

1




 

put k = k – 2 

 

 ak-2+2 = 
   
    2

2212

122





ka

kk

nknk
 

 

 ak = 
   

   2
1

12





ka

kk

nknk
 

 

 ak = 
   

  2
1

12





ka

kk

knkn
 

  

 ∴ ak-2 = 
 

    ka
knkn

kk

12

1




 

 

w.k.t Pn(x) is a polynomial of degree n that contains only even or odd powers of x according 

as n is even or n is odd. 

 

∴ It can be written as  

 

Pn(x) = anx
n
 + an-2x

n-2
 + an-4x

n-4
 + … where the sum ends with a0 if n is even and a1x if n is 

odd. 

 

Let us find an-2, an-4, an-6 interms of an 

 

we‟ve  ak-2 = 
 

    ka
knkn

kk

12

1




 

 

Put k = n 
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 an-2 = 
 

    na
nnnn

nn

12

1




 

 

 an-2 = 
 

  na
n

nn

122

1




 

 

Put k = n – 2 

 

 an-4 = 
   

     2
1222

32





na

nnnn

nn
 

 

 an-4 = 
   
  2

324

32





na

n

nn
 

 

 an-4 = 
    

   na
nn.

nnnn

321242

321




 

 

Put k = n – 4 

 

  

  an-6 = 
   

     4
1424

54





na

nnnn

nn
 

 

   = 
   

  4
526

54





na

n

nn
 

  an-6 = 
         

     na
nnn...

nnnnnn

523212642

54321




 

 

etc…. 

 

  ∴ Pn(x) = anx
n
 + an-2x

n-2
 + an-4x

n-4
 + an-6x

n-6
 + … 

 

 = 
 
 

     
   

42

321242

321

122

1 









 n

n

n

n

n

n xa
nn..

nnnn
xa

n

nn
xa  

 

    
        

     
...xa

nnn..

nnnnnn n

n 



 6

523212642

54321
 

 

 Pn(x) = 
 
 

     
   













  42

321242

321

122

1 n

n

nn

n x
nn..

nnnn
x

n

nn
xa  
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        

      








  ...x

nnn..

nnnnnn n 6

523212642

54321
 

Where  an = 
 

  n!n

!n

2

2
2

 

Rodrigues formula 

 

 Pn(x) = 
 

 

 
 

     
   













  42

2 321242

321

122

1

2

2 n

n

nn

n
x

nn..

nnnn
x

n

nn
x

!n

!n
 

 

   
       

      








  kn

k

k

x
kn...nn.!k

kn...nnn 2

12232122

12211
  ….. (1) 

 

∴ The coeff of x
n-2k

 in (1) is 

  
      

     12232122

12211





kn...nn.!k

kn...nnn
k

k

    ….. (2) 

 

Now, n(n-1) (n-2) … (n – 2k +1) = 
       

 !2kn

!2kn12kn...2n1-nn




 

 

 n(n-1) (n-2) … (n – 2k +1) = 
 !2kn

!



n
      ….. (3) 

 

 (2n-1) (2n-3) … (2n – 2k +1) = 

       

         
    )kn...(nn

nnnnn

kn.....knknkn

22242222n

212223242

122322222122







 

 

    = 
        

      121222

21222212222





kn...nnn!kn

nn...knkn!kn
k

 

 

    = 
   

         nn...knkn!kn!kn

!kn!n
k 121222
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 If we extend the range of sum by letting k vary from 0 to n. Which changes nothing. 
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This expression for Pn(x) is called Rodrigues formula. 

 

Generating Functions of the Legendre Polynomial: 
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Problem 
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Solution: 

 

 The Rodrigues formula is 
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Proof: 
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n

n

n
1

2

1
1 2

1

1








      ….. (1) 

 

If fn(x) = Pm(x) with m < n 

 

 then f
(n)

(x) = 0 

 

∴ I = 0 

 






1

1

0dx)x(P)x(P nm if m  n 

 

Second part: 

 

Put f(x) = Pn(x) 

 

We‟ve  
 
 

 
  













  ...

122

1

!.2

!2 2

2

nn

nn x
n

nn
x

n

n
xP  

 

 
  

 

 
!n

!n.

!n
xP

n

n

n 2
2

2
  
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   

 
n!.2

!2n
xP

n

n

n   

(1) ⇒        dxxxP
!n.

.I
nn

nn

n
1

2

1
1 2

1

1

 


 

     =  
   





1

1

2 1
2

2

2

1
1 dxx

!n.

!n

!n.

n

nn

n
 

 

  = 
 

 
  dxx

!n

!n n

n 




1

1

2

22
1

2

2
 

 

  = 
 

 
  dxx

!n

!n n

n  

1

0

2

22
12

2

2
      …..….. (2) 

 

If we change the variable by putting x = sin 

 

x = 0 ⇒ = 0  dx = cos .  d 

 

x = 1 ⇒ = 
2

π
 

 

     θdθcosθsindxx

π

nn

 
2

0

2

1

0

2 11  

 

  =  
2

0

2

π

n
θdθcosθcos  

 

  = 


2

0

12

π

n θd.θcos  

 





























  22

1

2

31
1

3

2

4

5

2

31 2

0

2

0

π
....

n

n
.

n

n
θdθsin....

n

n
.

n

n
.

n

n
θdθcos

π

n

π

n  

 

   1
3

2

32

42

12

22

12

2
1

1

0

2 ....
n

n
.

n

n
.

n

n
dxx

n










  

 

  = 
   
   121232531

22242642





nnn......

nnn.....
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  = 
  

     122122232654321

2226422





nnnnn.........

nn.....!n.n

 

 

  
   

 
   122

2

122

22
1

221

0

2





 n!n

!n

n!n

!n!n.
dxx

nnn
n

 

 

Equation (2) ⇒ 

 

  
 

 

 
   122

2
2

2

2
22

22 


n!n

!n
.

!n

!n
I

n

n
 

 

  
12

2




n
I  if m = n 

Problem 

 

 Prove that any function can be expressed as a series of Legendre Polynomial: 

 

Proof: 

 

 Let f(x) be any function defined in -1 x 1 

 

 Let  f(x) = Σan Pn(x) 

  

 f(x) Pm(x) = Σan Pn(x) Pm(x) 

 

        dxxPxPadxxPxf mnnm  




1

1

1

1

 

 =             .....dxxPxPa....dxxPxPadxxPxPa nnnmm  



 1

1

1

1

1

11

1

1

00  

 =       ...........a
n

a...aa nn 


  0
12

2
00 110  

    
12

2
1

1





n
adxxPxf nm  

 

     dxxPxf
n

a nn 





1

1
2

12
 

 

     dxxPxfna nn 












1

1
2

1
 

 

 Giving different values for n, we get all the coefficient a0, a1, a2, a3, ….. 
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 Hence any function can be expressed as a series of Legendre Polynomial. 

 

Problem: 

 

 Find first three terms of the Legendre‟s series of a)  









10

010

xifx

xif
xf  

b) f(x) = e
x
 c)  










101

010

xif

xif
xf  

 

Proof 

 

c)  We‟ve,    xPaxf
n

nn





0

 

 

Where       dxxPxf/na nn 




1

1

21  

          








 


dxxPxfdxxPxf/na nnn

1

0

1

1

21  

   =      








  dxxP.dxxP./n nn

1

0

1

0

1021  

  dxxPna nn 









1

0
2

1
 

 

Put n = 0 

   dxxP/a 

1

0

00 21  

   = 
1

0

121 dx./  

   =  1021 x/  

 

   =  01
2

1
  

 

   = 1/2 

Put n = 1 

    dxxP/a 

1

0

11 211  
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   = 
1

0

23 xdx/  

    = 

1

0

2

2
23 







 x
/

  

= 
2

1

2

3
.

  
= 

4

3
 

 

Put n = 2 

     dxxP/a 

1

0

22 212  

   =  dxx/ 13
2

1
25 2

1

0

  

   = 

1

0

3

3

3

4

5








 x

x
 

 

   =  011
4

5
  

 

   =  0
4

5
 

 

   = 0 

 

        xPaxPaxPaxf 221100   

 

    =      xP.xP/xP/ 210 04321   

 

    = 0
4

3
121  x../  

  
2

1

4

3
 xxf  

 

Orthogonal function 

 

 If a sequence of functions 1(x), 2(x) ….., n(x), …. defined on the interval a x b 

has the properly that    







 nmifα

nmif
dxxφxφ

n

n

b

a
0

0
m  then the n are said to be 

Orthogonal functions on this interval. 

 

Prove that any function f(x) can be expanded as a series of Orthogonal functions. 

 

Proof: 
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 Consider the Orthogonal function   
,.....,nn xφ

21
 defined on the interval a x b 

 

   







 nmifα

nmif
dxxφxφ

n

n

b

a

m
0

0
 

 

Let f(x) be a function defined in a x b 

 

    





1n

nn xφaxf  

 

        xφxφaxφxf n

n

nnn 





1

 

 

            dxxφxφadxxφ.xφaxφxf

b

a

nn

b

a

n

n

nn

b

a

22

1
 





 

 

   =               dxxxadxxxadxxxa n

b

a

nn

b

a

nn

b

a

n φ.φ....φφφ.φ 221  

       ...φ.φ 1!   dxxxa n

b

a

nn  

 

   =       ...0α....00 121  nnn aaaa  

     nnn

b

a

αadxxφxf   

    dxxφxf
α

a n

b

an

n 
1

 

 

Hence, we get the series for f(x) interms of Orthogonal function 

 

Least squares approximation: 

 

 Let f(x) be a function defined on the interval -1 x 1 

 

   xPaxf n

n

n





0

 where 
12

2




n
an  

 

Let f(x) be approximated as a polynomial of degree n. 

 

 Let the polynomial be P(x) 

 

∴ We can take P(x) = b0P0(x) + b1P1(x) + b2P2(x) + … + bnPn(x) 
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we claim that ak = bk, k = 0, 1, 2, ..., n so that P(x) is a Legendre series 

 

 Let      dxxPxfI 




1

1

2
 

 

By principle of Least square this integral must be minimum 

      dxxPbxfI
n

k

kk

21

1 0
 
 









  

 =         dxxPbxPbxfxf kkkk  




1

1

222
2  

 

  =         dxxPbdxxPxfbdxxf kkkk 




1

1

22

1

1

1

1

2
2  

 

  =   
12

2

12

2
2 2

1

1

2





 


k

.b
k

a
.bdxxf k

k
k  

 

  =       





kkk bab
!k

dxxf 2
2

2 2

1

1

2
 

 

  =          





222

1

1

2
2

12

2
kkkkk ababa

k
dxxf

 

 

 

      








1

1

222

12

2

12

2
kkk a

k
ba

k
dxxfI

 

 

we observe that I is minimum. 

 

When, Σ(ak-bk)
2
 = 0 k. 

 

 ⇒ ak = bk k. 
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Unit III 

Bessel’s Functions 

 

 

 The differential equation x
2
y'' + xy' +(x

2
 – p

2
) y = 0 where p is a constant is called 

Bessel‟s equation and its solution are known as Bessel‟s functions. 

 

Given equation is 

 

 x
2
y''+ xy' + (x

2
 – p

2
) y = 0      ….. (1) 

 

⇒ 0
1

2

22










 
 y

x

yx
y

x
y  

 

x
)x(p

1
   and  

2

22

x

px
xQ


  

 

Here p(x) and Q(x) are not analytic at the put x = 0 

 

 ∴xP(x) = 1,  x
2
Q(x) = x

2
 – p

2
 

 

 p0 = 1,  q0 = - p
2
 

 

p(x), x
2
Q(x) are analytic at the put x = 0 

 

 The indicial eqn is 

  

 m(m – 1) + m p0 + q0 = 0 

  

  m
2
 – m + m – p

2
 = 0 

 

  m
2
 – p

2
 = 0 
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 ⇒ m
2
 = p

2
 

 

  ⇒ m = p. 

m1 = p, m2 = -p 

 

The Frobenius series solution is 

 

  





0n

n

n

m xaxy  

 

  





0n

n

n

p xaxy  

 

    pn

n xay  

    1  pn

n xapny  

 

      21   pn

n xapnpny  

 

Sub in (1) 

 

       01 22122    pn

n

pn

n

pn

n xapxxapnxxapnpnx  

 

(n + P) (n + p -1)anx
n+p

 + (n + p) anx
n+p

 + anx
n+p+2

 – p
2
anx

n+p
 = 0 

 

⇒ (n + p) (n + p – 1) anx
n+p

 + (n + p) anx
n+p

 + an-2x
n+p

 – p
2
 anx

n+p
 = 0 

 

[(n + p) (n + p – 1) a
n
 + (n + p) an+ an-2 – p

2
 an] x

n+p
 = 0 

 

Equating the coeff of x
n+p

  to zero 

 

(n + p) (n + p -1)an + (n + p)an + an-2 – p
2
an = 0 

 

[(n + p) (n + p – 1) + (n + p) – p
2
] an = - an-2 

 

  [(n +p) [n + p -1 +1] – p
2
] an = -an-2 

 

 [(n + p) (n + p) – p
2
] an = -an-2 

 

  ((n + p)
2
 – p

2
) an = -an-2 

 

 
  22

2

ppn

a
a n

n



   
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222

2

2 pnppn

a
a n

n



 

 

 

 
npn

a
a n

n
22

2




 

 

 

 
 pnn

a
a n

n
2

2




 

 

Put n = 1 

 
 p

a
a

211

1

1



 

 

 

Since the assumed series does not contains negative powers, so a-1= 0. 

 

∴ a1 =  0 

 

 

Put n = 2 

a2 =  
 p

a

222

0




 

Put n = 3 

a3 =  
 

0
323

1 




p

a
 

 

a3 =  0 

 

Put n = 4 

a4 =  
 424

2





p

a
 

=  
  422242

0

 pp.

a
 

Put n = 5 

  a5 = 
 525

3





p

a
 = 0 

Put n = 6 

  a6 = 
 626

4





p

a
  

   = 
    624222642

0





ppp..

a
 

 

∴ The solution is 
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  y = 


0n

n

n

m xax  

 

   = x
p
(a0 + a1x + a2x

2
 + a3x

3
 + a4x

4
 + … 

 

   = 
    
















422242
0

222
0 0320

0
pp.

a
xx

p

a
ax p  

    
   

....
6242226.4.2

0 05 



ppp

a
x   

 

   = 
    











422242222

4

0

2

0

0
pp.

xa

P

xa
ax p  

    






 .......

ppp..

xa

624222642

6

0  

 

=
        

.......
ppp..

xa

pp.

xa

P

xa
ax p




















624222642422242222

6

0

4

0

2

0

0   

 

y  = 
        

.......
ppp..

x

pp.

x

P

x
ax p




















624222642422242222
1

642

0   

 

 = 
        

.......
ppp!

x

pp!

x

p!

x
ax p




















321232122121
1

6

6

4

4

2

2

0  

 

Take 
!p.

a
p2

1
0    

 

∴ y = 
        

.......
ppp!

x

pp!

x

p!

x

!p.
x

p

p




















321232122121
1

2

1
6

6

4

4

2

2

  

 

   =  
 

    


 



0
2

2

212

1

2

1

n
n

nn

p

p

np....pp!n

x

!p.
x   

 

   = 
   

    


 











0

2

21

21

2

1

n

nnp

np....pp!n

/xx

!p
 

 

   = 
   
    











0

2

21

21

n

pnn

np....pp!n!p

/x
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   = 
   

 










0

2
21

n

pnn

!pn!n

/x
 

 

 This is called the Bessel‟s functions of the first kind of order p, and it is denoted by 

Jp(x) 

 

  ∴Jp(x) = 
   

 










0

2
21

n

pnn

!pn!n

/x
 

 

 To find the solution corresponding to m = -p 

 

We‟ve  y = 






0n

n

n

p xax  

 

 Proceeding as above, we get 

 

  J-p(x) = 
   

 










0

2
21

n

pnn

!pn!n

/x
 

 

 This is called the Bessel‟s function of the second kind of order p, and it is denoted by 

J-p(x) 

 

∴ The complete solution is 

 

  y = C1Jp(x) + C2 J-p(x) 

 

The Bessel‟s equation x
2
y'' + xy' + (x

2
 – p

2
)y = 0 has two independent solutions Jp(x) 

& J-p(x) only when p is not an integer 

 

Particular cases: 

 

put p = 0 

 

∴ Bessel’s equation is x
2
y'' + xy' + x

2
y = 0 

 

The solution is  

  J0(x) = 
   








0

2
21

n

nn

!n!n

/x
  

 

   = 
   

 







0
2

2
21

n

nn

!n

/x
 

 

Put p = 1 
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∴ Bessel’s equation is x
2
y'' + xy' + (x

2
 – 1)y = 0 

 

m  =  1 

 

m1 =  1, m2 = -1 

 

m1 – m2 = 1+ 1= 2 is a +ive integer 

 

 ∴ The equation has only on frobenius series solution (corresponding to m1 = 1). 

 

ie) J1(x) is the only Frobenius series solution. But J-1(x) cannot be taken as the solution 

of the differential equation. Further we can prove J-1(x) is indepent of J1(x). 

 

In this case we find the second solution using y2 = y1 

 

 = dxe
y

dx)x(p
 2

1

1
 

 

 = 
 

dxe
xJ

dxx/


1

2

1

1
 

 

 = 
 

dxe
xJ

xlog

 2

1

1
 

 

 = 
 

dxe
xJ

x
log

1

2

1

1
  

 = 
 

dx
xxJ

11
2

1

   

 = 
 

dx
xxJ 2

1

1
 

y2 =  
 

dx
xxJ

xj  2

1

1

1
  

 

 This is denoted by Y1 

 

∴The complete solution is y = C1J1(x) + C2 Y1(x) 

 

In general consider the Bessel‟s equation x
2
y'' + xy' + (x

2
 – p

2
)y = 0. 

 

The roots of the indicial equation are m1 = p, m2 = -p 

 

the corresponding solution are Jp(x) & J-p(x) 

 

If p is a +ive integer then m1 – m2 = p + p = 2p 
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 ∴ only one Frobenius series solution and it corresponds to m1 = p 

 
ie) The Frobenius series solution is Jp(x). Here we cannot take J-p(x) as the other solution 

 

 In this case we take y2 = y1 

 

  ∴y2 =  
 

dx
xxJ

xJ
p

p  2

1
 

This is denoted by Yp 

 

∴ The complete solution is y = C1Jp(x) + C2 Yp(x) 

 

Problem 

 

Find the first three terms of the Legendre‟s series of  

 

 a)  









10

010

xifx

xif
xf  

 b) f(x) = e
x
 

 

Proof: 

 

i) f(x) =  


0n

nn xpa  where 

 

  an =       dxxpxf/n n




1

1

21  

  an =           







  



0

1

1

0

21 dxxpxfdxxpxf/n nn  

   =       







  



0

1

1

0

021 dxxxpdxxp/n nn  

  an =    

1

0

21 dxxxp/n n  

Put n = 0 

  a0 =    dxxxp/ 

1

0

0210  

   = 
1

0

121 dx.x/  

   = 

1

0

2

2
21 







 x
/  
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  a0 = 
4

1
 

 

Put n = 1 

 

  a1 =    

1

0

2211 dxxxp/  

  a1 = 
1

0
2

3
dxx.x  

   = 
1

0

2

2

3
dxx  

   = 

1

0

3

32

3







 x
 

   = 
3

1

2

3
.  

 

  a1 = 
2

1
 

 

Put n = 2 

  a2 =     dxxxp/ 

1

0

2212  

   =   

1

0

2 13
2

1
25 dxx.x/  

 

   =   

1

0

33
4

5
dxxx  

   = 

1

0

24

24

3

4

5










xx
 

   = 









2

1

4

3

4

5
 

   = 






 

4

23

4

5
 

   = 
16

5
 

 

  f(x) = a0 p0(x)+ a1p1(x) + a2p2(x) 

   =      xpxpxp 210
16

5

2

1

4

1
  
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   =  13
2

1

16

5

2

1
1

4

1 2  x.x..  

 

   = 
32

5

32

15

24

1 2  x
x

 

 

  f(x) = 
32

3

232

15 2 
x

x  

 

ii)  f(x) = e
x
 

 

  f(x) = 


0n

n

n xa  where 

  an =      




1

1

21 dxxpxf/n n
 

  an =    




1

1

21 dxxpe/n n

x  

 

Put n = 0 

  a0 =    




1

1

0210 dxxpe/ x  

   = 


1

1

121 dx.e/ x  

   = 


1

1

1
2

1
dx.e x  

   =  11
2

1


xe  

 

   =  11

2

1  ee  

Put n = 1 

  a1 =    




1

1

1211 dxxpe/ x  

   = 


1

1
2

3
dxx.e x

 
 

   =   







 





1

1

1

1
2

3
dxexe xx

 
 

   =   1

1

11

2

3


  xeee
 



 

Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education, Tirunelveli. 
126 

 

 

   =  1111

2

3   eeee
 

 

   = 12
2

3 e.
 

 

  a1 = 3e
-1

 

 

Put n = 2 

  a2 =     dxxpe/ x






1

1

2212

 
 

   =  




1

1

2 13
2

1

2

5
dxx.e x

 
 

   =  




1

1

23
4

5
dxexe xx

 
 

   = 




 
 

1

1

1

1

23
4

5
dxedxex xx

 
 

   =    








 

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1
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1
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5 xxx edxxeex
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
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



 

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1

1
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5
eedxxeee x

 
 

   
=  
















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
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 








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1

1

1

11 633
4

5
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=      111

1

1111 633
4

5 



  eeeeeee x

 
 

   
=   11111111 66633

4

5   eeeeeeee
 

 

   
=  11111111 666633

4

5   eeeeeeee
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=  11 142

4

5  ee
 

 

   
= 

2

35

2

5 1
1




e

e
  

 

   
=  11 355

2

1  ee
 

 

  f(x) = a0p0(x) + a1p1(x) + a2p2(x) 

 

   
=          xpeexpexpee 2

11

1

1

0

11 355
2

1
3

2

1  
 

 

   
=      13355

2

1

2

1
3

2

1 211111   xee.xeee
 

 

Gamma function: 

 

 
Gamma function is defined by  𝑝 =   𝑒−𝑡∞

0
 𝑡𝑝−1dt, (p > 0) 

 

Now, t.p 

 

 Γ𝑝 + 1  = p  𝑝   
 

 Γ1  = 1 

 

 Γ𝑝 + 1  = p! 

 

Proof: 

  

 Γ𝑝  = 




0

1 dtte pt  

 Γ𝑝 + 1  = 




0

11 dtte pt  

 

   = 




0

dtte pt     u = t
p
 ,  du = pt

p-1
 dt 

 

   = 




b

pt

b
dttelim

0

     
 tedv  v = - e

-t
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   =  








 




b

ptbtp

b
dtt.peetlim

0

1

0  

 

   = 








 




b

pt

b
dtt.eplim

0

10  

 

   = 




b

pt

b
dtteplim

0

1

 

 

   

= 


b

pt dttep
0

1

 

 

   

= pΓp 

 

 

 ∴ Γ𝑝 + 1 = p Γ𝑝 

 

T.p  Γ1 = 1 

 

w.k.t  Γ𝑝 = 




0

1 dtte pt

 

  

Γ1 = 




0

11 dtte t

 

   

 

   = 




0

dte t

 

   

=   0

te  

 

   

=  0ee  

 

 

   

=  10 

    = 1 

 

 

∴ Γ1  = 1 

 

T.p  Γ𝑝 + 1  = p! 

 

w.k.t Γ𝑝 + 1  = 𝑝 𝑝   
 

   = 𝑝(𝑝 − 1) (𝑝 − 1)   
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   = 𝑝(𝑝 − 1)(𝑝 − 2) 𝑝 − 2   
 

     ⋮ 
 

   = p(p-1) (p – 2) … 3.2.1 

 

   = p! 

 

 ∴ Γ𝑝 + 1 = p! 

 

     

Problem 

 

 Prove that Γ 1
2  = π    

 

Proof: 

 

w.k.t  Γ𝑝 = 




0

1dtte pt
  

 

Put p = ½ 

 

  Γ 1
2  = 





0

121 dtte /t
 

 

   = 




0

21 dtte /t
 

 

   = 
 

0

dt
t

e t

  put t = s
2
, dt = 2sds 

 

  Γ 1
2  = 

 

0
2

2

2

dss
s

e s

 

 

   = 
 

0

2

2 dss
s

e s

 

 

   = 




0

2

2 dse s
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We‟ve   Γ 1
2  = 





0

2

2 dxe x
 

 

Also  Γ 1
2  = 





0

2

2 dye y
 

 

 Γ 1
2 Γ 1

2  =  
 



0 0

22

4 dydxe )yx(
 

 

Put   x =  rcos   y  =  r sin 

 

  

  
r

x




 = -rsin   

θ

y




 = r cos 

 

 x
2
 + y

2
  = (r

2
 cos

2
 + r

2
 sin

2
) 

 

   = r
2
 

 

 dx dy  = θddr

θ

y

r

y
θ

x

r

x
















 

 

   = θddr
θcosrθsin

θsinrθcos 
 

 

   = (r cos
2
 + r sin

2
) dr d 

 

   = r(cos
2
 + sin

2
) dr d 

 

   = r dr . d 

 

 ∴ dxdy  = r dr d 

 

 0  r ,  0 /2 

 

 ∴  Γ 1
2  

2
 =  





0

2

0

2

4

/π

r θdrdre   

 

   =  
2

00

2

4

/π

r θdrre


  
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   = 




0

2

24 drre/π r
 

 

   = 




0

2 dzeπ z
  

  

  Γ 1
2  

2
 = 





0

dzeπ z
 

 

   =   0

zeπ  

 

   =  0eeπ    

 

   =  10π  

 

   =  

 

 ∴  Γ 1
2  

2
 =  

 

 Γ 1
2   = π  

 

Prove that  i)    xJxJ
dx

d
10   

  ii)     xxJxxJ
dx

d
01   

 

Proof 

 

We know, 

 

  Jp(x) = 

 

 





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









0
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n
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 


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


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





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  J0(x) = 
     
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  J1(x) = 
   
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xx

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   xJ
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 = 
      






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 ...

!

x

!

x

!

x

dx

d
26

6

24

4

22

2

322212
1  

 

   = 
     

...
!

x

!

x

!

x



26

5

24

3

22 32

6

22

4

12

2
 

 

   = ....
!.

xxx




3222 6

5

4

3

 

   = 







 ....

!!.

x

!.

xx

322222 5

5

3

3

 

 

   = -J1(x) 

 

 xJ1(x)  = 
!!.

x

!!

xx

3222122 5

6

3

42

  

 

   xxJ
dx

d
1

 = 







 .....

!!

x

!!

xx

dx

d

3222122 5

6

3

42

 

 

   = 









!!

x

!!.

xx

322

6

212

4

2

2
5

5

3

3

 

 

   = 
  















!

x

!

x
x

222
5

5

2

3

 

   xxJ
dx

d
1

 = 
      















24

4

22

2

2212
1

!

x

!!

x
x  
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   = xJ0(x) 

 

Properties of Bessel’s function 

 

Prove that     xJxxJx
dx

d
p

p

p

p

1  

 

Solution 

 

 We know, 

 

 Jp(x)  = 

 

 


















0

2

2
1

n

pn

n

!pn!n

x

 

 

   = 
 

 











0
2

2

2

1

n
pn

pnn

!pn!n

x
 

 

  xJx p

p  = 

 

 !pn!n

x

pn

pn

`n

n













2

22

0

2

1

 

 

  xJxJ
dx

d
p

p  = 
   

 











0
2

122

2

221

n
pn

pnn

!pn!n

xpn

 
 

   = 
   

 











0
2

122

2

21

n
pn

pnn

!pn!n

xpn

 
 

   = 
   

 











0
12

122

2

1

n
pn

pnn

!pn!n

xpn
 

 

   = 
   

  











0
12

122

12

1

n
pn

pnn

!pnpn!n

pnx
 

 

   = 
 

 











0
12

12

12

1

n
pn

pnn

p

!pn!n

x
x  

 

   = 
   

 










0

12

1

21

n

pnn

p

!pn!n

/x
x  

 

   = x
p
 Jp-1(x) 
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  xJxJ
dx

d
p

p  = x
p
 Jp-1(x) 

 

Prove that       xJxJ
x

p
xJ ppp 1


 

 

Proof: 

 

w.k.t 

 

  xJx
dx

d
p

p   = x
p
 Jp-1(x) 

 

   xJpxxJx p

p

p

p 1


= x
p
 Jp-1(x) 

 

Dividing through by x
p
 

 

   xJ
x

p
xJ pp 


 =  xJ p 1  

 

Prove that       xJxJ
x

p
xJ ppp 1


 

 

Proof: 

 

We‟ve 

 

  xJx
dx

d
p

p   = -x
-p

 Jp+1(x) 

     1 
 p

pp

p xpxJxJx = -x
-p

 Jp+1(x) 

 

Dividing through by x
-p

 

 

   xJ
x

p
xJ pp 


 =  xJ p 1  

 

Prove that 2Jp'(x) = Jp-1(x) – Jp+1(x) and      xJxJxJ
x

p
ppp 11

2
   

 

We know 

 

    xJ
x

p
xj pp 


 =  xJ p 1      ….. (1) 
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   xJ
x

p
xj pp 


 =  xJ p 1      ….. (2) 

 

(1) + (2) 

 

  2Jp' (x)  = Jp-1(x) – Jp+1(x) 

 

(1) – (2) 

 

   xJ
x

p
p

2
 = Jp-1(x) +Jp+1(x) 

 

Note: 

 

 The above formula helps to find any Bessel function interms of other Bessel‟s 

function 

 

Solution 

 

We‟ve    xJ
x

p
p

2
 = Jp-1(x) +Jp+1(x) 

 

   xJ p 1  =    xJxJ
x

p
pp 1

2
  

 

Put p = 1 

   xJ 2   =   )x(JxJ
x

01

2
  

 

Put p = 2 

   xJ3
  =    xJxJ

x
12

4
  

 

    =      xJxJxJ
xx

101

24









  

 

    =      xJxJ
x

xJ
x

1012

48
  

 

   xJ3
  =    xJ

x
xJ

x
012

4
1

8









  

 

 

 

 

Put p = 3 
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   xJ 4   =    xJxJ
x

23

6
  

 

    =        

























 xJxJ

x
xJ

x
xJ

xx
01012

24
1

86
 

 

    =        xJxJ
x

xJ
x

xJ
xx

010213

224648









  

 

    =    xJ
x

xJ
xxx

0213
1

242648

















  

 

    =    xJ
x

xJ
xx

0213
1

24848

















  

 

Prove that     cxJxdxxJx p

p

p

p  1  and     cxJxdxxJx p

p

p

p  





 1  

 

Proof 

 

 We‟ve 

 

    xJx
dx

d
p

p  =  xJx p

p

1  

 

ie)   dxxJx p

p

1  =   xJx
dx

d
p

p  

 

 ing  

  dxxJx p

p

1   =   cxJx p

p   

 

Also, we‟ve 

 

   xJx
dx

d
p

p   =  xJx p

p

1

  

 

  xJx p

p

1

   =   xJx
dx

d
p

p
 

 

 ing  

 

  dxxJx p

p

1



  =   cxJx p

p    
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Prove that when p is a positive integer J-p(x) = (-1)
p
 Jp(x) 

 

Proof 

 

 We know that 

 

  Jp(x)  = 
   

 










0

2
21

n

Pnn

!pn!n

/x
 

 

  J-p(x)  = 
   

 










0

2
21

n

pnn

!pn!n

/x
  

 

For n = 0, 1, 2,……p-1 

 

 (n – 1)! is  

 

  ∴ J-p(x)  = 
   

 










pn

pnn

!pn!n

/x
2

21
 

 

  J-p(x)  = 
     

 










0

2
21

m

ppmpm

!m!pm

/x
 (put n – p = m) 

 

    =  
   

 











0

2
21

1
m

pmm
p

!pm!m

/x
 

 

    = (-1)
p
 Jp(x) 

 

  ∴ J-p(x)  = (-1)
p
 Jp(x) 

 

 

Note : 

 

 From the above we observe that Jp(x) and J-p(x) are not linearly independent and so 

the solution of the Bessel‟s equation when p is an integer cannot be taken in the form  

y = C1Jp(x) + C2 J-p (x). 

 In this case we can take Jp(x) as one solution and the other solution 

 

  Yp(x)  =  
 

dx
xxJ

xJ
p

p  2

1
 

 

∴ The complete solution is y = C1Jp(x) + C2 Yp (x). 

 



 

Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education, Tirunelveli. 
138 

 

Assuming   xsin
xπ

xJ /

2
21   and   xcos

xπ
xJ /

2
21  . Find J3/2(x), J5/2(x), J-3/2(x), J-5/2(x) 

 

Solution 

 We know 

 

   xJ
x

p
p

2
 =    xJxJ pp 11    

 

   xJ p 1  =    xJxJ
x

p
pp 1

2
  

 

Put p = 1/2 

 

  J3/2(x)  =    xJxJ
x

/
// 2121

212



 

 

    =    xJxJ
x

// 2121

1
  

 

  J3/2(x)  = xcos
xπ

xsin
xπx

221
  

 

    = 







 xcos

x

xsin

xπ

2
 

 

Put p = 3/2 

 

  J5/2(x)  =    xJxJ
x

/
// 2123

232



 

 

    =    xJxJ
x

// 2123

3
  

 

    = xsin
xπ

xcos
x

xsin

xπx

223
















  

 

    = 







 xsin

x

xcos

x

xsin

xπ

332
2

 

 

 xJ p 1  =    xJxJ
x

p
pp 1

2
  
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Put p = -1/2 

 

  J3/2(x)  =    xJxJ
x

/
// 12121

212
 


 

 

    =    xJxJ
x

// 2121

1





 

    = xsin
xπ

xcos
xπx

221



 

 

  J3/2(x)  = 










xsin

x

xcos

xπ

2
 

  

    =  xsinxcos
xπ


2

 

Put p = -3/2 

  J-5/2(x)  = 
 

   xJxJ
x

/
// 12323

232
 


 

 

    =    xJxJ
x

// 2123

3
 


 

 

    =   xcos
xπ

xsinxcos
xπx

223











 

 

    =   xcos
xπ

xsinxcos
xπx

223
  

 

    = 







 xcosxsin

x
xcos

xxπ

332
 

 

    = 
















 xsin

x
xcos

xxπ

3
1

32
 

 

 Proceeding like this we get J7/2 (x), J-7/2(x), J9/2(x), J-9/2(x),……… 

 

In general we can find Jm+1/2(x) all this functions are combinations of elementary 

functions sinx and cos  x and so for all integrals value of m, the Bessel‟s function Jm+1/2 are 

elementary function 

 

Problem 
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Prove that     xJxxJx
dx

d
p

p

p

p

1

   

Solution 

 

  Jp(x)  = 
   

 










0

2
21

n

pnn

!pn!n

/x
 

 

    = 
 

 











0
2

2

2

1

n
pn

pnn

!pn!n

x
 

 

X
ly

 by x
-p

 

  x
-p

Jp(x)  = 
 

 











0
2

2

2

1

n
pn

ppnn

!pn!n

xx
 

 

  x
-p

Jp(x)  = 
 

 



 



0
2

2

2

1

n
pn

nn

!pn!n

x
 

 

   xJx
dx

d
p

p   = 
 

 











0
2

12

2

21

n
pn

nn

!pn!n

xn
 

 

    = 
 

 











0
12

12

2

1

n
pn

nn

!pn!n

nx
 

 

    = 
 
   












0
12

12

12

1

n
pn

nn

!pn!n

x
 

x
ly

& by -1 

 

    = 
 
   













0
12

121

12

1

n
pn

nn

!pn!n

x
 

x
ly

& by x
p
 

 

    = 
 

   














0
12

121

12

1

n
pn

pnn

p

!pn!n

x
x  

 

    = 
 
   















0
1112

11121

1112

1

n
pn

pnn

p

!pn!n

x
x  

 

    = 
 
   















0
122

1221

1112

1

n
pn

pnn

p

!pn!n

x
x  
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    = 
   

   














0
122

1121

1112

1

n
pn

pnn

p

!pn!n

x
x  

 

    = 
     

      














0
122

1121

1112

21

n
pn

pnn

p

!pn!n

/x
x  

 

Put n – 1 = m 

 

   xJx
dx

d
p

p   = 
     

  














0
122

12

12

21

n
pn

pmm

p

!pm!m

/x
x  

 

    = -x
-p

Jp+1(x) 

Zero’s of Bessel function 

 

 Consider the Bessel function Jp(x) for p  0. We know Jp(x) is an infinite series. So 

Jp(x) has infinite number of five zero‟s to the equation Jp(x) = 0 has infinite no of +ive roots. 

For any given p  0 we take the +ive roots as 1, 2, 3, … 

 

 Clearly Jp(n) = 0  n  0 

 

Orthogonal property of the Bessel function 

 

 Prove that     0

1

0

 dxxλJmxλxJ npp  if m n and    npnp λJdxxλxJ
2

1

1

0

2

2

1
  if m = n 

Proof: 

 

 Consider the Bessel equation 

 

     0222  ypxyxyx      ….. (1) 

 

  ⇒ 
 

0
1

2

22




 y
x

px
y

x
y  

 

For this equation y = Jp(x) is the solution  

 

put  u(x) = y(ax) 

 

  u' = y'a 

 

  u'' = y''a
2
 

 

∴ sub y' = ,
a

u
 y'' = 

2a

u 
 and (ax) for x in equation (1) 
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   upxa
a

u
ax

a

u
ax 222

2

2






 = 0 

 

⇒  upxauxux 2222   = 0 

 

⇒ u
x

p
au

x
u 










2

2
21

 = 0    ….. (2) 

 

 Since Jp(x) in the solution of the given equation we get Jp(x) is the solution of equation 

(2) lll
rly

 Jp(bx) will the solution of 

 

  ν
x

p
bv

x
v 










2

2
21

 = 0    ….. (3) 

 

(2)  v - (3)  u 

 

⇒      uvbauvvu
x

uvvu 221
  = 0 

 

⇒      xuvbauvvuuvvux 22   = 0    ….. (4) 

 

We‟ve 

 

    xuvvu
dx

d
   =    vuuvvuvuxuvvu  1  

 

      =    uvvuxuvvu   

 

(4) ⇒     xuvbaxuvvu
dx

d 22   = 0 

 

Integrate between 0 and 1 

    
1

0

221

0 dxxuvbaxuvvu  = 0 

          
1

0

2201111 xuvdxbauvvu  = 0    ….. (5) 

 

We‟ve, 

 

  u(x) = Jp(ax)   = Jp(mx) 

 

  v(x) = Jp(bx)  = Jp(nx) 

 



 

Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education, Tirunelveli. 
143 

 

u(1) = Jp(m)  = 0     [ a and b are distinct positive zeros  

of m and n of Jp(x)] 

v(1) = Jp(n)  = 0  

 

 (5) ⇒  

1

0

220 dxxuvba   = 0 

 

       dxxJxJxxJ npmpmpnm  

1

0

22
 = 0 

 

 If m ≠ n, the positive zeros m and n are distinct 

 

 m
2
 - n

2
 ≠ 0 

 

     0

1

0

 dxxJxxJ npmp   if m ≠ n 

 

ii) If m = n 

 

 We‟ve  

 

  u
x

p
a

x

u
u 













2

2
2

   = 0 

 

Multiply by 2x
2 

u' 

 

uupuuxauxuux  2222 2222
2

   = 0 

 

  uupxuaxuauuxaux
dx

d
 22222222 2222

2

 = 0 

 

     222222 2

up
dx

d
uxa

dx

d
ux

dx

d
   = 2a

2
u

2
x 

   222222 2

upuxaux
dx

d
   = 2a

2
u

2
x 

Integrate between 0 and 1 

 

  1
0

222222 2

upuxaux     = dxxua 
1

0

222  

 

   1
0

22222 2

upxaux     = dxxua 
1

0

222  
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       11 2222
upau     = dxxua 

1

0

222  

 

  u(x) = Jp(nx) 

 

  u(1) = Jp(n) = 0 

 

  u'(x) = Jp'(nx)n
 

 

  
u'(1) = Jp'(n) n

 

 

  
u1'

2
(1) = Jp'

2
(n)(n)

2 

 

 



1

0

222 xdxua  = Jp'
2
n

2 

 

 
1

0

22
2 xdxuλn  = Jp'

2
(n)(n)

2 

 

 xdxu
1

0

2
 =  np λJ

2

2

1 
 

 

  dxxλxJ np
1

0

2
 =  np λJ

2

2

1 
      ….. (6) 

 

We know, 

 

   xJ
x

p
xJ pp 


 = -Jp+1(x) 

 

Put x = n 

 

   np

n

np λJ
λ

p
λJ 


 = -Jp+1(n) 

  0


np λJ   = -Jp+1(n) 

 

  np λJ


  = -Jp+1(n) 

 

  np λJ

2


 = Jp+1

2
(n) 
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(6) ⇒  dxxλxJ np
1

0

2
 =  np λJ

2

1
2

1
  

 

Bessel’s series 

 

 Let f(x) be a real value function defined in 0 x 1. Let 1, 2, …. be the +ive Zero‟s 

of the Bessel‟s function Jp(x) for any p  0 then we can write    xλJaxf n

n

pn





1

 

 

          ...xλJaxλJa...xλJaxλJaxf npnnpnpp   112211  

 

 This series is called the Bessel‟s series of f(x) 

 

To find the coefficient of the Bessel‟s series f(x) 

 

 The Bessel series for f(x) given by    xλJaxf np

n

n





1

 

 

        ....xλJaxλJa.....xλJaxλJa)x(f npnnpnpp   112211   ….. (1) 

 

Where 1, 2, …, are the +ive zero‟s of Jp(x) for p  0. 

 

we know, 

 

    dxxλJxλxJ mpnp
1

0

 = 0 if m  n 

 

and   dxxλxJ np
1

0

2
  =  np λJ

2

1
2

1
 if m = n 

 

(1) ⇒  xf(x)Jp(nx) =          .....xλJxλxJaxλJxλxJa nppnpp 2211  

           ....xλJxλxJaxλxJa npnpnnpn   11

2  

   dxxλJxxf np
1

0

 =         

1

0

22

1

0

11 .....dxxλJxλxJadxxλJxλxJa nppnpp

             

1

0

1

0

11

2
....dxxλJxλxJadxxλxJa npnpnnpn  

 

   =   ...aλJa...aa nnpn   0
2

1
00 1

2

121  
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   =  np
n λJ

a 2

1
2

  

 

 
na   = 

 
   dxxλJxxf

λJ
np

np




1

0

2

1

2
 

 

Compute the Bessel series of function f(x) = 1 for the interval 0 x 1 interms of the function 

J0(nx) where the n‟s are the +ive zero‟s of J0(x). 

 

Proof 

 

   f(x) =  xλJa np

n

n


1

 

 

Where    an = 
 

   dxxλJxxf
λJ

np

np




1

0

2

1

2
 

 

Here f(x) = 1, p = 0 

 

   an = 
 

 dxxλJ..x
λJ

n

n

0

1

0

2

1

1
2

  

 

    = 
 

 dxxλJ.x
λJ

n

n

0

1

0

2

1

2
  

 

    = 
 

 
1

0

1

2

1

2









n

n

n
λ

xλJ.x

λJ
 

 

    = 
 

 








 0

2 1

2

1 n

n

n
λ

λJ

λJ
 

 

    = 
 

 

n

n

n
λ

λJ
.

λJ

1

2

1

2
 

 

    = 
 nn λJλ 1

2
 

 

The series is 

 

   f(x) =  


1n

npn xλJa  
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    xf  = 
 

 xλJ
λJλ

n

n nn

0

1 1

2





 

 

Problem 

 

 If f(x) is defined by  
















1210

2121

2101

x/if

/xif/

/xif

xf then show that 

 
 

 
 xλJ

λJλ

/λJ
xf n

n nn

n
0

1
2

1

1 2





 where the n‟s are the +ive zero‟s of J0(x) 

 

Solution: 

 

 We‟ve   xf  =  xλJa n

n

pn


1

 

 

Where   
na  = 

 
   



1

0

2

1

2
dxxλJxxf

λJ
np

np

 

 

Here p = 0 

 

 an = 
 

            






1

21

21

21

21

0

2

1

2

/

np

/

/

np

/

np

np

dxxλJxxfdxxλJxxfdxxλJxxf
λJ

 

 

  = 
 

      


 1

21

0

21

21

0

21

0

02

1

0
2

1
1

2

/

n

/

/

n

/

n

n

dxxλJ..xdxxλJ..xdxxλJ..x
λJ

 

 

  = 
 

 
21

0

02

1

2
/

n

n

dxxλJ.x
λJ

 

 

  = 
 

 
21

0

1

2

1

2
/

n

n

n
λ

dxxλJx

λJ








 

 

  = 
 

 










 0

2212 1

2

1 n

n

n
λ

/λJ/

λJ
 

 

  = 
 

 2
2

12
12

1

/λJ.
λJλ

n

nn
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  = 
 

 nn

n

λJλ

/λJ
2

1

1 2
 

 

 ∴ f(x) =  xλJa np

n

n


1

 

 

  = 
 
 

 xλJ
λJλ

λJ
n

n nn

/n
0

1
2

1

21




 

 

If f(x) = x
p
 for the interval 0 x 1, show that its Bessel series in the functions Jp(nx), where 

the n are the positive zeros of Jp(x), is
 

 xλJ
λJλ

x np

n npn

p 


 


1 1

2
 

 

Proof: 

 

 We‟ve   f(x) =  xλJa np

n

n


1

 

 

Where   an = 
 

   


1

0

2

1

2
dxxλJxxf

λJ
np

np

 

 

   an = 
 

 


1

0

2

1

2
dxxλJx.x

λJ
np

p

np

 

 

    = 
 

 




1

0

1

2

1

2
dxxλJx

λJ
np

p

np

 

 

    = 
 

 
1

0

1

1

2

1

2
















 n

np

p

np
λ

xλJx

λJ
 

 

    = 
 

 














0
2 1

2

1 n

np

np
λ

xλJ

λJ
 

    

    = 
 npn λJλ 1

2



 

   ∴f(x) = 
 

 xλJ
λJλ

np

n npn




 1 1

2
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   x
p
 = 

 
 xλJ

λJλ
np

n npn




 1 1

2
 

    

 

Boundary value problem and methods of successive approximation 

 

 Consider the differential equation of the first order y' = f(x,y)with the initial condition 

when x=x0, y = y0. 

 

 The problem of finding a solution to the diff equation satisfying the initial condition 

[boundary values] is called a Boundary value Problem [B.V.P]. 

 

 Now, consider B.V.P. 

 

 y' = f(x,y), y(x0) = y0       ......... (1) 

 

 The solution of this equation is not always possible, by the methods of solving first 

order diff equation. So the approximation solution is obtained by the method successive 

approximation. 

 

 We have, 

 

  y' = f(x,y)   

  

 Suppose f(x,y) is continuous in some interval containing x0.  

 

 Integrating between x and x0 

 

     

x

x

x

x dxyxfxy

0

0
).,()(  

 

  dxyxfxyxy

x

x

).,()()(

0

0   

      

   

x

x

dxyxfxyxy

0

).,()()( 0
 

 

   

x

x

dxyxfyxy

0

).,()( 0
    ......... (2) 

 

 This integral equation is equivalent to the given equation with the boundary condition.  

 

 So the solution of the B.V.P (1) is same as the solution of the integral equation. 

 Now, for solving the integral equ (2) we apply methods of successive approximation. 
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Picard’s Method 

 

  The approximate soln of B.V.P.   

  

 y' = f(x,y), y(x0) = y0. is given by the integral equation.  

 

  

x

x

dxyxfyy

0

).,(0
   

 

 The solutions must be a continuous curve y = y(x) passing through (x0, y0). 

 

 As a first approximation take y = y0.   

 

 This is a straight line through (x0, y0) parallel to x-axis. 

 

 By successive approximation what we active is the improvement of this straight line 

into a curve which is very closed to the solution of the B.V.P. 

 

 The method is given below the integral equation is 

x

x

dxyxfyy

0

).,(0
 For 

convenience we use dummy variable „t‟ in the place of x, with in the integral equ 

 

  ∴  

x

x

dttytfyy

0

.)(,0
. 

 First approximation is  dttytfyy

x

x



0

)(, 001
.   

 Second approximation  dttytfyy

x

x



0

)(, 102
. 

 

 Third approximation  dttytfyy

x

x



0

)(, 203
. etc…….  dttytfyy

x

x

nn  

0

)(, 10
 

Solve the B.V.P. y' = y, y(0) = 1 

 

Solution:   

 

 The corresponding integral equ. 

 

  

x

x

dttyyy

0

).(0
 

  y0 =  1 

 

x = x0 

y0 

y 

p(x0, y0) 

y=y(x) 
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  

x

dttyyy
0

001 ).(  

   = 1+ 
x

dt
0

.1  

   = 1+x. 

 

  

x

dttyyy
0

102 ).(  

   = 1+  

x

dtt
0

).1(  

   = 1+

x

t
t

0

2

2








  

   = 1+ 
2

2x
x   

  

x

dttyyy
0

203 ).(  

   = dt
t

t

x

 
0

2

2
11  

  

x

tt
ty

0

32

3
3.22

1 







  

 

   = 
62

1
32 xx

x   

 

   = 
!3!2!1

1
32 xxx

  

 

    

  
)!1(

......
!3!2!1

1
132






n

xxxx
y

n

n   

 

 Continuing this process infinite values of times, (i. e) takes n⟶,  

 We get, 

  ................
!3!2

1
32


xx

xy  

 

  ∴ y  =  e
x
 

 

Note: 
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 The solution of B.V.P. obtained by applying the methods of solving diff equ is called 

the exact solution. 

 

 By successive approximation we by to get a soln., which is approximate to the exact 

solution. 

 

 In some cases the solution obtained by successive approximation coincides with the 

exact solution. 

 

For example: 

 

 Consider the above B.V.P., y' = y, y(0) = 1. 

 

  y' = y 

 

  y
dx

dy
  

 

  .dx
y

dy
  

 

∫ ing 

 

  log y = x+ A.  

  

  x = 0, y = 1 

 

   A = 0. 

 

  ∴ log y = x 

 

  y = e
x
 

 Which is the exact solution, we find this is same as the solution, obtained by 

successive approximation. 

 

2) Solve the B.V.P y' = x +y, y(0) = 1, by Picard‟s method, compare the solution with the 

exact value. 

 

    

x

x

dttytfyy

0

.)(,0
 

   y0  =  1 

 

     

x

dttytyy
0

001 .)(    
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   =  

x

dtt
0

)1(1  

 

   = x
x


2

1
2

 

 

    

x

dttytyy
0

102 .)(  

 

   = dt
t

tt

x

 









0

2

2
11   

 

   = 

x

tt
t

t

0

322

3.222
1 








  

 

   = 
3.2

1
3

2 x
xx   

 

    

x

dttytyy
0

203 .)(  

 

   = dt
t

ttt

x

 









0

3
2

6
11  

 

   = dt
t

tt

x

 









0

3
2

6
211  

 

   = 

x

ttt
t

0

432

6.432

2
1 








  

 

   = 
6.43

1
4

32 tx
xx   

 

    

x

dttytyy
0

304 .)(  

 

   = dt
tt

ttt

x

 









0

43
2

243
11  
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   = 

x

tttt
t

0

5432

5241232

2
1 










  

 

   = 
120123

1
543

2 xxx
xx   

 

 Taking n⟶ 

 

  .......
6.5.4.35.4.34.33

1
6543

2 
xxxx

xxyn  

 

   = 







 .....

5.4.3.24.3.23.22
21

5432 xxxx
x  

 

   = 







 .....

!5!4!3!2
21

5432 xxxx
x  

 

   =  xex x  121  

 

  y = 2e
x
-x-1 

 

To find exact solution: 

 

  y' = x+y, y(o) = 1. 

 

  yx
dy

dx
  

 

  xy
dy

dx
 .    Hence P(x) = -1 

         Q(x) = x 

Solution is  

 

  cdxQeye
PdxPdx


 .   u = x, du = dx, dv = e

-x
, v = -e

-x
 

 

  cdxexye xdx






.  

 

  cdxexye xx  
 .  

 

   = cdxexe xx  
 .1  
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  cexeye xxx    

 

 When x = 0, y = 1 

 

  1. e
0
 =  0-1+c. 

 

      c = 2 

 

 ∴ ye
-x

 = -xe
-x

-e
-x

+2 

 

  y = -x-1+2e
x
 is the exact solution. 

 

 Find the exact solution of initial value problem y' = 2x(1+y), y(0) = 0 starting with 

y0(x) = 0. Calculate y1(x), y2(x), y3(x) and compare with exact solution 

 

Solution: 

 

 Given equation is 

 

  y'  =  2x(1+y) 

 

  y(0) =  0 

 

  ∴y0 =  0 

 

   dttyy

x

.012
0

01    

 

   = 0+ dtt

x

.2
0

  

 

   = x
2
 

 

   dttty

x

.120 2

0

2    

   = ..2.2
0 0

3 dttdtt

x x

   

   = 

xx

tt

0

4

0

2

4

2

2

2

















 

   = 
2

4
2 x

x   
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  dt
t

tty

x

.
2

120
4

2

0

3 







   

   = dt
t

tt

x

.
2

2
22

0

5
3

 







  

   = 

x

ttt

0

642

64

2

2

2








  

   = 
62

64
2 xx

x   

 

Proceeding like this 

  ...
62

64
2 

xx
xy  

  ...
62

11
64

2 
xx

xy  

  1+y = 
2xe  

 

To find the exact value 

 

  )1(2 yx
dy

dx
  

  dxx
y

dy
.2

1



 

 

  c
x

y 
2

2
)1(log

2

 

 

 Initially, we have y = 0, x = 0. 

 

  log 1 = 0+c ⇒ c = 0. 

 

  log (1+y) = x
2
 

 

        1+y   = 
2xe  

 

Picard’s Theorem 

 

 Let f(x, y) and 
y

f




 be continuous for of x and y in a closed rectangle R with sides 

parallel to the axes. If (x0,y0) is any interior point of R1 then f a number h>0, with in the 

property that the initial value problem y' = f(x, y), y(x0) = y0 has one and only one solution  

y= y(x) on the interval x-x0h.    

 

x0-h x0 x0+h 

(x0, y0) 

y 
R' R 
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Proof:   

 

We know that, every solution of the initial value problem. 

 

  y' = f(x, y), y(x0) = y0      ......... (1) 

 

 is also a continuous solution of the integrate equation. 

    

   dttytfyxy

x

x

.)(,)(

0

0      ......... (2) 

 

 So that equ (1) has a unique soln on the interval x-x0h iff (2) has a unique 

continuous solution on the same interval. 

 

 By successive approximation, we get a sequence of function yn(x) defined by  

 

  yo(x) = y0 

 

   dttytfyxy

x

x

.)(,)( 001

0

   

   dttytfyxy

x

x

.)(,)( 102

0

     (A) 

    

   dttytfyxy n

x

x

n .)(,)( 10

0

  

 

 and this sequence {yn(x)} converges to a solution of the integral equation (2)  

 

 Now, we can write 

 

  yn(x) = y0(x) + [y1(x) - y0(x)] + [y2(x) - y1(x)] + ……+ [yn(x) - yn-1(x)] 

 

 So, yn(x) is a partial sum of the series   

 

       





1

10 )()(
n

nnn xyxyxyxy     ......... (3) 

 

 So convergence of the sequence (A) is equivalent to the convergence of the series (3) 

 Now we shall find out the positive number h>0 which defines on the interval x-x0h 

and we S.T. 

 

i. The series (3) converges to a function y(x) 

ii. y(x) is a continuous solution of (2) 

iii. y(x) is the only continuous solution of (2) 

x 
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 We have assumed that f(x, y) and 
y

f




 are continuous function on the rectangle R. 

 

 But R is closed and bounded. 

 

 ∴ F constants M and K 

 S.T f(x, y) M       ......... (4) 

     

 and Kyxf
y

f





),(        ......... (5) 

 for all points (x, y) in R. 

 

 Now, if (x, y1) and (x, y2) are district points in R, with the same x-coordinate. Then, 

 

By Mean value theorem, 

 

  *).,((
y

),(),(

21

21 yxf
yy

yxfyxf









  

 

 Where y1< y* < y2 

 

  ∴ *),(
),(),(

21

21 yxf
yyy

yxfyxf









 

 

  ∴ K
yy

yxfyxf






21

21 ),(),(
 (by (5)) 

 

  ∴ 2121 ),(),( yyKyxfyxf     ......... (6) 

 

 For any points (x, y1) and (x, y2) in R, that lie on the same vertical line. 

 

 Let us choose h to be any positive number such that Kh < 1   ......... (7) 

 

 and the rectangle R' defined by the inequalities x-x0 h and y-y0 Mh is contained in 

R. 

 

  ∴ (x0, y0) is an interior point of R. 

 

Now T.P. (i) the series (3) converges to a function y(x) 

 The series (3) is  

 

  y0(x) + [y1(x) - y0(x)] + [y2(x) - y1(x)] + …+ [yn(x) - yn-1(x)]+… 
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 It is enough to prove. 

 

 y0(x) + [y1(x) - y0(x)] + [y2(x) - y1(x)] + …+ [yn(x) - yn-1(x)]+...  ......... (8) 

 

Converges 

 

 Let us estimate the term yn(x)-yn-1(x). Each of the function yn(x) has a graph that lies 

in R' and hence in R. 

 

 Now y0(x) = y0 so the points (t, y0(t)) are in R. 

 

Equation (4) ⇒ 
 
 f(t,y0(t)) M  and 

 

 We have, 

 

    dttytfyxy

x

x

.)(,)( 001

0

  

   dttytfyxy

x

x

.)(,)( 001

0

  

  

x

x

dttytfyxy

0

)(,()( 001  



x

x

dttytf

0

)(,( 0
 

    = M 
x

x

dt

0

 

 

  001 )( xxMyxy    

 

  hMyxy  01 )(   

 

 |||rly       hMyxy  02 )(  

 

  hMyxy  03 )(  

 

  hMyxyn  0)(  

 

 y1(x) is continuous  

 Since a continuous function on a closed interval has a maximum. 

 

 Define a constant „a‟ by 
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  a = max y1(x)-y0 

 

  and y1(x)-y0(x) a 

 

 Now, the points (t,y1(t)) and (t,y0(t)) lie in R‟ 

 

 So, (6) ⇒ 
 

  katytyKtytftytf  )()()(,())(,( 0101
 

 

 Again from (A)  

 

    dttytfyxy

x

x

.)(,)( 001

0

  

    dttytfyxy

x

x

.)(,)( 102

0

  

  

x

x

x

x

dttytfdttytfxyxy

0 0

))(,())(,()()( 0112  

  

    =  dttytftytf

x

x

 

0

))(,()(,( 01  

 

  dttytftytf

x

x

 

0

))(,()(,( 01  

 

     
x

x

dtKa

0

 

 

    = 
x

x

dtKa

0

 

 

    = 0xxKa   

 

 Kahxyxy  )()( 12  

 

 |||rly KahKtytyktytftytf .)()()(,())(,( 1212   

 
       = K

2
 ah. 
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 So   dttytftytfxyxy

x

x

.)(,())(,()()(

0

1223    

 

     dttytftytf

x

x

.))(,())(,(

0

12   

 

     
x

x

dtahK

0

2  

     0

2 xxahK   

 

    = K
2
 ah

2
 

 

 2

23 )()()( Khaxyxy   

 

 |||rly 3

34 )()()( Khaxyxy   

 

  4

45 )()()( Khaxyxy   

 

 1

1 )()()( 

  n

nn Khaxyxy  

 

  etc 

 

 Now the series (8) is 

 

 y0(x) + y1(x) - y0(x) + y2(x) - y1(x) + ……+ yn(x) - yn-1(x) + …. 

 

     y0(x) + a + a(Kh) + a(Kh)
2 

+….+ a(Kh)
n-1 

+… 

     y0(x) + 
Kh

a

1
 [∵ Kh<1. the series is cgt] 

 

 The series (8) is convergent. 

 

 ∴ The series (3) is converges to a sum y(x) and yn(x) ⟶ y(x). 

 

(ii) To prove y(x) is a continuous solution of (2)  

 

 [The above argument shows not only that yn(x) converges to y(x) in the interval, but 

also this convergence is uniform. This means that by choosing n to be sufficiently large, we 

can make yn(x) as close as we please to y(x) for all x in the interval]. 

 

 Given ∑=0 a positive integer no s.t n  n0. 

 

 We have, y(x)-yn(x) <∑ for all x in the interval. 
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 Since each yn(x) is clearly continuous.  

 

 The uniform convergence implies that the limit function y(x) is also continuous. 

 

 T.P y(x) is actually a solution of (2) 

 

 We must S.T. x 

   

x

x

dtttfyxy

0

0))(,()( 0
 

 We have, (2) 

   dttytfyxy

x

x

.)(,)(

0

0   

 ∴   0.)(,)(

0

01   dttytfyxy

x

x

      ......... (9) 

 Also, we have, 

 

    dttytfyxy

x

x

.)(,)(

0

0   

    dttytfyxy n

x

x

n .)(,)( 10

0

  

     

x

x

n

x

x

n dttytfdttytfxyxy

00

))(,(.)(,)()( 1
 

   dttytftytfxyxy

x

x

nn  

0

))(,())(,()()( 1
 

 

   0))(,()(,)()( 1

0

  dttytftytfxyxy n

x

x

n
    ......... (10) 

 

 From (9) and (10) 

 

   dttytftytfxyxydttytfyxy

x

x

nn

x

x

)).(,())(,()()()(,)(

00

10    

   dttytftytfxyxydttytfyxy

x

x

nn

x

x

)).(,())(,()()()(,)(

00

10     

        

x

x

nn dttytftytfxyxy

0

))(,())(,()()( 1  

      )()(max.)()( 1 xyxyKhxyxy nn   ......... (11) 
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 The uniform convergence of yn(x) to y(x) now implies that, the R.H.S (11) can be 

made as small as, we please,  

 

 By taking n, sufficiently large, 

 

 R.H.S of (11) ⟶ 0 

 

  ∴ 0)(,()(

0

0  
x

x

dttytfyxy  

  ∴  dttytfyxy

x

x

.)(,)(

0

0   

 

  ∴ y(x) is a continuous soln of equ (2) 

 

iii) T.P. y(x) is the only continuous soln of (2) 

  

 Let us assume that ӯ(x) is also a continuous solution of (2) on the interval x-x0 h. 

 

 We shall prove that ӯ(x) = y(x) 

 We know that the graph of ӯ(x) lies in R' and hence in R. 

 

 Let us suppose that the graph of ӯ(x) leaves R' 

 

 ⇒ F an x1 such that  

 

  x1-x0< h. 

 

  ӯ(x1)-y0 = Mh 

 

 Now, ӯ (x)-y0< Mh if x-x0<x1-x0 

 

  ∴ M
h

Mh

xx

Mh

xx

yxy









0101

01(
 

 

  ∴ M
xx

yxy






01

01)(
       ......... (12) 

 

 By mean value theorem F a number x
*
 between x0 and x1 such that 

 

  *)(
)(

01

01

xy
xx

yxy





 

    = Mxyxf *))(*,(  
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  M
xx

yxy







01

01)(
      ......... (13) 

 

 Since the pt (x*,ӯ(x*)) lies in R' 

 

 Equ (12) and (13) gives the contradiction. 

 

 Which shows that no point with the property of x1 can exists, so the graph of ӯ(x) lies 

in R' 

 

 Now ӯ(x) and y(x) are both solutions of (2), 

 

 We write 

 

  dttytftytfxyxy

x

x

)(,()(,()()(

0

   

 

 Since the graphs of ӯ(x) and y(x) both lie in R' 

 

 Equ (6) gives. 

 

 )()(max)()( xyxyKhxyxy   

 

So max )()(max)()( xyxyKhxyxy   

 

 ⇒ max 0)()(  xyxy  

 ⇒ 0)()(  xyxy  

 

 ⇒ӯ(x) = y(x) for every x in the interval x-x0 h 

 

 ∴ y(x) is the soln of (2) 

 

    Hence the proof. 

 

 

Lipschitz condition 

 

 Let f(x, y) be any function define in a region R. If F a five number K s.t. 

),(),,(),(),( 212111 yxyxyyKyxfyxf   in the region, them f is said to satisfy 

Lipschitz condition. The number k is called Lipschitz constant. 

 

Note: 
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 Picard‟s theorem is also known as local existence and uniqueness theorem. 

Theorem: 

 

 Let f(x, y) be a continuous function that satisfies a Lipschitz condition. 

2121 ),(),( yyKyxfyxf  on a strip defined by axb and -<y<. If (x0,y0) is any 

point of the strip, then the initial value problem y' = f(x, y), y(x0) = y0 has one and only one 

solution y = y(x) on the interval a x b. 

 

Proof: 

 

 We know that every solution of the initial value problem 

 

  y' = f(x, y), y(x0) = y0      ......... (1)  

 

 is also a continuous solution of the integral equation 

 

   dttytfyxy

x

x

.)(,)(

0

0      ......... (2)  

 

 and conversely. 

 

 By successive approximation  

 

 We have the sequence of function     

 

  y0(x) = y0 

 

   

   dttytfyxy

x

x

.)(,)( 001

0

  

 

   dttytfyxy

x

x

.)(,)( 102

0

         …. (A) 

 

   dttytfyxy n

x

x

n .)(,)( 10

0

  

 

 We observe that yn(x) is the n
th

 partial sum of the series  

  

  yo(x)+(y1(x)-y0(x))+(y2(x)-y1(x))+…..+(yn(x)-yn-1(x))+….. ......... (3)  

 

 So the convergence of {yn(x)} is equivalent to the convergence of series (3) 

 

y=y(x

) (x0, y0) 

x

0 

a c 

y 

y

0 
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 Also,  

 

 We know that the series (3) is cgt only if the series. 

 

  y0(x) + y1(x) - y0(x) + ……+ yn(x) - yn-1(x) + …. is cgt ......... (4)  

 

 First we define 

 

  M0, M1 and M by 

 

  M0 = y0 

 

  M1 =  max y1(x) 

   

  M  =  M0+M1 

 

 We find y0(x) M and  

 

 y1(x) - y0(x)   y1(x) +y0(x) 

 

     M1+M0 

 

 ∴y1(x) - y0(x)   M 

 

 If x0xb 

    

x

x

dttytftytfxyxy

0

)(,()(,()()( 0112  

 

      

x

x

dttytftytf

0

))(,())(,( 01
 

 

     dttytyK

x

x

 

0

)()( 01
 

 

     
x

x

dtMK

0

 

 

     
x

x

dtKM

0

 

  ∴y2(x) - y1(x) KM (x-x0) 

 

 Also, 
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    

x

x

dttytftytfxyxy

0

)(,()(,()()( 1223  

      

x

x

dttytftytf

0

))(,())(,( 12
 

 

     dttytyK

x

x

 

0

)()( 12
 

      

x

x

dtxtKMK

0

)( 0
 

     
 

!2

2

02 xx
MK


 

 

 In general 

  
 
 !1

)()(

1

01

1










n

xx
MKxyxy

n

n

nn     ......... (5)

  

 

 The same argument is also valid for a xx0 provided that (x-x0) is replaced by x-x0 is 

replaced by x-x0. 

 

 ∴
 
 !1

)()(

1

01

1










n

xx
MKxyxy

n

n

nn    ......... (6)

  

 Combining (5) and (6) we find that the result holds in the interval a x b, we get 

 

  
 
 !1

)()(

1

01

1










n

xx
MKxyxy

n

n

nn  

 

      
 
 

x
n

ab
MK

n

n 







!1

1

1  in a x b 

 

 Using the series (4) 

 

 
 

   
 

....
!1

...
!3

!2
)(

...)()(...)()()()()(

113

3

2

2

112010




















n

abMKab
MK

ab
MKabKMMM

xyxyxyxyxyxyxy

nn

nn

 

 

 The series in the R.H.S.is cgt 
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 ∴ The series in the L.H.S is cgt. 

 

 ∴ The series (3) convergent uniformly on the interval a x b to a limit function y(x) 

 

 Let us assume that ӯ(x) is also a soln on the same interval.  

 

 So ӯ(x) is a continuous solution of the integral equation x 

 

  ∴  dttytfyxy

x

x

.)(,)(

0

0   

 

 If A = max ӯ(x)-y0 

 

 Then for x0x  b we see that 

 

    dttytftytfxyxy

x

x

 

0

)(,()(,()()( 01  

 

     dttytyK

x

x

 

0

)()( 0
 

 

     
x

x

dtAK

0

 

 

     )( 0xxAK   

 

 Also, 

    

x

x

dttytftytfxyxy

0

)(,()(,()()( 12  

     dttytyK

x

x

 

0

)()( 1
 

      

x

x

dtxtKAK

0

).( 0
 

     
!2

)( 2

02 xx
AK


… etc. 

 

In general 

 

 
!

)(
)()( 0

n

xx
AKxyxy

n
n

n


  
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 The similar result holds for a xx0 for any x in the interval. 

 

∴ We have, 

 

 
!

)()(
0

n

xx
AKxyxy

n

n

n


  

 

 ∴ The similar result holds for a x b. 

 

 ∴
!

)()(
0

n

xx
AKxyxy

n

n

n


  

 

   = 
!

)(2

n

ab
AK

n
 

 

 R.H.S.⟶0 as n⟶ 

 

 ∴ӯ(x)-yn(x) ⟶0 as n⟶ 

 
 ∴ӯ(x)-yn(x)⟶0 

 
 ∴ӯ(x) =yn(x) 

 

But we have, yn(x) = y(x) 

 

 ∴ӯ(x) = y(x) for every x in the interval. 

 

   Hence the proof. 

 

Problem 

 

1. Let (x0,y0) be an arbitrary paint in the plane and consider the initial value problem y' = y
2
, 

 y(x0) = y0 

 

  Explain why Picard‟s thm guarantees that this problem has a unique solution on some 

interval x-x0h f(x, y) = y
2
 and y

y

f
2




 are continuous on the entire plane, it is tempting to 

conclude that this soln is valied for all x. By considering the solution through the points (0,0) 

and (0,1). S.T. this conclusion is sometimes true and sometimes false, and that therefore the 

inference is not legitimate. 

 

Solution 

 

 Given initial value problem, 

  y' = y
2
, y(x0) = y0 
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  y = f(x, y), y(x0) = y0 

 

 Here f(x, y) = y
2
, y

y

f
2




. 

 

 Clearly f(x, y) and 
y

f




 are continuous for all y in the plane for x-x0 h 

 

 ∴ By Picard‟s theorem, the problem has a unique solutionn in x-x0 h. 

 

 Since f(x, y) and 
y

f




 are continuous for all values of y and f(x, y) and 

y

f




 are free 

from x are tempted to conclude that, the initial value problem has a unique solotionn for all 

values of x and y (i. e) in the entire plane. 

 

 Now, consider the equation. 

 

  y' = y
2
 

 

 and examine its soln at (0,0) and (0,1) we have, 

 

  y' = y
2
 

 

  2y
dx

dy
  

 

  dx
y

dy


2
 

 

 ∫ ing 

 

  Ax
y


1

       ......... (1)  

 

 At (0, 0) we cannot find the constants A  

 

 ∴ At the point (0, 0) the soln does not exists At (0, 1) 

 

 At (0, 1) 

 

  (1) ⇒ A


0
1

1
 

 

  ⇒    A = -1 
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  ∴ 1
1

 x
y

 

 

   -1 = xy-y 

 

  ⇒xy-y+1 = 0 

 

 Which is a unique soln. 

 ∴ The solution exists at this point. 

 

 Hence our conclusion that, the problem has a unique soln is sometimes true and 

sometimes false. 

 

 So our inference that initial value problem has a unique soln in the entire plane is not 

legitimate. 

 

2. Show that f(x, y) = y
1/2

 

 a) does not satisfy a Lipschitz condition on the rectangle x 1 and 0  y  1. 

 b) does satisfy a Lipschitz condition on the rectangle x 1 and c  y d where o < c < d. 

  

Solution: 

 

 Let f(x, y) = y
1/2

 

 

  
y

y

y

xfyxf 0

0

)0,(),( 2

1







 

 

        = 
2

1

1

y
 

 

 Which is not bounded near y = 0 

 

 ∴ There does not exists K>0 

 

 s.t. f(x, y)-f(x, 0) K y-0). 

 

 ∴ Lipschitz condition is not satisfied. 

 

b) f(x, y) = y
1/2

, x 1,  y  d and 0 < c < d 

 

 
cy

cy

cy

cxfyxf








 2

1

2

1

),(),(
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       =  
2

1

2

1

1

cy 
 

 

    
2

1

2

1

1

cc 
 

      =  
2

1

2

1

c
 = K say 

 

 ∴ K
yy

cxfyxf






21

),(),(
   y in c  y  d. 

 

∴ 2121 ),(),( yyKyxfyxf   

 

 ∴ Lipschitz condition is satisfied. 

 

3. Show that. f(x, y) = x
2
y satisfies a Lipschitz condition on the rectangle x 1 and y 1 

but that 
y

f




 fails to exist at many paints of this rectangle. 

 

Solution: 

 

 Let f(x, y) = x
2
y 

 

  
21

22

1

2

21

21 ),(),(

yy

yxyx

yy

yxfyxf









  

 

     = 
21

21

2 )(

yy

yyx




 

 

     = x
2
 

 

  ∴
21

21 ),(),(

yy

yxfyxf




 = x

2
 1 

 

  ∴f(x, y1) - f(x, y2)  K y1-y2. 

 

 ∴ Lipschitz condition is satisfied. 

 

 Again, 

 

  
0

)0,(),(

0 








 y

xfyxf
Lt

y

f

y
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   = 
y

yx
Lt
y

02

0




 

   = 
y

yx
Lt
y

2

0
 

 

   = x
2
 (±1)     1

y

y
if y>0 

   = ±x
2
     1

y

y
if y<0 

 

 Which is not unique. 

 

 For,  y > 0, 
y

f




= x

2
 

  y < 0, 
y

f




= -x

2
 

 

  y = 0, 
y

f




 does not exists. 

 

4. Show that f(x, y) = xy
2
 

 a) satisfies a Lipschitz condition on any rectangle a x b and c  y  d. 

 b) does not satisfy a Lipschitz condition on any strip a x b and -< y < 

 

Solution: 

 

 Let f(x, y) = xy2 

 

  
21

2

2

2

1

21

21 ),(),(

yy

xyxy

yy

yxfyxf









 

 

     = 
21

2121 )()(

yy

yyyyx




 

 

      b(d+d) 

 

      2bd = K 

 

  ∴f(x, y1) - f(x, y2)  K y1-y2. 

 

 ∴ Lipschitz condition is satisfied. 
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 b)  
21

2

2

2

1

21

21 ),(),(

yy

xyxy

yy

yxfyxf









 

 

      = x(y1+y2) 

 

      = not bounded for large values of y. 

 

  ∴ There does not exists K s.t. 

 

   ∴f(x, y1) - f(x, y2)  K y1-y2. 

 

  ∴ Lipschitz condition is not satisfied. 

 

5. S.T. f(x, y) = xy 

 a) satisfies a Lipschtiz condition on any rectangle c  y  d 

 b) satisfies a Lipschtiz condition on any strip a x b and -< y <. 

 c) does not satisfy a Lipschitz condition on the entire plane. 

 

Solution:  

 

 a) Let f(x, y) =xy 

 

  
21

21

21

21 ),(),(

yy

xyxy

yy

yxfyxf









  

 

     = 
21

21 )(

yy

yyx




  

 

      b = K (say) 

 

   ∴f(x, y1) - f(x, y2)  K y1-y2 

 

  ∴ Lipschitz condition is satisfied. 

 

 b) 
21

21

21

21 ),(),(

yy

xyxy

yy

yxfyxf









 

 

     = 
21

21 )(

yy

yyx




 

 

      b say (K) 

 

  ∴ Lipschitz condition is satisfied. 
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 c) x
yy

yxfyxf






21

21 ),(),(
 

 

  Which is unbounded for all values of x. 

 

  ∴ There does not exists K s.t.  

 

  ∴ f(x, y1) - f(x, y2)  K y1-y2 -<x<, -< y < 

 

  ∴ Lipschitz condition is not satisfied in the entire plane. 

 

6. Consider the initial value problem. 

 

  y' = y, y(x0) = y0. 

 

 a) For what points (x0, y0) does Picard theorem imply that this problem has unique 

solution on some interval x-x0 h. 

 

 b) For what points (x0, y0) does this prob actually have a unique solution in some 

interval. x-x0 h. 

 

Solution: 

 

 Let y' = y, y(x0) = y0. 

 

 Clearly f(x, y) = y is continuous in the plane. 

 

  
0

)0,(),(

0 








 y

xfyxf
Lt

y

f

y
 

   = 
y

y
Lt
y

0

0




 

 Which is not unique. 

 ∴ 
y

f




 does not exists at y = 0. 

 Hence by Picard‟s thm, a unique soln exists for all points (x0, y0) except those with 

y0= 0. 

 

 Let us examine the solution at points where y0 = 0, using Lipschitz condition. 

 

 We have, 

  
y

y

y

xfyxf 0

0

)0,(),( 





 

 

     = ±1 
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  1
0

)0,(),(






y

xfyxf
 = K (say) 

 

 ∴ We get, 

 

  ∴f(x, y) - f(x, 0) K y-0 

 

  ∴ Lipschitz condition is satisfied. 

 

 Even at points where y0 = 0, there is a unique solution for the problem. 

 

 Hence this has unique soln actually at all points (x0, y0). 

 

Linear Systems: 

 Equations of the form 

  ),,( yxtF
dy

dx
  

           ......... (1) 

  ),,( yxtG
dt

dy
  

 are said to be a system of simultaneous equation of first order: 

 

System of linear equations 

 

 The equation of the form, 

 

  )()()( 111 tfytbxta
dt

dx
  

          ......... (2)  

  )()()( 222 tfytbxta
dt

dy
  

 

Where a1, b1, f1, a2, b2, f2 are continuous functions in any closed interval [a, b] 

 

 (i.e) a x b  

 

 The equ (2) are said to be a system of linear equations 

 

 If f1(t) and f2(t) are identically zero, then the equation reduces to 

  ytbxta
dt

dx
)()( 11   

          ......... (3)  

  ytbxta
dt

dy
)()( 22   
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 System of equ (3) is called homogeneous equation and system of equation (2) is 

called non-homogeneous equation. 

 

 Verify that the linear system of equation  

 

  yx
dt

dy
4  

 

  yx
dt

dy
2  

 

 has both  x = e
3t

     and  x = e
2t

 

   y = e
3t

  y = 2e
2t

 

 

 are solutions in any closed interval. 

 

 

Solution: 

 

 Let x = e
3t

, y = e
3t

 

  

 te
dt

dy 33 ,    te
dt

dy 33  

 

 4x-y = 4e
3t

-e
3t

   2x+y = 2e
3t

+e
3t

 

 

  = 3e
3t

    = 3e
3t

 

 

 yx
dy

dx
 4    yx

dt

dy
 2  

 

  x = e
3t

 

 Thus,       is a soln of the gn equation. 

     y = e
3t

 

 

Let  x = e
3t

,    y  =  e
3t

 

 

 te
dt

dx 22    te
dt

dy 24  

 

 4x-y = 4e
2t

-2e
2t

  2x+y = 2e
2t

+2e
2t

 

  = 2e
2t

    = 4e
2t

 

 

 yx
dy

dx
 4    

te
dy

dy 24  
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  x = e
2t 

 ∴     is a solution of the given equation 

  y = 2e
2t

 

 

 

 

Theorem: 

     ytbxta
dt

dx
)()( 11     x = x1(t) 

 If the homogeneous system.     has two solutions 

     ytbxta
dt

dy
)()( 22     y= y1(t) 

 x = x
2
(t)   x = c1x1(t)+c2x2(t) 

 and         on [a, b], then          is also a soln. on [a, b] forany  

    y = y2(t)   y = c1y1(t)+c2y2(t)  

constants c1 and c2. 

 

Proof: 

 

  x = x1(t) 

 Given             is a solution of 

  y= y1(t) 
 

  ytbxta
dt

dx
)()( 11   

          ......... (1)  

  ytbxta
dt

dy
)()( 22   

  111
1 )()( ytbxta

dt

dx
  

          ......... (2)  

  122
1 )()( ytbxta

dt

dy
  

 

 

 ///rly since    x = x1(t) is a soln, we get 

   y= y1(t) 

 

  2121
2 )()( ytbxta

dt

dx
  

          ......... (3)  

  2222
2 )()( ytbxta

dt

dy
  

 Take x = c1x1(t)+c2x2(t) 

 

  
dt

dx
c

dt

dx
c

dt

dx 2
2

1
1   
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   = c1[a1(t)x1+b1(t)y1] + c2 [a1(t)x2+b1(t)y2] 

 

   = a1(t) [c1x1+c2x2] + b1(t) [c1y1+c2y2] 

 

  
dt

dx
 = a1(t)x + b1(t)y     ......... (I)  

 

 ///rly Take   y  = c1y1(t) + c2y2(t)  

 

 We get 
dt

dy
c

dt

dy
c

dt

dy 2

2

1

1   

 

   = c1[a2(t)x1+b2(t)y1] + c2 [a2(t)x2+b2(t)y2] 

 

   = a2(t) [c1x1+c2x2] + b2(t) [c1y1+c2y2] 

 

  
dt

dy
 = a2(t)x + b2(t)y     ......... (II)  

 

 Equations I and II together gives the system of equations, which are satisfied by 

 

  x = c1x1(t)+c2x2(t) 

 

  y = c1y1(t)+c2y2(t) be the solution of the equation. 

 

   Hence the proof. 

 

Theorem: 

 

    ytbxta
dt

dx
)()( 11    x = x2(t)  x = x2(t) 

 If the system of equation      has,    and     as  

    ytbxta
dt

dy
)()( 22   y= y2(t)  y= y2(t) 

     x = c1x1(t)+c2x2(t) 

a solution of the interval [a, b], then           is the general solution, if the  

      y = c1y1(t)+c2y2(t)  

Wronskian of the solution, does not Vanish on the interval [a, b]. 

 

 

Proof: 

 

 x = x1(t)  x = x2(t)   

 If    and       are the solutions of the given system of equation then 

by  

           y = y1(t)    y = y2(t) 
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the previous theorem, 

 

  x = c1x1(t)+c2x2(t) 

           ......... (1) 

  y = c1y1(t)+c2y2(t)  

 

 Where c1 and c2 are constants is also a solution of the system on the interval [a, b]. 

 

 If (1) is the general solution, them the constants c1 and c2 are unique. 

 

 Let us assume the initial condition,  

 

 When t = t0, x = x0, y = y0 

 

  c1x1(t0)+c2x2(t0)  = x0 

           ......... (2) 

  c1y1(t0)+c2y2(t0) = y0 

 

 The equation (2) have unique solution, if the coefficient determinant does not vanish. 

 

  ∴  0
)()(

)()(

0201

0201


tyty

txtx
 

 Since t0 is arbitrary, we find 

   0
)()(

)()(

21

21


tyty

txtx
 

 Wronskian, W ≠ o 

 

   Hence the proof. 

 

Problem: 

 

 The system of equation 

 

  yx
dt

dx
 4  

 

  yx
dt

dy
 2  

 

 

    x1 = e
3t

  x2 = e
2t 

We have two solutions.    and      , we get. 

    y1 = e
3t

    y2 = 2e
2t
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 Wronskian, W =  
21

21

yy

xx
 

 

   = 
tt

tt

ee

ee
23

23

2
 

 
   = 2e

5t
 - e

5t
 

   = e
5t≠ 0. 

 

 ∴ For the given equation. 

 

  x = c1e
3t

+c2e
2t

 

 

  y = c1e
3t

+2c2e
2t

 is a general solution. 

 

Note: 

 

 In the general solution if the constants c1 and c2 are evaluated using initial condition 

we get a particular solution. 

 

Note: 

 

     x = x1(t) 

 Wronskian of the solution  

      y = y1(t) 

 

 x = x2(t) 

 y = y2(t) 

  (i.e) W  = 
)()(

)()(

21

21

tyty

txtx
 

 

    = 
21

21

yy

xx
 

 

   ∴ W  =  x1y2 - y1x2 

  

Theorem: 

       x = x1(t)  x = x2(t) 

 If W(t) is the Wronskian of the two solutions     and       of the  

                y = y1(t)   y = y2(t) 

   ytbxta
dt

dx
)()( 11   

system of equation.    on [a, b], then W(t) is either identically zero or 
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   ytbxta
dt

dy
)()( 22   

nowhere zero on [a,b]. 

 

Proof: 

   x = x1(t)   ytbxta
dt

dx
)()( 11    

 Given that    is the soln of the equ   

   y = y1(t)   ytbxta
dt

dy
)()( 22   

 ∴ We get 

 

  1111
1 )()( ytbxta

dt

dx
  

 

  1212
1 )()( ytbxta

dt

dy
  

 

   x = x2(t) 

 |||rly since      is a soln, we get. 

   y = y1(t) 

 

  2121
2 )()( ytbxta

dt

dx
  

 

  2222
2 )()( ytbxta

dt

dy
  

 

 Now, 

 

      12121211111
2

2
1 )()()()( yytbxtayytbxtay

dt

dx
y

dt

dx
  

 

     = a1(t)x1y2 + b1(t)y1y2 - a1(t)x2y1 - b1(t)y1y2 

 

     = a1(t) [x1y2 - x2y1]   ......... (1)  

 

 |||rly 

     12122222212
1

1
2 )()()()( ytbxtaxytbxtaxx

dt

dy
x

dt

dy
   

 

    = a2(t)x1x2+ b2(t)x1y2 - a2(t)x1x2- b2(t)y1x2 

 

    = b2(t) [x1y2 - y1x2]   ......... (2) 

 

 (1) + (2) 
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   1221212
1

1
2

1
2

2
1 )()( yxyxtbtax

dt

dy
x

dt

dy
y

dt

dx
y

dt

dx


















  

 

   1221212
1

1
2

1
2

2
1 )()( yxyxtbtax

dt

dy
y

dt

dx
x

dt

dy
y

dt

dx


















  

 

     1221211221 )()()()( yxyxtbtayx
dt

d
yx

dt

d
  

 

     1221211221 )()()( yxyxtbtayxyx
dt

d
  ......... (3) 

 

 Wronskian is  W = 
21

21

yy

xx
 

 

    = x1y2 -y1x2 

 

∴ (3)  

 

  Wtbta
dt

dw
)()( 21   

 

  ∴  dttbta
W

dw
)()( 21   

 

 ∫ ing 

 

  log W =  ∫[a1(t)+b2(t)]dt + log C 

 

  log W = 
 dttbta

ce
 )()( 21

log  

 

  ∴ W = 
 dttbta

ec   )()( 21

 for some constant c. 

 

 We observe that, the exponential factor in the above is never zero. 

 Therefore the Wronskian W can be zero only if it is identically zero. Otherwise it is 

never zero on the interval [a, b]. 

 

   Hence the proof. 

 

Dependent and Independent solutions. 

Consider the system 
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  ybxa
dy

dx
11   

 

  ybxa
dt

dy
22   

 

  x = x1(t) x = x2(t) 

 Let     and       be two solutions of the system of equation 

  y = y1(t)   y = y2(t) 

 

 The two solutions are said to be linearly dependent if one is a constant multiple of the 

other. 

 

 (i.e) if x2(t) = Kx1(t) 

 

  y2(t) = Ky1(t). Where K is a constant. 

 

       x = x1(t) x = Kx1(t) 

 ∴ Two dependent solns will be of the form        and  

         y = y1(t)      y = Ky1(t) 

 

 If one solution is not a constant multiple of the other, then the solutions are said to be 

linearly independent. 

 

 Further consider the equation 

 

  c1x1 + c2x2 = 0 

 

  c1y1 + c2y2 = 0 

 

 The solns are independent iff c1 = 0, and c2 = 0 

 

 If one or both of c1 and c2 are non zero, then the solutions are linearly dependent. 

 

Theorem: 

 

      ybxa
dt

dx
11   

 For the homogeneous system of equ    , the two solutions 

      ybxa
dt

dy
22   

x = x1(t) x = x2(t)    x = c1x1+c2x2 

           and    are L.I on [a, b] Then       will be the general 

y = y1 (t) y = y2(t)       y = c1y1+c2y2 

 

solution of the system. 
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Proof: 

 

 x = x1(t)  x = x2(t)  

 If  and      are tow solutions of the system of equ. 

 y = y1 (t)  y = y2(t)  

 

  ytbxta
dt

dx
)()( 11   

           ......... (1) 

  ytbxta
dt

dy
)()( 22   

 

  

then  x = c1x1+c2x2 

           ......... (2) 

  y = c1y1+c2y2 

 

 Will be a general solution if the wronskian of the solution W ≠ 0. 

 

 Suppose the given solution are L.D. then  

 

  x2(t) = Kx1(t) 

 

  y2(t) = Ky1(t) where k is a constant. 

 

  W  = 
21

21

yy

xx
 

   = 
11

11

Kyy

Kxx
 

 

   = Kx1y1 - Kx1y1 

 

  W = 0 

 

 ∴ Equation (2) is not a general solution of the system of equation (1). 

 

 Suppose the Wronskian 

 

  (i.e) W = 0 

 

  c1x1+c2x2 = 0 

 

  c1y1+c2y2 = 0 

 

  ∴ c2x2 = -c1x1 
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   x2 = 
1

2

1 x
c

c
  

 

   x2 = K x1 

 

   y2 = 1

2

1 y
c

c
  

 

   y1 = K y1 

 

 ∴ The solutions are linearly dependent. 

 

 Thus we find (2) is not a general solution if the solutions are dependent. 

 

 ∴ Equation (2) will be a general solution the solutions are L.I. 

4. Problem: 

 

 Let the second order linear equation  

 

  0)()(
2

2

 xtQ
dt

dx
tp

dt

xd
      ......... (1) 

 

 be reduced to the system 

 

  y
dt

dx
  

 

  ytpxtQ
dt

dy
)()(         ......... (2) 

        x = x1(t) x = x2(t) 

If x1(t) and x2(t) are the solutions of equation (1) and if      and      are the  

          y = y1(t) y = y2(t) 

corresponding solution of (2). S.T. the Wronskian of (1) is same as the Wronskian of the 

solution (2). 

 

Proof: 

 

 Consider the second order equation 

 

  0)()(
2

2

 xtQ
dt

dx
tp

dt

xd
      ......... (1) 

 

 If x1 and x2 are two solutions of the equation (1). Then the Wronskian 
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  W = 
1

2

1

1

21

xx

xx
 

 

   = x1x2
1
 - x

2
x1

1
      ......... (3) 

 

 Put y
dt

dx
  

 

  ∴
dt

dy

dt

xd


2

2

 

 

 ∴ Equ (1) reduces to 

 

  0)()(  xtQytp
dt

dy
 

 

  ∴ xtQytp
dt

dx
)()(   

 ∴ We get, the system of equation 

 

  y
dt

dx
  

           ......... (2) 

  xtQytp
dt

dx
)()(   

 

 x = x1(t)  x = x2(t) 

 If   and      are two solutions. 

 y = y1(t)  y = y2(t) 

 

 Then Wronskian, W1 = 
21

21

yy

xx
 

 

    = x1y2 - x2y1 

 

 We have, y
dt

dx
  

  

  1
1 y

dt

dx
   2

2 y
dt

dx
  

 

  ∴ y1 = x1
1
  y2 = x2y

1
 

 

 Sub in W1 
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  ∴ W1 = x1x2
1
 - x2x1

1
 

   = W 

 

 ∴ The two wronskian are the same. 

 

 x = e
4t

 x = e
-2t 

5. (a) S.T.            and           are solutions of the homogeneous system,  

 y = e
4t 

        y = -e
-2t

 

 yx
dt

dx
3 , yx

dt

dy
 3 . 

 (b) Show in two ways that the given solution of the system in (a) are L.I on every closed 

   interval and write the general solution of this system. 

 (c) Find the particular solution x = x(t), y = y(t) of this system for which x(0) = 5 and  

y(0) = 1. 

 

Solution: 

   x = e
4t

 

 Consider  

           y = e
4t

 

   ∴ te
dt

dx 44  

 

   te
dt

dy 44  

 

   x+3y = e
4t

+3.e
4t

 

  

    = 4e
4t

 

 

  ∴ yx
dt

dx
3  

 

   3x+y = 3e
-4t

+e
4t

 

 

    = 4e
4t

 

 

  ∴ yx
dt

dy
 3  

 

  x = e
4t

 

 ∴ y = e
4t

 is a solution of the given system of equation 

 

 Now consider, 

 

  x =  e
-2t

,  y  =  -e
-2t
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  te
dt

dx 22   te
dt

dy 22   

 

  x+3y = e
-2t 

+ 3(-e
-2t

) 

 

   = -2e
-2t

 

 

 ∴        te
dt

dx 22   

 

  3x+y = 3e
-2t 

- e
-2t

 

 

   = 2e
-2t

 

 

 ∴ yx
dt

dy
 3  

 

  x = e
-2t 

 ∴ 
  y = -e

-2t
 is the solution of the given system of equation. 

 b)  Wronskian  W = 
21

21

yy

xx
 

 

    = 
tt

tt

ee

ee
24

24






 

 

    = -e
4t

e
-2t 

- e
4t

e
-2t

 

 

    = -e
2t 

- e
2t

 

 

    = -2e
2t
 0 

 

 ∴ The solutions are linearly independent. 

 Again consider the equation. 

 

  c1x1+c2x2 = 0 

 

  c1y1+c2y2 = 0 

 

 (i.e) c1e
4t

+c2e
-2t

 = 0 

 

  c1e
4t 

- c2e
-2t 

= 0 

 

 This may be written as, 
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  c1e
bt 

+ c2 = 0 

 

  c1e
6t 

- c2 = 0 

       

   2c2 = 0 

   ⇒ c2 = 0 

 

        c1e
6t 

+ 0 = 0 

 

   ⇒ c1 = 0 

 

 ∴ The solutions are linearly independent. 

 

  x = e
4t 

 x = e
-2t 

 Since  and  are L.I. 

  y = e
4t

  y = -e
-2t

 

 

 ∴ The general solution can be taken as. 

 

  x = c1e
4t 

+ c2e
-2t

 

 

  y = c1e
4t 

- c2e
-2t

 

 

 c)  To find the particular solution corresponding to x(0) = 5, y(0) = 1 

 

  (i.e) When t = 0, x = 5, y = 1 

 

 We get, 5= c1e
0
+c2e

0
 

 

   1 = c1e
0 

- c2e
0
 

  

     

  c1 + c2 = 5 

 

  c1- c2 = 1 

      

  2c1 = 6 

  c = 3 

 

  2c2 = 4 

 

  c2 = 2 

 

 ∴ The Particular solution as 

 

  x = c1x1 + c2x2 

  y = c1y1 + c2y2 
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  ∴x = 3e
4t 

+ 2e
-2t

 

 

     y = 3e
4t 

- 2e
-2t

 

 

        yx
dt

dx
2  

7. Obtain the solution of the homogenous system  

         yx
dt

dy
23   

 

 a) By differentiating the first equation w.r.to. „t‟ and eliminating y. 

 b) By differentiating the second equation w.r.to. „t‟ and eliminating x. 

 

Solution: 

 

 Given equation is 

 

yx
dt

dx
2         ......... (1) 

 

  yx
dt

dy
23          ......... (2) 

 

 Diff (1) 

 

  
dt

dy

dt

dx

dt

xd
2

2

2

  

 

   =  yx
dt

dx
232   

 

   =  yx
dt

dx
46   

 

   = 







 x

dt

dx
x

dt

dx
26  

 

   = x
dt

dx
43   

 

  043
2

2

 x
dt

dx

dt

xd
       ......... (3) 

 

 Auxillary equation is 
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  m
2 

- 3m-4
 

=  0 

 

  (m-4) (m+1)  =  0 

 

   ∴ m =  4, -1. 

 

 ∴ Solution of (3) is  

   x = c1e
4t 

+ c2e
-t
 

   ∴ tt ecec
dt

dx  2

4

14  

 

 From (1) 

   x
dt

dx
y 2  

 

    = (4c1e
4t 

- c2e
-t
) - (c1e

4t
+c2e

4t
) 

 

    = 3c1e
4t

 - 2c2e
-t
 

 

   ∴ y = tt ecec  2

4

1
2

3
 

Theorem: 

 

    x = x1(t) x = x2(t) 

 If the two solutions     and       of the homogeneous system 

    y = y1(t)   y = y2(t) 

 

 

ytbxta
dt

dx
)()( 11      x = xp(t) 

    are L.I. on [a, b] and if is any particular solution of  

ytbxta
dt

dy
)()( 22           y = yp(t) 

the nonhomogeneous system. 

 

)()()( 111 tfytbxta
dt

dx
     x =c1x1(t)+c2x2(t)+xp(t) 

)()()( 222 tfytbxta
dt

dy
  on this interval, then   y=c1y1(t)+c2y2(t)+yp(t) is the 

general solution of the non-homogeneous system on [a, b]. 

 

Proof: 

 

  x = x1(t) x = x2(t) 

 Given        and          are independent solutions of  

    y = y1(t)    y = y2(t) 
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  ytbxta
dt

dx
)()( 11   

           ......... (A) 

  ytbxta
dt

dy
)()( 22   

 

 ∴ The general solution of the homogenous system (A) can be taken as. 

 

  x = c1x1(t)+c2x2(t) 

y = c1y1(t)+c2y2(t) 

 

  x = x(t) 

 Let       be the solutions of the non-homogeneous equation. 

  y = y(t) 

 

  )()()( 111 tfytbxta
dt

dx
  

           ......... (B) 

  )()()( 222 tfytbxta
dt

dy
  

 

 ∴ We get, 

 

  )()()()()(
)(

111 tftytbtxta
dt

tdx
  

 

  )()()()()(
)(

222 tftytbtxta
dt

tdy
  

  x = xp(t) 

 Also,      is given to be a particular solution of the non-homogeneous system  

   y = yp(t) 

(B). 

 

  ∴ )()()()()(
)(

111 tftytbtxta
dt

tdx
pp

p
  

 

  )()()()()(
)(

222 tftytbtxta
dt

tdy
pp

p
  

 

 Take  x = x(t) - xp(t) 

 

  y = y(t) - yp(t) 

 

 We get, 
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   )()( txtx
dt

d

dt

dx
p  

   = 
dt

tdx

dt

tdx p )()(
  

 

   = a1(t) x(t) + b1(t) y(t) + f1(t) - [a1(t) xp(t) + b1(t) yp(t) +f1(t)] 

  

 

 

dt

d
[x(t)-xp(t)] = a1(t) [x(t) - xp(t)] + b1(t) [y(t) - yp(t)] 

          ......... (C) 

dt

d
[y(t)-yp(t)] = a2(t) [x(t) - xp(t)] + b2(t) [y(t) - yp(t)] 

 

 From (C) we find 

  x = x(t) - xp(t) 

 

  y = y(t) - yp(t) is a soln of (A) 

 

  ∴x(t) - xp(t) = c1x1 + c2x2 

 

   y(t) - yp(t)  = c1y1 + c2y2 

 

  ⇒ x(t) = c1x1 + c2x2 + xp(t) 

 

y(t) = c1y1 + c2y2 + yp(t) 

 

 is a general solution of the non-homosystem. 

 

 

   x = 2e
4t

  x = e
-t
 

6. (a) S.T.    and     are solutions of homo-system. 

   y = 3e
4t

 y = -e
-t 

 

 

  yx
dt

dx
2  

 

   yx
dt

dy
23   

 (b) Show in two ways that the given solution of the system in (a) are L.I. in every closed 

interval and write the general solution of the system. 

   x = 3t-2 

 (c) S.T.        is a particular solution of the non-homogeneous system. 

  y = -2t+3 
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 12  tyx
dt

dx
 

 2523  tyx
dt

dy
 and write the general solution of the system. 

 

Solution: 

 The given homo system is 

  yx
dt

dx
2  

           ......... (A) 

  yx
dt

dy
23   

 Take x = 2e
4t

 

 

  y = 3e
4t

 

 

  te
dt

dx 48  

 

  x+2y = 2e
4t 

+ 2.3e
4t

 

 

   = 8e
4t

 

 

 ∴ yx
dt

dx
2  

 

 Also, y = 3e
4t

 

 

  te
dt

dy 412  

 

  3x+2y = 3.2.e
4t 

+ 2.3e
4t

 

 

   = 12 e
4t

 

  ∴ yx
dt

dy
23   

 

  ∴x = 2e
4t

 

 

     y = 3e
4t

 is a solution of (A) 

 

  x = e
-t
 

Again take 

   y = -e
-t
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  te
dt

dx   

 

  x+2y = e
-t
 - 2e

-t
 

 

   = -e
-t
 

 

  yx
dt

dx
2  

 

  y = -e
-t
 

 

  ∴ te
dt

dy   

 

  3x+2y = 3e
-t
 + 2(-e

-t
) 

 

   = e
-t
 

 

 ∴ x = e
-t 

 

 

      y = -e
-t
 is a solution of (A) 

 

 (b) Consider the Wronskina. 

 

   W = 
21

21

yy

xx
 

 

    = 
tt

tt

ee

ee




4

4

3

2
 

 

    = -2e
3t

 - 3e
3t

 

 

    = -5e
3t

 

 

   ∴W  0. 

 

  Again consider the equation 

 

    c1x1 + c2x2 = 0 

 

    c1y1 + c2y2 = 0 

 

    c12e
4t 

+ c2e
-t
 = 0 

 

    c13e
4t 

- c2e
-t
 = 0 
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  Which is same as, 

 

    2c1e
5t

 + c2 = 0 

 

    3c1e
5t

 - c2 = 0 

         

    

     5c1e
5t

 = 0 

     ⇒ c1 = 0 

 

  Also   c2 = 0 

 

    ∴ c1 = c2 = 0 

 

 

    x = 2e
4t

  x = e
-t 

  ∴ The solns      and      are L.I. 

   y = 3e
4t

   y = -e
-t
 

 

 So the general solution of the system (A) can be taken as. 

 

     x =  c1x1 + c2x2 

 

     y = c1y1 + c2y2 

 

    ∴ x =  2c1e
4t

+ c2e
-t 

 

     y = 3c1e
4t

- c2e
-t
 

 

     xp = 3t-2 

 (c) We have to prove         is a particular solution of. 

     yp = -2t+3 

 

 

  12  tyx
dt

dx
 

           ......... (B) 

  2523  tyx
dt

dy
 

  xp(t) = 3t-2  yp(t) = -2t+3 

 

  
dt

tdxp )(
 = 3  

dt

tdy p )(
= -2 

 

  xp+2yp+t-1 = 3t-2+2(-2t+3)+t-1 
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    = 3t-2-4t+6+t-1 

 

    = 4t-4t+6-3 

 

    = 3 

 

  ∴
dt

tdxp )(
 = xp+2yp+t-1     ......... (1) 

 

  3xp+2yp-5t-2 

    = 3(3t-2) + 2 (-2t+3)-5t-2 

 

    = 9t-6-4t+6-5t-2 

     

    = 9t-9t-2 

 

    = -2 

  ∴
dt

tdy p )(
 = 3xp+2yp-5t-2     ......... (2) 

 

 ∴ From (1) and (2) we find 

 

  xp = 3t-2 

 

  yp = -2t+3 is a particular solution of the non-homogeneous system (B). 

 

 Hence the general solution of (B) is  

 

  x = c1x1+c2x2+xp 

 

  y = c1y1+c2y2+yp 

 

  (i.e) x = 2c1e
4t

+c2e
4t

+c2e
-t
+3t-2 

 

   y = 3c1e
4t

 - c2e
-t
-2t+3 

 

Problem 

Find the general solution of the system  

 

 (a) x
dt

dx
 ,  y

dt

dy
  

(b) S.T. any second order equation obtained from the system in (a) is not, equivalent 

to this system in the sense that it has solution that are not part of any solution of 

the system Thus although higher order equations are equivalent to systems, the 

reverse is not true, and system are more general. 

 

Solution: 
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 Given, x
dt

dx
  

 

  y
dt

dy
  

 

  dt
x

dx
  

 

    dt
x

dx
 

 

  log x = t + log c1 

 

  log x = log c1 e
t
 

 

  x = c1 e
t
 

  dt
y

dy
  

   

    dt
y

dy
 

 

  log y = t + log c2 

 

  y = c2 e
t
 

 

 ∴ x = c1e
t
 

 

  y = c2e
t
 is the soln of the system. 

 

 Again, consider, 

 

  x
x

dx
  

 

  
dt

dx

dt

xd


2

2

 

 

          (D
2
-D)x = 0 

 

  m
2
-m = 0 

 

          m(m-1) = 0 
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  m = 0, m = 1  

 

 Solution x = c1e
t 
+ c2e

0
 

 

  x = c1e
t 
+ c2 

 

 We find x = 1 not a solution of x
dt

dx
  

 

 ∴ The solution of the second order equation contains a solution which is not a solution 

of the system. 

 

 But the solutions of the system are in the solution of second order equation. 

 

 So we conclude, although the second order equation is equivalent to the system. The 

system is not equivalent to the second order equation in the above sense. 

 

 

 

 

Solutions of Homogeneous equation with constant coefficients 

 

 To solve the system of the equation 

 

  ybxa
dt

dx
11   

           ......... (1) 

  ybxa
dt

dy
22   

 

 Let us assume, 

 

  x = Ae
mt

 

 

  y = Be
mt

 as a soln. 

 

 Substituting in the equation 

 

 We get, 

  Am e
mt

 = a1Aemt + b1Be
mt

 

 

  Bm e
mt

 = a2 Ae
mt

 + b2 Be
mt

 

 

 Cancelling e
mt

 

 

  Am = a1A + b1B 
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  Bm = a2A + b2B 

 

 Thus we get, two equations in A and B. 

 

  (a1-m) A+b1B =  0 

           ......... (2) 

  a2A+(b2-m)B = 0 

 

 Clearly A = 0, B = o, are solution of the equation (2) 

 

 These are trivial solution 

 

 We know the equation (2) will have non-trivial solution if 

 

  
mba

bma





22

11
 = 0 

 

  (a1m) (b2-m) - a2b1 = 0 

 

 a1b2 - mb2 - ma1 + m
2
-a2b1 = 0 

 

 m
2
-m(a1+b

2
)+(a1b2-a2b1) = 0     ......... (3) 

 

 This equation (3) is called auxiliary equation of the system. 

 

 Solving this equation we get two values of m (say m1 and m2) 

 

 Sub m = m1 in equation (2) we get a set of values for A and B. 

 

 Let them be A1 and B1. 

 

 The corresponding solution of the system is 

 

  tm
eAx 1

11   

  tm
eBy 1

11   

 

 |||rly sub m = m2 in the equation (2) 

 

 We get a set of values A2, B2 of A and B. 

 

 The corresponding solution is  

 

  tm
eAx 2

22   

 

  tm
eBy 2

22   
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 Hence the system is solved. 

 

 The roots of the auxilliary equation. 

 

  m
2
-(a1+b2)m+(a1b2-a2b1) = 0 may be  

 

(i) real and distinct 

(ii) real and equal 

(iii) complex 

  

Case (i) 

 

 Roots of auxillary equation are real and district. 

 

 Let them be m1 and m2. 

 

 The solutionn of the system are. 

 

  tm
eAx 1

11    tm
eAx 2

22   

 

  tm
eBy 1

11   and   tm
eBy 2

22   

 

 

 

Case (ii) 
 

 Roots of auxillary equations are real and equal. 

 

 One solution of the system is 

 

  tm
eAx 1

11   

 

  tm
eBy 1

11   

 

 Now we have to find another independent soln. 

 

 Let us assume that, the solution be 

 

    tm
etAAx 1

212   

 

    tm
etBBy 1

212   

 

 We have to find A1, B1 and A2, B2. 

 

  x = x2(t) 

We know,   is a solution of the system 

          y = y2(t) 
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  2121
2 ybxa

dt

dx
  

           ......... (4) 

  2222
2 ybxa

dt

dy
  

 

 Now, 

    tm
etAAx 1

212   

 

    tmtm
eAemtAA

dt

dx
11

2121
2   

 

    tm
etBBy 1

212   

 

    tmtm
eBemtBB

dt

dy
11

2121
2   

 

 Sub in (4)   

 

 tmtmtmtm
etBBbetAAaeAemtAA 1111 )()()( 2112112121   

 

 tmtmtmtm
etBBbetAAaeBemtBB 1111 )()()( 2122122121   

 

 Cancelling e
m

1
t
 in both sides 

 

  )()()( 2112112121 tBBbtAAaAmtAA   

 

  )()()( 2122122121 tBBbtAAaBmtBB   

 

 Equating the constant term and the coefficient of t, 

 

   A1m1+A2 = a1A1 + b2B1 

 

   A2m1  = a1A2+b1B2 

           ......... (5) 

   B1m1+B2 = a2A1+b2B1 

 

   B2m1  = a2A2+b2B2 

 

 Solving the equation (5) we get 

 

 A1, A2, B1, B2, and hence the second solution is. 

    tm
etAAx 1

212   
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    tm
etBBy 1

212   

 

 Hence the general solution is  

 

  x = c1x1+c2x2 

 

  y = c1y1+c2y2 

 

Case (iii) 

 

 Roots of auxillary equations are complex. 

 

 If m1 and m2 are distinct complex numbers, then they can be written in the form a±ib, 

where „a‟ and „b‟ are real numbers, and b  0. 

 

 x = A1* e
(a+ib)t

  x = A2* e
(a-ib)t

 

    and 

 y = B1* e
(a+ib)t

  y = B2* e
(a-ib)

  These are complex valued solns. 

 

 If we express the numbers A1* and B1* in the standard form 

 

 A1* = A1+iA2 and B1* = B1+iB2 

 

 The solutions can be written as, 

 

  x =  (A1+iA2)e
at
 (cosbt + isinbt) 

 

  y = (B+iB2)e
at
 (cosbt + isinbt) 

(or) 

 

  x =  e
at
{(A1cosbt - A2sinbt)+i(A1sinbt+A2cosbt)} 

 

  y =  e
at
{(B1cosbt - B2sinbt)+i(B1sinbt+B2cosbt)} 

 

 ⇒  x = e
at
(A1cosbt-A2sinbt) 

 

  y = e
at
(B1cosbt-B2sinbt) 

 

 and 

 

  x = e
at
(A1sinbt+A2cosbt) 

 

  y = e
at
(B1sinbt+B2cosbt) 

 

 These solutions are L.I. 

 

  x = e
at
{c1(A1cosbt-A2sinbt) + c2(A1sinbt+A2cosbt)} 
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  y = e
at
{c1(B1cosbt-B2sinbt) + c2(B1sinbt+B2cosbt)} 

 

Solve: 

 

 1) yx
dt

dx
43   

 

  yx
dt

dy
32   

 

Solution: 

 

 Let x = Ae
mt

, y = Be
mt

 

 

 Sub in the equation. 

 

   mAe
mt

 = -3Ae
mt

+4Be
mt

 

 

   mBe
mt

 = -2Ae
mt

+3Be
mt

 

 

   ⇒ mA = -3A+4B 

 

       mB = -2A+3B 

 

  A(m+3)-4B = 0 

          ......... (1)  

  B(m-3)+2A = 0 

 

  0
32

43






m

m
 

 

  (m+3)(m-3)+8 = 0 

 

          m
2
-9+8 = 0 

 

   m
2
-1 = 0 

 

   m
2
 = 1 

 

   m = ±1 

 

 put m = 1 in (1) 

 

   4A-4B = 0 

 

   2A-2B = 0 
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   ∴ 4A = 4B 

 

   ⇒ A = B 

 

   ⇒ A = B = 1 

 

 ∴ The solution tm
eAx 1

1  , tm
eBy 1

1   

 

 ∴ The solution is  x1 = e
t
 

 

   y1 = e
t
 

 

 put m = -1 in (1) 

 

   2A-4B = 0 

 

   2A-4B = 0 

 

 Which reduces to A-2B = 0 

 

 Take B = 1, A = 2. 

 

 ∴ The corresponding solution is  

 

  tm
eAx 2

2  , tm
eBy 2

2   

 

  ∴x2 = 2e
-t
 

 

        y2 = e
-t
, 

 

 The general solution is  

 

  x = c1x1+c2x2 

 

  y = c1y1+c2y2 

 

 (i.e) x = c1e
t
+2c2e

-t
 

 

  y = c1e
t
+c2e

-t
 

 

2. Solve: 

 

   yx
dt

dx
43   

   yx
dt

dy
  

Solution: 
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Let the solution be x = Ae
mt

, y = Be
mt

 

 

Sub in the equation. 

 

   Ame
mt

 = 3Ae
mt 

- 4Be
mt

 

 

   Bme
mt

 = Ae
mt 

- Be
mt

 

 

 Which reduces to 

 

  (m-3)A+4B = 0 

           ......... (1) 

  -A+(m+1)B = 0 

 

  0
11

43






m

m
 

 

  (m-3)(m+1)+4 = 0 

 

  m
2
-3m+m-3+4 = 0 

 

        m
2
-2m+1 = 0 

 

  ∴ (m-1) (m-1) = 0 

 

   ∴ m = 1, 1 

 

 put m = 1 in (1) we get 

 

  -2A+4B = 0 

 

  -A+2B  = 0 

 

  ⇒ -A+2B = 0 

 

  ⇒ A = 2B 

 

 Take B = 1, ∴ A = 2. 

 

 ∴ The corresponding soln is 

 

  x1 = Ae
mt

, y = Be
mt

 

 

  x1 = 2e
t
 

 

  y1 = e
t
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 Let us assume that, the second soln is  

 

  x2 = (A1+A2t)e
t
 

 

  y2 = (B1+B2t)e
t
 

 

  
tt eAetAA

dt

dx
221

2

)(   

 

  
tt eBetBB

dt

dy
221

2

)(   

 

 Sub in the given equation 

 

  yx
dt

dx
43   

 

  yx
dt

dy
  

 

  (A1+A2t)e
t
+A2e

t
 = 3(A1+A2t)e

t 
- 4(B1+B2t)e

t
 

 

  (B1+B2t)e
t
+B2e

t
 =  (A1+A2t)e

t 
- (B1+B2t)e

t
 

 

 Which is same as, 

 

  A1+A2t+A2  = 3(A1+A2t)- 4(B1+B2t) 

 

  B1+B2t+B2  =  (A1+A2t)- (B1+B2t) 

 

 Equating the constant term 

 

 

   A1+A2  = 3A1-4B1 

           ......... (2) 

   B1+B2  = A1-B1 

 

 Equating the coeff of „t‟ 

 

    A2 = 3A2-4B2 

           ......... (3) 

    B2 = A2-B2 

 

 (3) ⇒ A2-2B2 = 0 

 

 Take B2 = 1, ∴ A2 = 2. 
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 Sub in (2) 

 

   A1+2  =  3A1-4B1 

   B1+1  =  A1-B1 

 

  ⇒ 2A1-4B1 =  2 

 

        A1-2B1 =  1 

 

 Take B1 = 0 ∴ A1 = 1 

 

 The second solution is 

    x2 = (A1+A2t)e
t 

 

     = (1+2t)e
t
 

 

    y2 = (B1+B2t)e
t
 

 

     = (0+t)e
t
 

    

     = te
t
 

 Hence the solutions are, 

 

  x1 = 2e
t
  x2 = (3+2t)e

t
 

     and  

  y1 = e
t
  y2 = (1+t)e

t
 

 

 The general solution is 

 

   x = c1x1 + c2x2 

 

   y = c1y1 + c2y2 

 

  ∴  x = c12e
t 
+ c2(1+2t)e

t 

 

   y = c1e
t 
+ c2te

t
 

3. Solve: 

 

   yx
dt

dx
2  

 

  yx
dt

dy
54   

Solution: 

 

 Let the solution be assumed as, 
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  x = Ae
mt

 

 

  y = Be
mt

 

 

 Sub in the given equation. 

 

   Ame
mt

 = Ae
mt 

- 2Be
mt

 

 

   Bme
mt

 = 4Ae
mt 

+ 5Be
mt

 

 

 Which reduce to 

 

   Am = A-2B 

 

   Bm = 4A+5B 

 

  (m-1)A+2B = 0 

 

  4A+(5-m)B = 0 

 

  0
54

21






m

m
 

 

  (m-1) (5-m)-8 = 0 

 

  5m-m
2
-5+m-8 = 0 

 

  m
2
-6m+13 = 0 

 

   m = 
2

52366 
 

 

    = 
2

166 
 

 

    = 
2

46 i
 

 

    = 3±2i 

 

  m 3+2i, 3-2i 

 

 Roots are complex. 

 

   m = 3+2i 
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 Let the solution be x = A*e
mt

 

 

   y = B*e
mt

 

 

  A* = A1+iA2 

 

  B* = B1+iB2  Where A* and B* are complex no. 

 

 The soln becomes 

 

  x = (A1+iA2)e
(3+2i)t

 

 

   = (A1+iA2)e
3t

e
2it

 

 

  y = (B1+iB2)e
(3+2i)t

 

 

   = (B1+iB2)e
3t 

e
2it

 

 

 (i.e) x =  e
3t

(A1+iA2) (cos2t+isin2t) 

 

  y =  e
3t

(B1+iB2) (cos2t+isin2t) 

 

 (i.e) x = e
3t

{[A1cos2t-A2sin2t] + i[A2cos2t+A1sin2t]} 

 

  y = e
3t

{[B1cos2t-B2sin2t] + i[B2cos2t+B1sin2t]} 

 

 We can take the solution is 

 

  x1 = e
3t

 (A1cos2t-A2sin2t) 

 

  y1 = e
3t

 (B1cos2t-B2sin2t) 

 

  x2 = e
3t

 (A2cos2t-A1sin2t) 

 

  y2 = e
3t

 (B2cos2t-B1sin2t) 

 

 Sub in the system 

 

  yx
dt

dx
2  

 

  11
1 2yx

dt

dx
  

 

 We have, 

 

  x1 = e
3t

 (A1cos2t-A2sin2t) 
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dt

dx
 = 3e

3t
 (A1cos2t-A2sin2t + e

3t
(-2A1sin2t-2A2cos2t) 

 

   = e
3t

 {(3A1-2A2)cos2t-(3A2+2A1)sin2t} 

 

 Sub in the equation 11 2yx
dt

dx
  

 

e
3t

 {(3A1-2A2)cos2t-(3A2+2A1)sin2t} = e
3t

(A1cos2t-A2sin2t)-2e
3t

(B1cos2t-B2sin2t) 

 

(3A1-2A2)cos2t-(3A2+2A2)sin2t     =  A1cos2t-A2sin2t-2B1cos2t+2B2sin2t 

 

 Equating the coeff. of cos2t 

 

  3A1-2A2 = A1-2B1 

 

2A1+2B1-2A2 = 0 

 

⇒ A1+B1-A2 = 0      ......... (1) 

 

 Equating the coeff of sin2t 

 

  -3A2-2A1 = -A1+2B2 

 

  3A2+2A1 = A2-2B2 

 

 ∴ 2A2+2A1+2B2 = 0 

 

 ⇒     A1+A2+B2 = 0      ......... (2) 

 

 Again 11
1 54 yx

dt

dy
  

 

   y1 = e
3t

 [B1cos2t-B2sin2t] 

 

   
dt

dy1  = 3e
3t

 (B1cos2t-B2sin2t) + e
3t

[-2B1sin2t-2B2cos2t] 

 

    = e
3t

 [(3B1-2B2)cos2t-(3B2+2B1)sin2t] 

 

  

 

Sub in the equation 

 

   11
1 54 yx

dt

dy
  
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e
3t

 {(3B1-2B2)cos2t-(3B2+2B1)sin2t} = 4{e
3t

(A1cos2t-A2sin2t)}+5{e
3t

(B1cos2t-B2sin2t)} 

 

Equating coefficient of cos2t 

 

  3B1-2B2 =  4A1+5B1 

 

  4A1+2B1+2B2 =  0 

 

  2A1+B1+B2 =  0      ......... (3) 

 

Equating the coefficient of sin2t 

 

  -(3B2+2B1) = -4A2-5B2 

 

  3B2+2B1 = 4A2+5B2 

 

  4A2+2B2-2B1 = 0 

 

  2A2+B2-B1 = 0      ......... (4) 

  

  A1-B1-A2 = 0      ......... (1) 

 

  A2+A2+B2 = 0      ......... (2) 

 

 Take B1 = 0 

 

 (1)  A1-A2 = 0 

 

 (2)  A2+A1+B2 = 0 

 

 (3)  2A1+B2 = 0 

 

 (4)  2A2+B2 = 0 

 

 Since A1-A2 = 0 

 

   A1 = A2 = 1 

 

 (2)  1+1+B2 = 0 

 

   2+B2 = 0 

 

   B2 = -2 

 

   B1 = 0 

 

 ∴ The soln is x1 =  e
3t

(cos2t-sin2t) 
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   y1 = e
3t

(0cos2t-(-2)sin2t)  

 

   y1 = e
3t

(2sin2t) 

 

   x2 = e
3t

(cos2t+sin2t) 

 

   y2 = e
3t

(-2cos2t) 

 

 The general soln is 

 

   x = c1x1+c2x2 

 

   y = c1y1+c2y2 

 

  ∴ x = c1e
3t

(cos2t-sin2t)+c2e
3t

(cos2t+sin2t) 

 

   y = c1e
3t

(2sin2t)-2c2e
3t

cos2t 

 

Problem 

 

S.T. the condition a2b1>0 is sufficient but not necessary for the system. 

 

ybxa
dt

dx
11   

ybxa
dt

dy
21   to have two real value L.I solutions of the form x = Ae

mt
, y = Be

mt
. 

 

Proof: 

     x = Ae
mt

 

 Two solutions of the form       will be real and independent iff the values of  

     y = Be
mt

 

m1 must be real and distinct. 

 

The roots of the auxillary equation 

 

 m
2
-(a1+b2)m+(a1b2-a2b1) = 0 

 

 must be real and distinct. 

 

  A > 0 

 

 (i.e) b
2
-4ac > 0 

 

  (a1+b2)
2
-4(a1b2-a2b1) > 0 

 

  ∴ a1
2
+b2

2
+2a1b2-4a1b2+4a2b1 > 0 
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  ∴ a1
2
+b2

2
-2a1b2+4a1b2 > 0 

 

  (a1-b2)
2
+4a2b1> 0        ......... (1) 

 

 Suppose a2b1> 0, the above inequality is satisfied. 

 

 Again even when a2b1<0, the inequality is satisfied if (a1-b2)
2
> -4a2b1. 

 

 So a2b1>0 is only a sufficient condition for (1) to be satisfied and not a necessary 

condition. 

 

Problem 

S.T the Wronskian of the two solns, x1 = e
at
{A1cosbt - A2sinbt}, y1 = e

at
{B1cosbt-

B2sinbt} and x2 = e
at
{A1sinbt - A2cosbt}, y1 = e

at
(B1sinbt+B2cosbt) is given by W(t) = (A1B2-

A2B1)e
2at

 and P.T. A1B2-A2B1≠ 0. 

 

Proof: 

 

  W(t) = 
21

21

yy

xx
 

 

   = 
)cossin()sincos(

)cossin()sincos(

2121

2121

btBbtBebtBbtBe

btAbtAebtAbtAe
atat

atat




 

 

   = 
btBbtBbtBbtB

btAbtAbtAbtA
e at

cossinsincos

cossinsincos

2121

21212




 

 

   = e
2at

 [A1B1sinbt cosbt+A1B2cos
2
bt-A2B1sin

2
bt-A2B2sinbt cosbt- 

 

    A1B1sinbtcosbt+A1B2sin
2
bt-A2B1cos

2
bt+A2B2sinbtcosbt] 

 

   = e
2at

{A1B2(cos
2
bt+sin

2
bt) - A2B1(sin

2
bt+cos

2
bt)} 

 

   = e
2at

(A1B2-A2B1) 

 

  ∴ W(t) = e
2at

(A1B2-A2B1) 

 

 Since the solutions are linearly independent 

 

    e
2at

(A1B2-A2B1) ≠ 0. 

 

 ∵ e
2at≠ 0, 

 

   A1B2 - A2B1≠ 0 

 

 Consider the non-homogenous linear system. 
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  )()()( 111 tfytbxta
dt

dx
  

           ......... (1) 

  )()()( 222 tfytbxta
dt

dy
  

 

 and the corresponding homo system 

 

  ytbxta
dt

dx
)()( 11   

           ......... (2) 

  ytbxta
dt

dy
)()( 22   

 

  x = x1(t) x = x2(t)    x = c1x1(t)+c2x2(t) 

 (a) If  and            are L.I of (2), so that           is its  

  y = y1(t)      y = y2(t)    y = c1y1(t)+c2y2(t) 

general solution. 

 

 S.T. x = v1(t)x1(t)+v2(t)x2(t) 

 

         y = v2(t)y1(t)+v2(t)y2(t) will be a particular soln of (1), if the functions, v1(t) and 

v2(t) satisfy the system. 

 

  v1
1
x1+v2

1
x2 = f1 

 

  v1
1
y1+v2

1
y2 = f2 

 

 This technique for finding particular solutions of non-homogeneous linear system is 

called the method of variation of parameter. 

 

 (b) Apply the method out lined in (a) to find a particular soln of the non-homo system 

 

   25  tyx
dt

dx
 

 

   8824  tyx
dt

dy
 

Solution: 

 

  Let us find the general soln of the homo system. 

 

   yx
dt

dx
  

            ......... (1) 
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  yx
dt

dy
24   

 

 Let x = Ae
mt

 

 

       y = Be
mt

 be a soln. 

 

 Sub in equ (1) 

 

   Ame
mt

 = Ae
mt

 + Be
mt

 

 

   Bme
mt

 = 4Ae
mt

 - 2Be
mt

 

 

   Am = A+B 

 

   Bm = 4A-2B 

 

  (m-1)A-B = 0 

           ......... (2) 

  4A-(m+2)b  = 0 

 

 
)2(4

11





m

m
 = 0 

 

 -(m-1) (m+2) + 4 = 0 

 

 -(m
2
-m+2m-2)+4 = 0 

 

  -m
2
-m+2+4 = 0 

 

  m
2
+m-6 = 0 

 

  (m+3) (m-2) = 0 

 

   m = -3,2 

 

 put m = -3 in (2) 

 

   -4A-A = 0 

 

   4A+B = 0 

 

 Take A = 1, B = -4 

 

 ∴ The soln is 

 

  tm
Aex 1

1   
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   = e
-3t

 

 

  tm
Bey 1

1   

 

   = -4e
-3t

 

 

 put m = 2 in (2) 

 

  A-B = 0 

 

  4A-4B = 0 

 

   A-B = 0 

 

   A = B = 1 

 

 ∴ The soln is  

 

  x2 = Ae
mt

 

 

   = e
2t

 

 

  y2 = Be
mt

 

 

   = e
2t

 

 

 The general soln is 

  x = c1x1+c2x2 

 

  y = c1y1+c2y2 

 

 (i.e) x = c1e
-3t

+c2e
2t

 

 

  y = -4c1e
-3t

+c2e
2t

 

 

The given non-homo system, 

 

  25  tyx
dt

dx
 

 

  8824  tyx
dt

dy
  

 

 f1(t) = -5t+2, f2(t) = -8t-8. 

 

 Let us find the particular solution by variation of parameters. 
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 Let us assume 

 

  x = v1x1+v2x2 

 

  y = v1y1+v2y2 is a particular solution, where v1, v2 are functions of „t‟. 

 

   )()( 21

21

1

1

1

22

1

11

1 xvxvxvxvx   

 

   )()( 21

21

1

1

1

22

1

11

1 yvyvyvyvy   

To find v1 and v2 

 

 Take, v1
1
x1+v2

1
x2 = f1      ......... (4) 

 

  v1
1
y1+v2

1
y2 = f2      ......... (5) 

 

 Solving (4) and (5) 

 

 (4) y2 v1
1
x1y2+v2

1
x2y2 = f1y2 

 

 (5)x2   v1
1
y1x2+v2

1
x2y2 = f2x2 

        

        v1
1 
(x1y2-y1x2)  =  f1y2 - f2x2 

 

   v1
1
 = 

2121

2221

xyyx

xfyf




 

 

 From (4) 

 

   v2
1
x

2
 = f1 - v1

1
x1 

 

    = 1

2121

2221
1 x

xyyx

xfyf
f 












  

 

    = 
2121

212211211211

xyyx

xxfyxfxyfyxf




 

 

    = 
2121

121122

xyyx

yxfxxf




 

 

   v2
1
x

2
 = 

2121

11122 )(

xyyx

yfxfx




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   v2
1
 = 

2121

1112

xyyx

yfxf




 

 

 For the given equation 

 

  f1 = -5t+2, f2 = -8t-8 

 

  x = e
-3t

  x2 = e
2t

 

       and  

  y = -4e
-3t

         y2 = e
2t

 

 

  ∴x1y2-y1x2 = e
-3t

 e
2t 

+ 4e
-3t

 e
2t

 

 

    = e
-t
+4e

-t
 

    = 5e
-t
 

 

   v1
1
 = 

2121

2221

xyyx

xfyf




 

 

    = 
t

tt

e

etet




5

)88()25( 22

 

 

    = )8285(
5

3

 tt
e t

 

 

   v1
1
 = )103(

5

3

t
e t

 

 

   v1 = dtte t )103(
5

1 3   

 

    = 








  dt
ee

t
tt

.3
33

)103(
5

1 33

 

 

    =   









33
103

5

1 33 tt ee
t  

 

    = )1103(
15

3

t
e t

 

 

    = )93(
15

3

t
e t
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    = )3(3
15

3

t
e t

 

 

   v1 = )3(
15

3

t
e t

 

 

   v2
1
 = 

1221

1112

yxyx

yfxf




 

 

    = 
t

tt

e

etet


 

5

)4)(25()88( 33

 

    =  82088
5

2




tt
e t

 

 

    =  t
e t

28
5

2




 

 

   v2 = 


dtte t .
5

28 2  

 

    = 


















dt
ete tt

225

28 22

 

 

    = 













 

425

28 22 tt ete
 

 

    = 











 

2

1

25

28 2 te t  

    = 






 





2

12

25

28 2 t
e t  

 

   v2 = )12(
5

7 2  te t  

 ∴ The particular solution is 

 

   x = v1x1+v2x2 

 

   x = 
ttt

t

eteet
e 223

3

)12(
5

7
)3(

5
 

 

 

    = )12(
5

7
)3(

5

1
 tt   
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    = )714)3(
5

1
 tt  

 

    = )1015(
5

1
t  

 

    = )23(5
5

1
t  

 

   x = 3t+2. 

 

   y = v1y1+v2y2 

 

    = 
ttt

t

eteet
e 223

3

)12(
5

7
)4)(3(

5
 

 

 

    = )12(
5

7
)3(

5

4



tt  

 

    = 714124(
5

1
 tt  

 

    = )510(
5

1
t  

 

    = )12(5
5

1
t  

 

   y = 2t-1. 

 

 ∴ The required particular solution is 

 

   x = 3t+2 

 

   y = 2t-1. 

 

 

 

 

 

 

 

 

 

Unit - IV 
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Partial Differential Equations of the first order 
 

 

We obtain a relation between the derivatives of the kind 

 

  0,.....,.....,,.....,
2

2

2






















txx
F






 

 

 Such an equation relating partial derivatives are called a partial differential Equation. 

 

 The order of a partial differential equation to be the order of the derivatives of highest 

order occurring in the equation. If for example, we take θ to be the dependent variable and x, 

y and t to be independent variables, then the equation 
tx 






 
2

2

 is a second order equation 

in two variables. 

 

 The equation, 0

3



















tx


is a first order equation in two variables, and 

0














ty
y

x
x


 is a first order equation in three variables. 

 

 The are two independent variables x and y and z is the dependent variables, then we 

write 
x

z
p




 , 

y

z
q




 . 

 

 This equation can be written in the form  

 

  f(x, y, z, p, q) = 0 

 

Formation of partial differential equation by eliminating arbitrary constant 

Problem 

 Find the partial differential equation by eliminating the constants a and c from the 

equation x
2
+y

2
(z-c)

2
 = a

2
. 

Solution: 
 

  x
2
+y

2
(z-c)

2
  =  a

2
 

 

 Diff w.r.to x 

 

  2x+2(z-c)
x

z




 = 0 

 

  x+(z-c)p = 0      ……(1) 

 Diff w.r.to y 
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  2y+2(z-c)
y

z




 = 0 

 

  y+(z-c)q = 0      ……(2) 

 

 From (1) 
p

x
cz


  

 

 From (2) 
q

y
cz


  

 

  ∴
q

y

p

x 



 

 

  
q

y

p

x
  

 

  qx - py = o 

 

Problem 

 Form the partial differential equation by eliminating the constants a and c from the 

equation x
2
+y

2
=(z-c)

2
tan

2
. 

 

Solution: 

 

 Given equation is 

 

  x
2
+y

2
 = (z-c)

2
tan

2
 

 

 Diff w.r.to x 

 

  2x = 2(z-c)
x

z




tan

2
 

  x = (z-c) p tan
2
 

 

  (z-c)tan
2
 = 

p

x
       ……(1) 

 Diff w.r.to y 

 

  2y = 2(z-c)
y

z




tan

2
 

 

  y = (z-c)q+tan
2
 
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 (z-c)tan
2
 = 

q

y
       ……(2) 

From (1) and (2) 

 

  
q

y

p

x
  

 

  qx-py = 0. 

 

Problem 

 Find the partial differential equation of f(x
2
+y

2
) = z. 

 

Solution: 
 

 Given f(x
2
+y

2
) = z 

 

 Diff w.r.to x 

 

  f'(x
2
+y

2
)2x = 

x

z




 

 

  f'(x
2
+y

2
)2x = p      ……(1) 

 

 Diff w.r.to y 

 

  f'(x
2
+y

2
)2y = 

y

z




 

 

  f'(x
2
+y

2
)2y = q      ……(2) 

 

 
q

p

y

x


)2(

)1(
 

 

   qx-py = 0 

 

Problem 
 Eliminate the arbitrary function f from z = xy+f(x

2
+y

2
) 

 

Solution: 

  

 Given z = xy+f(x
2
+y

2
) 

 Diff w.r.to x 

 

  
x

z




 = y+f'(x

2
+y

2
).2x 
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  ∴ p = y+f'(x
2
+y

2
).2x 

 

  p-y = f'(x
2
+y

2
).2x 

 

 ∴   f'(x2
+y

2
) = 

x

yp

2


       ……(1) 

 

 Diff w.r.to y 

 

  
y

z




 = x+f'(x

2
+y

2
)2y 

 

  q = x+f'(x
2
+y

2
)2y 

 

      f'(x
2
+y

2
) = 

y

xq

2


       ……(2) 

 

 From (1) and (2) 

 

  
y

xq

x

yp

22





 

 

  y(p-y) = x(q-x). 

 

Problem 

 Eliminate the arbitrary function from the equation z = 








z

xy
f  

  

Solution: 

 

 Given z = 








z

xy
f  

 

 Para. Diff w.r.t x. 

 

  


























x

z

z

xy

z

y

z

xy
f

x

z
2

 

  p = 
















 p

z

xy

z

y

z

xy
f

2
     …… (1) 

 

 |||rly Diff w.r.to y 

 

  





















q

z

xy

z

x

z

xy
f

y

z
2
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  
















 q

z

xy

z

x

z

xy
fq

2
     …… (2) 

     

 

q
z

xy

z

x

p
z

xy

z

y

q

p

2

2

)2(

)1(





  

 

  
xyqx

xypy

q

p
z

z




  

 

  
)(

)(

yqzx

xpzy

q

p




  

 

 x(z-yq)p = y(z-xp)q 

 

 xzp - xypq = yzq - xypq 

 

  xzp = yzp 

 

  xp = yq 

 

 xp - yq = 0 

 

Problem 

 Eliminate arbitrary function from f(x
2
+y

2
+z

2
, z

2
-2xy) = 0. 

 

Solution: 

 

 Given equation f(x
2
+y

2
+z

2
, z

2
-2xy) = 0. 

 

 Which may be taken as, 

 

  z
2
-2xy = g(x

2
+y

2
+z

2
) 

 

 Diff w.r.to x 

 

    

















x

z
zxzyxgy

x

z
z 2222 222  

 

       zpxzyxgyzp  22 222
   …… (1) 

 

 Diff w.r.to y 
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    

















y

z
zyzyxgx

y

z
z 2222 222  

     zqyzyxgxzq  222 222
 

 

    zqyzyxgxzq  222
   …… (2) 

 

  
zqy

zpx

xzq

yzp











)2(

)1(
 

 

  (zp-y) (y+zp) = (x+zp) (zq-x) 

 

 

Cauchy’s Problem for First - order equations 

 

(a) x0(), y0() and z0() are functions, which together with their first derivatives, are 

 continuous in the interval M defined by 1 <<2. 

(b) And if F(x, y, z, p, q) is a continuous function of x, y, z, p and q in a certain region U of 

 the xyzpq space, then it is required to establish the existence of a function (x, y) with 

 the following properties. 

 

 (1) (x, y) and its partial derivatives with respect to x and y are continuous functions of 

  x and y in a region R of the xy space. 

 (2) For all values of x and lying in R1 the point {x, y, (x, y), x(x, y), y(x, y)} lies in U 

  and F [x, y, (x, y), x(x, y), y(x, y)] = 0 

 (3) For all  belonging to the interval M the point {x0(), y0()} belonging to the region 

  and   (x0(), y0() = z0 

 

Linear Equations of the First order 

 

 A first order linear partial differential equation of the form. 

 

  Pp + Qq = R 

 

 Where P, Q, R are functions of x, y, z is called Lagrange‟s equation, 

 

Theorem: 

 

 The general solution of the linear partial differential equation Pp+Qq = R is  

F(u,v) = 0, where F is an arbitrary function and u(x, y, z) = c1 and v(x, y, z) = c2 form a 

solution of the equation 
R

dz

Q

dy

P

dx
  
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Proof: 

 

 Given u(x, y, z) = c1, v(x, y, z) = c2 is a solution of 
R

dz

Q

dy

P

dx
   …… (1) 

 From, u(x, y, z) = c1 we get, 

 

  0













dz

z

u
dy

y

u
dx

x

u
      …… (2) 

 

 From (1) and (2) we find 

 

  0














z

u
R

y

u
Q

x

u
P       …… (3) 

 

 |||rly, consider v(x, y, z) = c2 and equ (1) we get, 

 

  0














z

v
R

y

v
Q

x

v
P       …… (4) 

 

 From (3) and (4) 

 

  

x

v

y

u

y

v

x

u

R

z

v

x

u

x

v

z

u

Q

y

v

z

u

z

v

y

u

p





















































 

 

 (i.e) 

),(

),(

),(

),(

),(

),(

yx

vu

R

xz

vu

Q

zy

vu

p














    …… (5) 

 

 We know, F(u, v) = 0 is the general soln of partial differential equation, 

 

  
),(

),(

),(

),(

),(

),(

yx

vu
q

xz

vu
p

zy

vu














    …… (6) 

 

 From (5) and (6) 

 

  Pp + Qq = R 

 

 Hence u(x, y, z) = c1 and v(x, y, z) = c2 is a solution of 
R

dz

Q

dy

P

dx
  

 

 Thus F(u, v) = 0 is a general soln of  

 

  Pp+ Qq = R 
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The result in the above theorem can be extended to any number of variables. 

 

 The general soln of 

  

  R
x

z
P

x

z
P

x

z
P

n

n 













....

2

2

1

1 is F(u1, u2,….,un) = 0 

 

 Where u1(x1, x2,….,xn) = c1, u2(x1,x2,…,xn) = c2….. un(x1,x2,….,xn) = cn is a solution of 

  
R

dz

P

dx

P

dx

P

dx

n

n  .....
2

2

1

1  

 

Problem 

 Find the general solution of the differential equation, zyx
y

z
y

x

z
x )(22 









 

 

Solution: 

 

 Given x
2
p+y

2
q = (x+y)z 

 

  P = x
2
, Q = y

2
, R = (x+y)z 

 

 The auxillary equ is 

 

   
R

dz

Q

dy

P

dx
  

 

   
zyx

dz

y

dy

x

dx

)(22 
  

 

  Take, 
22 y

dy

x

dx
  

 

    
22 y

dy

x

dx
 

 

   c
yx





 11
 

   c
yx


11
 

 

   1

11
c

yx
  
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 Take 
zyx

dz

yx

dydx

)(22 





 

 

  
z

dz

yx

dydx





 

 

  log(x-y) = log z + log c2 

 

  log(x-y) = logzc2 

 

  x-y  = zc2 

 

   2c
z

yx



 

 

 The general soln of the given equ is F(u, v) = 0 

  

  ∴ 0,
11








 


z

yx

yx
F  

 

  (i.e) 











yx
f

z

yx 11
 

 

Problem 

 Find the general soln of the equ z(xp-yq) = y
2
-x

2
 

 

Solution: 

 

 Given equ is  z(xp - yq)  =  y
2
-x

2
 

 

   zxp - zyq = y
2
-x

2
 

 

   Pp+Qq  = R 

 

   ∴ P = zx, Q = -zy, R = y
2
-x

2
 

 

 Auxillary equ is 
R

dz

Q

dy

P

dx
  

   
22 xy

dz

zy

dy

zx

dx





  

 

 Take  
zy

dy

zx

dx


  
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y

dy

x

dx 
  

 

 ∫ ing 

   logx = -logy + log c1 

 

  logx+logy = log c1 

 

   log xy = log c1 

 

   xy = c1 

 

  

 

 

Again 

  
22 xy

dy

yzzx

dydx







 

 

  
))(()( yxyx

dz

yxz

dydx









 

 

  
yx

dz

z

dydx





 

 

         (x+y) (dx+dy) = -zdz 

 

  (x+y)d(x+y) = -zdz 

 

∫ ing 

 

  
222

)( 222 czyx






 

 

  (x+y)
2
+z

2
 = c2 

 

 The general soln is given bu F(u, v) = 0 

 

 (i.e) F(xy, (x+y)
2
+z

2
) = 0 or v = f(u) 

 

  (x+y)
2
+z

2
 = f(xy). 

 

Problem 

 If u is a function of x, y and z which satisfies the partial differential equation. 

 

Solution: 
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        0















z

u
yx

y

u
xz

x

u
zy  

 

 Show that u contains x, y and z only in combinations x+y+z and x
2
+y

2
+z

2
 

 

 The auxillary equ is 

 

  
0

du

yx

dz

xz

dy

zy

dx









 

 

 ∴ We get, du = 0 ∴ u = c1 

 

  0




yxxzzy

dzdydx
 

 

    dx+dy+dz = 0 

   x+y+z = c2 

 

 Again 
0)()()(

du

yxzxzyzyx

zdzydyxdx





 

  

  
0

du

zyzxxyyzzxxy

zdzydyxdx





 

 

   xdx+ydy+zdz = 0 

 

   ∴
2222

3
222 czyx

  

 

   ∴ x
2
+y

2
+z

2
 = c

3
 

 

 If u is the soln, u(c1,c2,c3) = 0 

 

 (i.e)u(c1, x+y+z, x
2
+y

2
+z

2
) = 0 

 

  u = f (x+y+z, x
2
+y

2
+z

2
). 

 

 

Nonlinear Partial Differential Equation of the first order. 

 

 The solutions of the partial differential equation of the first order will contain two 

constants and may be in the form, F(x,y,z,a,b) = 0. In this case the solution is said to be the 

complete solution or complete integral. 

 



 

Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education, Tirunelveli. 
234 

 

 A solution of the partial differential equation will be in terms of two arbitrary 

functions in the form F(u, v) = 0, In this case the solution is called general solution or general 

integral. 

 

 The complete solution of the partial differential equation of the first order is of the 

form F(x,y,z,a,b) = 0, where a and b are arbitrary constants. 

 

 Consider, this solution as a function of a, b 

 

  (i.e) (a, b) = 0      …… (1) 

 

 Take  0




a


      …… (2) 

 

   0




b


      …… (3) 

 

 The equation obtained by eliminating a and b from (1), (2), (3) is known as the 

general singular solution of the differential Equation. 

Envelope 

 

 Consider the complete solution of partial differential equation of the form (a, b) = 0, 

If we can express one the constants in terms of the other say b = f(a) then  

 

  (a,f(a))  = 0      …… (1) 

   

   0




a


      …… (2) 

 

 Eliminating „a‟ from (1) and (2) we get the envelope of the family of surfaces which 

are solution of the given differential equation. 

 

Problem 

 Verify that z = ax+by+a+b-ab is a complete integral of the partial differential equation  

z = px+qy+p+q-pq, where a and b are constants. Show that the envelope of all planes 

corresponding to complete integrals provides a singular solution of the differential equation, 

and determine a general solution by finding the envelope of those planes that pass through the 

origin. 

 

Solution: 

 

  Given z = ax+by+a+b-ab       …… (1) 

 

   a
x

z





 a = p 
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   b
y

z





 b = q 

 

  Eliminating a and b 

 

 We get, z = px+qy+p+q-pq       …… (2) 

 

 ∴ (1) is a complete solution of (2) 

 

 Let P(a, b) = ax+by+a+b-ab-z       …… (3) 

 

  bx
a





1


 

 

  ay
b





1


 

 

  0




a


  x+1-b = 0 

  

       b = x+1 

 

  0




b


  y+1-a = 0 

  

  a = y+1 

 

 (a, b) = 0 

 

  ∴ z = ax+by+a+b-ab 

 

   = a(1+x)+b(y+1)-ab 

 

   = (y+1)(x+1)+(x+1)(y+1)-(x+1)(y+1) 

 

   = (x+1)(y+1) 

 

 ∴ The general singular solution is 

 

  z = (x+1)(y+1) 

 

 The given plane passes through the origin 

 

  z = ax+by+a+b-ab 

 

   0 = 0+0+a+b-ab 
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  a+b-ab = 0 

 

  b(1-a) = -a 

 

  ∴ b = 
a

a





1
 

   = 
1a

a
 

 We have, 

  z = y
a

a
ax 












1
 

 

 f(x,y,z,a,(a)) = zy
a

a
ax 












1
 

 Eliminating „a‟ from (3) and  0




a

f
, we get the required solution. 

 

Problem 

 Verify that the equations 

 (a) byaxz  22  

 (b) z
2
+ = 2(1+

-1
) (x+y) are both complete integrals of the partial differential equation 

 

Solution: 

 

  
qp

z
11

  

 

 We have, byaxz  22  

 

  ∴ 02
22

1









axx

z
 

  ∴ P = 
ax 22

1
 

 

 ∴
p

ax
1

2   

  2
22

1

byy

z







 

  
by

q



2

1
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 ∴
qby

1

2

1



 

 

 We have byaxz  22  

 

  ∴
qp

z
11

  

 

 Again z
2
+ = 2(1+

-1
) (x+y) 

 

  )1(22 1





x

z
z  

 

  zp = (1+
-1

)       …… (1) 

 

 Also,  )1(22 1




x

z
z  

 

  zq = (1+
-1

)      …… (2) 

 

 


1

)2(

)1(


q

p
 

 

  
q

p
1  

 (1) 
q

p
zp  1  

 

  
qp

p

p
z 

1
 

 

  
qp

z
11

  

 

 ∴ byaxz  22  and z
2
+ = 2(1+

-1
) (x+y) are both complete of the 

partial differential equation 
qp

z
11

 . 

Problem 

 Compatible system of first order equation 

 

  Consider the first order Partial  differential equation is 

 

   f(x, y, z, p, q) = 0      …… (1) 
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  g(x, y, z, p, q) = 0      …… (2) 

 

If every solution of (1) is a solution of (2) and every solution of (2) is a solution of 

(1). Then (1) and (2) are called compatible. 

 

Definition: 

 

 Two equations are said to compatible if every solution of one is a solution of the 

another. 

 

To find the condition that two P.D.E of first order are compatible. 

 

 Let the given equation be 

 

  f(x, y, z, p, q) = 0      …… (1) 

 

 and g(x, y, z, p, q) = 0      …… (2) 

 

 The equation can be solved for p and q if  

 

  0
),(

),(







qp

gf
J  

 

 If the equations are compatible we must be able to solve for p and q. 

 

  ∴ J ≠ 0 

 

 Let p =  (x, y, z) and q = ψ(x, y, z) 

 

 The solution of the diff. equation can be obtained for dz = pdx+qdy which is 

integrable 

 

   pdx+qdy-dx = 0     …… (3) 

 

  dx+ψdy-dz = 0      

 

 Take )1,,(  x  

 

 curl 

1

















zyx

kji

x  
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   = 














































yy
k

z
j

z
i


00  

 

  curl 






























yx
k

z
j

z
ix


 

 

   =  yxzz kji  


 

 x  curl x  = 0 

 

  (,ψ,-1) (-ψ,z,ψz-y) = 0 

 

  -ψz+ψz-ψx+y = 0 

 

   y+ψz = ψx+ψz    …… (4) 

 

  f(x,y,z,p,q) = 0 

 

 Diff. w.r.to x 

 

  0






















x

q

q

f

x

p

p

f

x

f
    p = , q = ψ 

 

  0






















xq

f

xp

f

x

f 
 

 

 |||rly diff w.r.to z 

 

  0






















zq

f

zp

f

z

f 
 

 

 ∴ we get, 

 

   fx+fpx+fqψx = 0     …… (5) 

 

   fz+fpz+fqψz = 0     …… (6) 

 

 (6)  fz+fpz+fqψz = 0     …… (7) 

 

 (5) + (7)  fx+fz+fp[x+z)+fq(ψx+ψz) = 0   …… (8) 

 

 |||rly for the equation 

 

   g(x,y,z,p,q) = 0 
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 We get 

 

  gx+yz+gp[x+z]+gq(ψx+ψz) = 0   …… (9) 

 

 Take (8)  gp 

 

     fxgp+fzgp+gpfp[x+z]+fqgp(ψx+ψ2) = 0   …… (10) 

 

 (9)  fp 

 

 (i.e) gxfp+gzfp+fpgp[x+z]+fpgq(ψx+ψz) = 0   …… (11) 

  

(10) - (11) 

 

 [fxgp-gxfp]+[fzgp-fpgz]+0(fqgp-fpgq) (ψx+ψz) = 0 

 

  0)(
),(

),(

),(

),(

),(

),(















zx

qp

gf

qz

gf

px

gf
  

 

  
),(

),(

),(

),(
)(

),(

),(

qz

gf

px

gf

qp

gf
zx














  

 

  
),(

),(

),(

),(
)(

qz

gf

px

gf
J zx









   

 

  ∴ 


















),(

),(

),(

),(1

qz

gf

px

gf

J
zx    …… (I) 

 

|||
rly 

diff (1) and (2) w.r.to y and z 

 

 We get 

 

   


















),(

),(

),(

),(1

qz

gf

qy

gf

J
zy    …… (II) 

 

 But by (4) 

 

   ψx+ψz = y+ψz 

 

 Using this in I and II we get 

 

 



































),(

),(

),(

),(1

),(

),(

),(

),(1

qz

gf

py

gf

Jqz

gf

px

gf

J
  
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 0
),(

),(

),(

),(

),(

),(

),(

),(





















qz

gf

qy

gf

pz

gf

px

gf
  

 

 Since  = p, ψ = q 

 

 ∴ 0
),(

),(

),(

),(

),(

),(

),(

),(





















qz

gf
q

qy

gf

pz

gf
p

px

gf
 

 

 This is the required condition for the equation to be compatible. 

 

We can write as [f, g] = 0. 

Problem 

 Show that the equation xp-yq = 0, z(xp+yq) = 2xy are compatible and solve theorem. 

Solution: 

 

  Given  f = xp-yq   g  = z(xp+yq)-2xy 

 

   fx = p   g = zxp+zyq-2xy 

 

  fy = -q   gx = zp-2y 

 

  fz = 0   gy = zq-2x 

 

  fp = x   gz = xp+yq 

 

  fq = -y   gp = zx 

 

       gq = zy 

 

  

p

g

x

g

p

f

x

f

px

gf






















),(

),(
 

 

    = 
px

px

yg

ff
 

 

    = 
zxyzp

xp

2
 

 

    = pzx-x(zp-2y) 

 

    = pzx-pzx+2yx 

 

    = 2yx 
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pz

pz

gg

ff

pz

gf






),(

),(
 

 

    = 
zxyqxp

x



0
 

 

    = -x
2
p-xyq 

 

  
qy

qy

gg

ff

qy

gf






),(

),(
 

    = 
zyxzq

yq

2


 

 

    = -zyq+y(zq-2x) 

 

    = -zyq+yzq-2xy 

 

    = -2xy 

 

  
qz

qz

gg

ff

qz

gf






),(

),(
 

 

    = 
zyyqxq

y



0
 

 

    = 0+y(xp+yq) 

 

    = xyp+y
2
q 

 

 We have, 

 

    
),(

),(

),(

),(

),(

),(

),(

),(
,

qz

gf
q

qy

gf

pz

gf
p

px

gf
gf



















  

 

    = 2xy+p(-x
2
p-xyq)-2xy+q(xyp+y

2
q) 

 

    = 2xy-x
2
p

2
-xypq-2xy+xypq+y

2
q

2
 

 

    = y
2
q

2
-x

2
p

2
 

 

    = p
2
x

2
-x

2
p

2
    ∵ px - qy = 0 
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    = 0      px = qy 

 

  ∴ [f, g] = 0. 

 

 ∴ The two equations are compatible. 

 

 Let us find p and q. From the given equation. 

 

   xp-yq = 0      …… (1) 

 

        z(xp+yq) = 2xy      …… (2) 

 

 (1) xp = yq 

 

 ∴ (2)  z(yq+yq)  =  2xy 

 

   z2yq = 2xy 

 

   ∴ zq = x 

   ∴ q = 
z

x
 

 

  xp = yq 

 

  xp = 
z

x
y  

 

   = 
z

y
 

 

 Solution is given by 

 

  dz = pdx+q.dy 

 

   = dy
z

x
dx

z

y
  

 

  ∴ zdz = ydx+xdy 

 

  ∴ zdz = d(xy) 

 

  ∫ zdz = ∫ d(xy) 

 

  
2

2 c
xy

z

z
  
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 
22

22 cxy

z

z
  

 

   z
2
 = 2xy+c 

 

Problem 

 Such that the equation xp+yq = x and x
2
p+q = xz are compatible and find the solution. 

 

Solution: 

 

 Let  f  = xp-uq-x,  g = x
2
p+q-xz 

 

  fx = p-1   gx = 2xp-z 

 

  fy = -q   gy = 0 

  fz = 0   gz = -x 

 

  fp = x   gp = x
2 

 

  fq = -y   gq = 1 

 

  
px

px

gg

ff

px

gf






),(

),(
 

 

    = 
22

1

xzxp

xp




 

 

    = (p-1)x
2
-x(2xp-z) 

 

    = px
2
-x

2
-2x

2
p+xz 

 

    = -x
2
-x

2
p+xz 

 

  
pz

pz

gg

ff

pz

gf






),(

),(
 

 

    = 
2

0

xx

x


 

 

    = 0+x
2 

= x
2
 

     

  
qy

qy

gg

ff

qy

gf






),(

),(
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    = 
10

yq 
 = -q 

  
qz

qz

gf

ff

qz

gf






),(

),(
 

 

    = 
1

0

x

y




 = -xy 

 

 We have, 

 

    
),(

),(

),(

),(

),(

),(

),(

),(
,

qz

gf
q

qy

gf

pz

gf
p

px

gf
gf



















  

 

    = -x
2
-x

2
p+xz+px

2
-q+q(-xy) 

 

    = -x
2
-x

2
p+xz+px

2
-q-xyq 

 

    = -x
2
+xz-q-xyq 

 

    = -x
2
+x

2
p+q-q-qxy  [from (2)] 

 

    = -x
2
+x

2
p-xyq   x

2
 = x

2
p+q 

 

    = x
2
-x

2
p+xyq 

 

    = x[x-xp+qy] 

 

    = x(0) 

      

   ∴ [f, g] = 0.   [from (1)] 

 

 

 ∴ The equations are compatible. 

 

 Let us find p and q from the gn equ. 

 

   xp-yq = 0      …… (1) 

 

  x
2
p+q = xz      …… (2) 

 

 From (2) q = xz-x
2
p 

 

 Sub in (1) 

 

  xp-y(xz-x
2
p) = x 
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  xp-xyz+x
2
yp = x 

 

  p(x+x
2
y) = x+xyz 

 

  px(1+xy) = x(1+yz) 

 

   p = 
xy

yz





1

1
 

   q = 













xy

yz
xxz

1

12  

    = 
xy

yzxxxyxz





1

)1( 22

 

    = 
xy

yzxxyzxxz





1

222

 

    = 
xy

xxz





1

2

 

   q = 
 

xy

xzx





1
 

 

 The soln is obtained from the equation 

 

   dz = pdx+qdy 

 

   dz = dy
xy

xzx
dx

xy

y










1

)(

1

1 2

 

 

    = dy
xy

xzx
dx

xy

xyyzxy










1

)(

1

)()1(
 

 

    = dy
xy

xzx
dx

xy

xyyz
dx











1

)(

1
 

 

  ∴ dz-dx = dy
xy

xzx
dx

xy

xzy










1

)(

1

)(
 

 

    = 












 dy

yx

x
dx

xy

y
xz

11
)(  

 
xy

xdyydx

xz

dxdz










1
 

 

   








xy

xdyydx

xz

dxdz

1
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   log(z-x) = log(1+xy)+logc 

 

   z-x = c(1+xy) 

 

    z = x+c(1+xy) 

 

 

Problem 

 Show that The equation f(x,y,p,q) = 0, g(x,y,p,q) = o are compatible if 

0
),(

),(

),(

),(











qy

gf

px

gf
 verify that the equation p = P(x,y), q = Q(x,y) are compatible if 

x

Q

y

P









. 

Solution: 

 

        f(x,y,p,q) =  0,  and        g(x,y,p,q)  =  0 

 

  ∴ fz = 0   gz = 0 

 

  
pz

pz

gg

ff

pz

gf






),(

),(
 

    = 
p

p

g

f

0

0
 = 0 

  

  
qz

qz

gg

ff

qz

gf






),(

),(
 

    = 
g

q

g

f

0

0
 = 0 

 

 

    

 The given equation are compatible if [f, g]  = 0 

 

 0
),(

),(

),(

),(

),(

),(

),(

),(





















qz

gf
q

qy

gf

pz

gf
p

px

gf
 

 

  ∴ 00
),(

),(
0

),(

),(











qy

gf

px

gf
 

 Hence 0
),(

),(

),(

),(











qy

gf

px

gf
 

 

 Consider, p = P(x, y), q = Q(x, y) 
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 ∴ f = p-P(x, y)  q = q-Q(x, y) 

 

  fx = -Px   gx = -Qx 

 

  fy = -Py   gx = -Qy 

  fz = 0   gz = 0 

 

  fp = 1   gp = 0 

 

  fq = 0   gq = 1 

 

 Since both f and g are free from z, we have as in the above the equ are compatible if 

 

 0
),(

),(

),(

),(











qy

gf

px

gf
      …… (1) 

 

 Now, 
px

px

gg

ff

px

gf






),(

),(
 

 

    = 
0

1

x

x

Q

P




 

 

    = Qx 

 

  
qy

qy

gg

ff

qy

gf






),(

),(
 

 

    = 
0

1

y

y

Q

P




 

 

    = -Py 

 

  ∴ (1)  Qx - Py = 0 

 

   Py = Qx 

 

  (i.e) 
x

Q

y

P









. 

 

 

 

Problem 
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 Show that the equation z = px+qy is compatible with any equation f(x,y,z,p,q) = that is 

homogeneous in x,y and z. Solve completely that simultaneous equations z = px+qy, 

2xy(p
2
+q

2
) = z (yp+xq). 

 If f is a homogeneous function in x,y,z of degree n, then by Euler‟s theorem, 

nf
z

f
z

y

f
y

x

f
x 














]. 

Solution: 

 

 f(x,y,z,p,q) = 0, where f is a homo. function of x,y,z of degree n. 

 

  ∴ nf
z

f
z

y

f
y

x

f
x 














 

 

 Here n = o 

 

  ∴ 0














z

f
z

y

f
y

x

f
x  

   xfx+yfy+zfz = 0     …… (1) 

 

 The other equation g = px+qy-z 

 

  gx = p   gp = x 

 

  gy = q   gp = y 

 

  gz = -1 

 

    
),(

),(

),(

),(

),(

),(

),(

),(
,

qz

gf
q

qy

gf

pz

gf
p

px

gf
gf



















  

 

    = fxgp-gxfp+p(fzgp-fpgz)+(fygq-fqgy)+q(fzgq-gzfq) 

 

    = xfx-pfp+p(fzx-fp(-1))+(yfy-qfq)+q(fzy-fq(-1)) 

 

    = xfx-pfp+pfzx+pfp+yfy-qfq+fzqy+qfq 

 

    = xfx+pxfz+yfy+fzqy 

 

    = xfx+yfy+(px+qy)fz 

 

    = xfx+yfy+zfz 

 

    = 0  [using (1)] 

 

  ∴ [f, g] = 0 

 



 

Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education, Tirunelveli. 
250 

 

 ∴The equations are compatible. 

 Given 

 

   z = px+qy      …… (1) 

 

  2xy(p
2
+q

2
) = z(yp+xq) 

 

  2xy(p
2
+q

2
) = (px+qy) (yq+xq) 

 

  2xy(p
2
+q

2
) = p

2
xy+x

2
pq+y

2
pq+q

2
xy 

 

  2xy(p
2
+q

2
) = xy(p

2
+q

2
)+pq(x

2
+y

2
) 

  2xy(p
2
+q

2
)-xy(p

2
+q

2
) = pq(x

2
+y

2
) 

 

  xy(p
2
+q

2
) = pq(x

2
+y

2
) 

 

  
2222 qp

pq

yx

xy





 

 

   px = z-qy 

   p = 
x

qyz 
 

 

 xq
x

qyz
zq

x

qyz
xy 







 























  2

2

2  

 

 






 








 

x

qxqyyz
z

x

xqzqyyqz
xy

22

2

22222 2
2  

 

  2yz
2
+2q

2
y

3
-4zqy

2
+2q

2
x

2
y  = yz

2
-qzy

2
+zx

2
q 

 

2yz
2
-yz

2
+q

2
[2y

3
+2x

2
y]+q [-4zy

2
+qzy

2
]-zx

2
q  = 0 

 

 yz
2
+q

2
y[2y

2
+2x

2
]-3zy

2
q-zx

2
q   = 0. 

 

 

Derive the equation of the Characteristic strip 

 

Proof 

 

 Let p(x,y,z) be a point on the curve c. Let (x+dx,y+dy,z+dz) lies on the tangent plane 

to the elementary cone at p, if 

 

  dz = pdx+qdy      …….. (1) 

 

 Where p,q, satisfies the relation. 
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  F (x,y,z,p,q) = 0       …….. (2) 

 

 Diff. (1) w.r.to p we get, 

 

   dy
dp

dq
dx

dp

dp
0  

   dy
dp

dq
dx 0  

   dxdy
dp

dq
  

  

   
dy

dx

dp

dq 
       …….. (3) 

 

 Diff. (2) w.r.to p 

  

  0









dp

dq

q

F

p

F
 

    

 0






 











dy

dx

q

F

p

F
   [using (3)] 

  

 0






 


dy

dx
FF qp  

  

   
dy

dx
FF qp .  

 

   Fp dy = Fq dx 

 

   Fp dy = Fq dx 

 

  
qpqp pFpF

qdypdx

F

dy

F

dx




  

  

  
qpqp qFpF

dz

F

dy

F

dx


  

 

 This shows that x'(t), y'(t) and z'(t) are proportional to Fp, Fq and pFp+qFq 

   

 Now,  
dt

dy

y

p

dt

dx

x

p
tp









 )(  
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    = )()( ty
y

p
tx

x

p










 

 

   qp F
y

p
F

x

p
tp









 )(      …….. (4) 

 

 Diff. (2) para. w.r.to x, we get, 

 

  0





























x

q

q

F

dx

p

p

F

x

z

z

F

x

F
 

   

   0










x

q
F

x

p
FpFF qpzx  

 

   )( zxqp pFF
x

p
F

x

p
F 









 

 

    )( zxqp pFF
y

p
F

x

p
F 









  


















x

q

y

p
  

 ∴ p'(t)  = -[Fx+pFz] [by (4)] 

 

 |||rly We can prove, that  

 

   q'(t) = -(Fy+qFz) 

 

 ∴ The required equation for the determination of the characteristic strip are 

 

  x'(t) = Fq 

 

  y'(t) = Fq 

 

  z'(t) = pFp+qFq 

 

  p'(t) = -[Fx+pFz] 

 

  q'(t) = -[Fy+qFz] 

 

These equations are known as characteristic equation of the diff equation F(x,y,z,p,q) = 0 
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Unit - V 
 

 

Charpit’s method 

 

 Charpit‟s method is the most general method of solving a P.D.E of the first order. Let 

f(x,y,z,p,q) = 0  ……(1) be the given equation. 

 

 If we know an equation of the form. g(x,y,z,p,q) = 0 ……(2). Which is compatible 

with (1), then solving (1) and (2) for p and q, we get, 

 

  p = (x,y,a), q = ψ(x,y,z) 

 

  dz = pdx+qdy 

 

 We can get the soln of the given diff equ (1). 

 

 Charpit‟s method aims at getting an equation of the form (2) with a constant a. 

 

 (i.e) g(x,y,z,p,q,q) = 0      ……(3) 

 

 So that (1) and (3) are compatible 

 

 Since (1) and (3) are compatible. We get  

 

   [f, g] = 0 

 

  0
),(

),(

),(

),(

),(

),(

),(

),(





















qz

gf
q

qy

gf

pz

gf
p

px

gf
 

 

  (fxgp-fpgx)+p(fzgp-fpgz)+(fygq-fqgy)+q(fzgq-fq-gz) = 0 

 

  -fpgx-fqgy-(pfp+qfq)gz+(fx+pfz)gp+(fy+qfz)gq  = 0 ……(4) 

 

 For the determination of g 

 

 We know that the soln of (4) is same as the soln of Lagrange‟s auxillary equation. 

 

  
)()( zyzxqpqp qff

dq

pff

dp

qfpf

dz

f

dy

f

dx








   ……(5) 

 

 Solving the equation (5) we get p and q in the form p = (x,,y,z,a), q = ψ(x,y,z,a) use 

the value of p and q in 

   dz = pdx+qdy 

 

 Integrating we get soln of given equation as,  
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  F(x,y,z,a,b) = 0 

 

 The solution involves two constants a and b, it is a complete solution of the given 

equation. 

 

Note: 

 

 The equation (5) given above are known as Charpit‟s equation. We need not solve all 

the equation in (5). 

 

 We may choose those equation which convent give the values of p and q. 

 

1. Find the complete integral of the equation (p
2
+q

2
)y = qz by Charpit‟s method. 

 

Solution: 

 

 Let f = (p
2
+q

2
)y-qz 

 

  fx = 0  fp = 2py 

 

  fy = p
2
+q

2
  fq = 2qy-z 

 

  fz = -q, 

 

 We have, the Charpit‟s equation as 

 

 
)()( zyzxqpqp qff

dq

pff

dp

qfpf

dz

f

dy

f

dx








  

 

 

 
)]([)](0[)2(222 222 qqqp

dq

qp

dp

zqyqyp

dz

zqy

dy

py

dx











  

 

 
22222 2222 qqp

dq

pq

dp

qzyqyp

dz

zqy

dy

py

dx








  

 

   
2p

dq

pq

dp


  

 

   p.dp = -q.dq 

 

   ∫ p dp = -∫ q. dp 

 

  
222

22 aqp
  
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        p
2
+q

2
 = a 

 

 Sub in the given equation 

 

      (p
2
+q

2
)y = qz 

 

   ay = qz 

 

   q = 
z

ay
 

 

   p
2
+q

2
 = a 

 

     p
2
 = q

2
+a 

 

     p
2
 = 

2

22

z

ya
a   

 

   p
2
 = 

2

222

z

yaaz 
 

 

   p = 
2

222

z

yaaz
 

 

   dz = p dx+ q. dy 

 

    = dy
z

ay
dx

z

yaaz


2

222

 

 

   zdz = dyaydxyaaz .222   

 

  dxyaazdyaydzz 222   

 

  dx
yaaz

dyaydzz






222
 

 

 dx
yaaz

dyaydzz

a

a






2222

2
 

 

 dxa
yaaz

dyyaazdz
.

2

22

222

2





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  



dxa

yaaz

ydyaazdz
.

2

22

222

2

 

 

 (i.e)   dxayaazd .222  

 

  baxyaaz  222
 

 

   az
2
-a

2
y

2
 = (ax+b)

2
 

 

    az
2
 = a

2
y

2
+(ax+b)

2
 

 

2. Find the complete integral of the equation p
2
x+q

2
y = z by Charpit‟s method. 

 

Solution: 

 

  f  =  p
2
x+q

2
y-z 

 

  fx = p
2
 

 

  fy = q
2
 

 

  fz = -1 

 

  fp = 2px 

 

  fq = 2py 

 

 The auxillary equations are 

 

 
)()( zyzxqpqp qff

dq

pff

dp

qfpf

dz

f

dy

f

dx








  

 

 (i.e) 
))1(())1((2222 22 








qq

dq

pp

dp

qyqpxp

dz

py

dy

px

dx
 

 

 
2222 )(222 qq

dq

pp

dp

yqxp

dz

qy

dy

px

dx








  

   

 
)(2)2(

.2

)(2)2(

2
22

2

22

2

qqqyqyq

dqqydyq

pppxpxp

pxdpdxp









 

 

 
yqyqyq

dqqydyq

xpxpxp

pxdpdxp
323

2

323

2

222

.2

222

2









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yq

dqqydyq

xp

pxdpdxp
2

2

2

2

2

.2

2

2 



 

 

 





yq

dqqydyq

xp

pxdpdxp
2

2

2

2 .22
 

 

  log (p
2
x) = log(q

2
y) + log a 

 

  log (p
2
x) = log (q

2
y)a 

 

   p
2
x = q

2
ya, where a is constant. 

 

 Given equ is p
2
x+q

2
y = z 

 

  q
2
ya + q

2
y = z 

 

  q
2
y(1+a) = z 

 

   q
2
 = 

)1( ay

z


 

 

   q = 
y

z

a1

1
 

 

   p
2
x = q

2
ya 

 

    = y
ay

z

)1( 
 

 

    = 
)1( a

az


 

 

   p
2
 = 

)1( ax

az


 

 

   p
2
 = 

x

z

a

a

1
 

 

 Sub in the equation 

 

   dz = p dx + q dy 

 



 

Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education, Tirunelveli. 
258 

 

   dy
y

z

a
dx

x

z

a

a
dz







1

1

1
 

 

   dyy
a

dxx
a

a

z

dz
2

1

2

1

)(
1

1
)(

1







  

   

  






 dyy

a
dxx

a

a
dzz 2

1

2

1

2

1

)(
1

1
)(

1
)(  

 

  b
y

a

x

a

az























1
2

11

1

1
2

11
1

2

1

1
2

1
1

2

1
1

2

1

 

   b
y

a

x

a

az








2

11

1

2

11

2

1

2

1

2

1

2

1

 

 

   b
a

y

a

ax
z 







11
  

 

  byaxza  )1(  

 

 Which is the complete integral. 

 

Special types of First order Equations. 

 

 Consider some special types of first-order para. diff. equation whose solutions may be 

obtained easily by Charpit‟s method. 

 

Type I. 

 

 Equations involving only p and q 

 

  (i.e) The equations of the type f(p, q) = 0    ……(1) 

 

 Charpit‟s equations reduces to 

 

  
00

dqdp

qfpf

dz

f

dy

f

dx

qpqp




    

 

 The solution of this equation is  

 

  p = a         ……(2) 
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 The corresponding value of q being obtained from (1) in the form 

 

  f(a, q) = 0       ……(1) 

 

 So that q = Q(a) a constant 

 

 ∴ The solution of the equation is 

 

  z = ax+(a)y+b 

 

 

Problem: 

 

1. Find the complete integral of the equ pq = 1 

 

 

 

Solution: 

 

 Given pq = 1 

 

  put p = a 

 

 ∴  q = 
p

1
 

 

   = 
a

1
 

 

  q = 
a

1
 

 

 ∴ The complete soln is 

 

  by
a

axz 
1

 

 

  
a

abyxa
z




2

 

 
  az = a

2
x+y+ab Where a and be are constant. 

 

2. Find the complete integral of the equ p+q = pq. 

 

Solution: 
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 Given p+q = pq 

 

 This is of the form f(p, q) = 0 

 

 put p = a 

 

 ∴  a+q = aq 
  a = aq-q 
 
  q(a-1) = a 
 

  q = 
1a

a
 

   = (a) 

 

 The complete soln is 

  by
a

a
axz 




1
 

Type II 

 

 Equation not involving the independent variables 

 

 (i.e) f(z,p,q) = 0       ……(1) 

 

 The Charpit‟s equation take the forms. 

 

  
zzqpqp qf

dq

pf

dp

qfpf

dz

f

dy

f

dx








  

 

   
zz qf

dq

pf

dp





 

 

    
q

dq

p

dp
 

 

   log p = log q+log a 

 

    p = aq      ……(2) 

 

 Solving (1) and (2) we get p and q. 

 

Problem: 

 

1. Find the complete integral of the equation p
2
z

2
+q

2
 = 1 
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Solution: 

 

 Given p
2
z

2
+q

2
 = 1        ……(1) 

 

 This is of the form f(z,p,q) = 0 

 

 ∴ put p = qa 

 ∴ (1)  q
2
a

2
z

2
+q

2
 = 1 

 

  q
2
(1+a

2
z

2
) = 1 

 

   q
2
 = 

221

1

za
 

 

    q = 
221

1

za
 

 

 1
1

1
22

22 



za

zp  

 

   p
2
z

2
 = 

221

1
1

za
  

 

    = 
22

22

1

11

za

za




 

 

   p
2
z

2
 = 

22

22

1 za

za


 

 

   ∴ p
2
 = 

22

2

1 za

a


 

 

   p = 
221

1

za
 

 

 We have 

 

   dz = pdx+qdy 

 

    = dy
za

dx
za

a

2222 1

1

1 



 

 

  dyadxdzza  221  
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2. Solve z = p
2
-q

2
 

 

Solution: 

 

 Given z = p
2
-q

2
 

 

 This is of the form f(z,p,q) = 0 

 

  put p = aq 

  ∴  z = a
2
q

2
-q

2
 

 

    = (a
2
-1)q

2
 

 

   
12

2




a

z
q   

 

   
12 


a

z
q  

 

   p = aq 

 

    = 
12 a

za
 

 

 We have  dz = pdx+qdy 

 

   dy
a

z
dx

a

za
dz

11 22 



  

 

    dyadx
az

dz





1

1

2
 

 

      






dyadx
a

dzz
1

1

2

2

1

 

 

    byax
a

z







1

1

2

1 2

2

1

 

 

  )(12 2 byaxza   

 

  4z(a
2
-1) = (ax+y+b)

2
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3. Solve zpq = pq 

 

Solution: 

 

 Given zpq = p+q 

 

 This is of the form f(z,p,q) = 0 

 

  put p = qa 

 

  ∴ z.qz.q = qa+q 

   zaq
2
 = qa+q 

 

   ∴ zaq
2
 = q(a+1) 

 

   q = 
za

a )1( 
 

 

   p = a.q 

 

    = 
za

a
a

)1(
.


 

 

   ∴ p = 
z

a 1
 

 

 We have  dz = p.dx+q.dy 

 

   dy
az

a
dx

z

a
dz

11 



  

 

   







 dy

a
dxadzz

1
)1(.  

 

  ∫ ing 

 

   b
ay

xa
z











1
)1(

2

2

 

 

  ∴ b
a

y
xaz 








 )1(22  

 

4. Solve z
2
(1+p

2
+q

2
) = 1 

 

Solution: 
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 This is of the form f(z,p,q) = 0 

 

  put p = qa 

 

 ∴ z
2
(1+q

2
a

2
+q

2
) = 1 

 

  
2

222 1
1

z
qaq   

 

 ∴ 1
1

2

222 
z

qaq  

 

  
2

2
22 1
)1(

z

z
aq


  

 

  ∴ 
)1(

)1(
22

2
2

az

z
q




  

 

   
)1(

)1(
2

2

az

z
q




  

 

   p = aq 

 

    = 
)1(

)1(
2

2

az

za




 

 

 We have, 

 

   dz = pdx+q.dy 

 

    = dy
az

z
dx

a

z

z

a

2

2

2

2

1

1

1

1









 

 

   dyadx
a

dz
z

z





 22 1

1

1
 

 

   dyadx
a

dz
z

z









22 1

1

12

2
 

 

  dyadx
a

dz
z

z
























22 1

1

12

2
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     dyadx
a

zd 



2

2

1

1
1  

 

      


 dyadx
a

zd
2

2

1

1
1  

 

   byax
a

z 



2

2

1

1
1  

 

  byaxaz  22 11  

 

  (1-z
2
) (1+a

2
) = (ax+y+b)

2
 

 

 

 

 

 

 

 

Type III 

 

Separable Equations 

 

 A first order partial differential equation is said to be separable, if it can be written in 

the form 

 

  f(x,p) = g(y, q)       ……(1) 

 

 ∴ The Charpit‟s equation becomes 

 

  
yxqpqp g

dq

f

dp

qgpf

dz

g

dy

f

dx











  

  
xp f

dp

f

dx


  

 

  ∴ 0
p

x

f

f

dx

dp
 

 

 We have an ordinary diff. equ in x and p 

 

 Writing this equation in the form 

 

  fpdp+fxdx = 0 
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  d[f(x,p)] = 0 

 

 ∴ It is soln is f(x, p) = a 

 

 Hence we determine p, q from the relation 

 

  f(x, p) = a, g(y, q) = a 

 

1. Find the complete integral of the equation p
2
y(1+x

2
) = qx

2
 

 

Solution: 

 

 Given p
2
y(1+x

2
) = qx

2
 

 

  
y

q

x

xp



2

22 )1(
 

 

 put f(x, p) = g(y, q) = a 

 

  ∴ 2

2

22 )1(
a

x

xp



   

2a
y

q
  

 

   
2

22
2

1 x

xa
p


    q = ya

2
 

 

   
21 x

ax
p


  

 

 The soln is gn by the equation 

 

   dz = pdx+qdy 

 

   dyyadx
x

ax
dz .

1

2

2



  

   dyya
x

ax
adz .

12
. 2

2
  

 

     dyyaxdadz .1 22   

 

 ∫ ing 

 

     dyyaxdadz .1 22  
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   b
y

axaz 
2

1 22  

 

2. Solve p
2
q(x

2
+y

2
) = p

2
+q 

 

Solution: 

 

 Given p
2
q(x

2
+y

2
) = p

2
+q 

 

  p
2
qx

2
+p

2
qy

2
 = p

2
+q 

 

  
2

22 11

pq
yx   

 

 (i.e) 2

2

2 11
y

qp
x   

 

 This is of the form f(x, p) = g(y, q) 

 

  2

2

2 1
a

p
x  , 22

2

1
ay

q
  

    

  
2

22 1

p
ax  ,  22

2

1
ay

q
  

   
22

2 1

ax
p


 , 

22

2 1

ay
q


  

 

  ∴ 
22

1

ax
p


 , 

22

1

ay
q


  

 

   dz = pdx+qdy 

 

   dy
ay

dx
ax

dz .
11

2222 



  

 

  ∫ ing 

 

   b
a

y

aa

x
z 

















  11 tan

1
cosh  

 

3. p
2
q

2
+x

2
y

2
 = x

2
a

2
(x

2
+y

2
) 

 

Solution: 
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 Given p
2
q

2
+x

2
y

2
 = x

2
q

2
(x

2
+y

2
) 

 

  by x
2
q

2
 

 

  22

2

2

2

2

yx
q

y

x

p
  

   

  
2

2
22

2

2

q

y
yx

x

p
  

 

 This is of the form f(x, p) = g(y, q) 

 

  ∴ 22

2

2

ax
x

p
 , 2

2

2
2 a

q

y
y   

  

  
22

2

2

xa
x

p
 , 22

2

2

ay
q

y
  

 

   p
2
 = x

2
(a

2
+x

2
), 

22

2
2

ay

y
q


  

 

   p = 22 xax  , 
22 ay

y
q


  

 

 Consider the relation 

 

   dz = pdx+qdy 

 

   dy
ay

y
dxxaxdz .

22

22


  

 

  ∫ ing 

 

   dy
ay

y
xaxdz 




22

22 2

2

1
2

2

1
 

 

   
   

b
ayxa

z 









2

12

1

2

32

1 2

1
22

2

1
22

 

 



 

Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education, Tirunelveli. 
269 

 

   
    bay

xa
z 






2

1
22

2

1
22

3
 

 

4. p
2
+q

2
 = x

2
+y

2
 

 

Solution: 

 

 Given p
2
-x

2
 = y

2
-q

2
 

 

 This is of the form f(x, p) = g(y, q) 

 

  p
2
-x

2
 =  a

2
,   y

2
-q

2
 =  a

2
 

 

  p
2
 = a

2
+x

2
   q

2
 = y

2
+a

2
 

 

 ∴  p = 22 xa   ∴  q = 
22 ay   

 

 dz = pdx+q.dy 

 

 dyaydxxadz 2222   

 

 dyaydxxadz   2222  

 

  = b
a

y
aayy

a

x
haxax 

















  12221222 sinh

2

1

2

1
sin

2

1

2

1
 

 

 

 

5. Solve px = qy 

 

Solution: 

 

 Given px = qy 

 

  px = a,  qy = a 

 

  p = 
x

a
  q = 

y

a
 

 

  dz = pdx+qdy 

 

  dy
y

a
dx

x

a
dz   
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  dy
y

adx
x

adz  
11

 

 

`  z = a logx + a logy + logb 

 

  z = a(logx + logy)+b 

 

  z = a(logxy)+b 

 

Type IV 

 

Clairaut Equations 

 

 A given diff. equation of the form z = px+qy+f(p,q) is called the clariaut  

equation           ……(1) 

 

  fx = p  fp = x+fp 

 

  fy = q  fq = y+fq 

 

  fz = -1. 

 

 (i.e) F = px+qy+f(p,q)-z 

 

 ∴ The corresponding Charpit‟s equations are 

 ∴ 
   zyzxqpqp qff

dq

pff

dp

qgpf

dz

g

dy

f

dx











  

 

 ∴
)]1([)}1({)()( 











 qq

dq

pp

dp

fyqfxp

dz

fy

dy

fx

dx

qpqp

 

  

  
00

dqdp
  

 

   dp = 0  dq = 0 

 

   p = a   q = b 

 

 Where a and b are constants 

 

 Sub p = a, q = b in the Clairaut equation (1)  

 

 We get, 

 

  z = ax+by+f(a,b) 
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1. Find the complete integral of the equation (p+q) (z-px-qy) = 1 

 

Solution: 

 

 Given (p+q) (z-px-qy) = 1 

 

  
qp

qypxz



1

 

 

  ∴ 
qp

qypxz



1

 

 

 ∴ The complete integral is 

 

   
ba

byaxz



1

 

 

2. Solve pqz = p
2
(xq+p

2
)+q

2
(yp+q

2
) 

 

Solution: 

 

 Given pqz = p
2
(xq+p

2
)+q

2
(yp+q

2
) 

 

  by pq 

   

      22 qyp
p

q
pxq

q

p
z   

 

   
p

q
qy

q

p
pxz

33

  

 

   
p

q

q

p
qypxz

33

  

 

  (i.e) 
pq

qp
qypxz

44 
  

 

 This is of z = px+qy+f(p,q) Clairaut‟s type  

 

 ∴ The complete soln is 

 

   
ab

ba
byaxz

44 
  
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Solutions Satisfying Given Conditions 

 

 Consider the determination of surfaces which satisfy the partial differential equation 

 

   F (x,y,z,p,q) = 0     ……… (1) 

 

and which satisfy some other condition such as passing through a given curve or 

circumscribing a given surface. 

 

 The solution of (1) which passes through a given curve c which has parametric 

equations, 

 

 x = x(t). y(t), z = z(t)        ……… (2) 

 

 t being a parameter. 

 

 If there is an integral surface of the equation (1) through the curve c, then it is  

 

 a) A particular case of the complete integral  

 

   f(x,y,z,a,b)  =  0      ……… (3)  

 

obtained by giving a or be particular values. 

 

  (or) 

 

 b) A particular case of the general integral corresponding to (3) ie, the envelope of a 

one-parameter subsystem of (3) or. 

 

 c) The envelope of the two parameter system (3) 

 

 The points of intersection of the surface (3) and the curve c are determined in terms of 

the parameter t, by the equation. 

 

  f {x(t),y(t),z(t),a,b}  =  0      ……… (4) 

and the condition that the curve c should touch the surface (3) is that the equation (4) must 

have two equal roots or the equation (4) and the equation  

 

   0,),(),(),( 



batztytxf

t
     ……… (5) 

 

should have a common root. 

 

 The condition for this to be so is the eliminant of t from (4) and (5) 

 

    ψ (a,b) = 0     ……… (6) 
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 Which is a relation between a and b alone  

 

 The equation (6) may be factoried into a set of equaions, 

 

  b = 1(a), b = 2(a),…..      ……… (7) 

 

each of which defines a sub system of one parameter. The envelope of each of these one-

parameter subsystem is a solution of the problem. 

 

Jacobi’s method 
 

 Solving the partial differential equation F(x,y,z,p,q) = 0 …..(1) depends on the 

fact that, if u (x,y,z) = 0 ….. (2) is a relation between x,y and z, then 
3

1

u

u
p


 , ….. (3)

3

2

u

u
q


 , where ui denotes )3,2,1( 




i

x

u
. 

 

 If we substitute from equations (3) into the equation (1) we obtain a partial differential 

equation of the type 

 

  f {x,y,z,u1,u2,u3}  =  0      ……… (4) 

 

in which the new dependent variable u does not appear. 

 

 1

1

2xu
u

f





, 2

2

2yu
u

f





, 3

3

2zu
u

f





 

 

 
2

1u
x

f





, 

2

2u
y

f





, 

2

3u
z

f





 

 

 The auxillary equations are, 

 

  
fz

du

fy

du

fx

du

fu

dz

fu

dy

fu

dx








 321

321

 

 

 
2

3

3

2

2

2

2

1

1

321 222 u

du

u

du

u

du

zu

dz

yu

dy

xu

dx











  

 

 Taking  
2

1

1

12 u

du

xu

dx


  

   

   
1

1

2 u

du

x

dx


  

 ∫ ing 
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    


1

1

2 u

du

x

dx
 

 

   log x = -2log u1+log a 

 

  log x+2logu1 = loga 

 

 aux logloglog
2

1   

 

  axu loglog
2

1   

 

   axu 
2

1  

  ∴ 
2

1

1 









x

a
u  

 

 Taking  
2

2

2

12 u

du

yu

dy


  

 

   
2

2

2 u

du

y

dy


  

 ∫ ing 

    


2

22
u

du

y

dy
 

 

  buy logloglog
2

2   

  

  byu loglog
2

2   

 

   byu 
2

2  

  ∴ 
2

1

2 









y

b
u  

 

 The fundamental idea of Jacobi‟s is the introduction of two further partial differential 

equations of the first order. 

 g(x,y,z,u1,u2,u3,a) = 0 , h (x,y,z,u1,u2,u3,b) = 0     ……… (5) 

 

involving two arbitrary constants a and b such that, 

a) Equations (4) and (5) can be solved for u1,u2,u3 

b) The equation du = u1dx+u2dy+u3dz       ……… (6) 

obtained from these values of u1,u2,u3 is integrable. 

 

 The linear partial differential equation 



 

Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education, Tirunelveli. 
275 

 

 

  0
321

321 





























u

g
fz

u

g
fy

u

g
fx

z

g
fu

y

g
fu

x

g
fu   ……… (7) 

 

 Which has subsidiary equations, 

 

  0
321

























fz

g

fy

g

fx

g

fu

g

fu

g

fu

g
    ……… (8) 

 

 The procedure is the same as charpit‟s method. 

 

Solve p
2
x+q

2
y = z, using Jocobi method. 

 

 Given p
2
x+q

2
y  = z      ……… (1) 

   

  
3

1

u

u
p


 ,  

3

2

u

u
q


  

 

  
2

3

2

12

u

u
p  ,  

2

3

2

22

u

u
q   

   

 (1)  zy
u

u
x

u

u


2

3

2

2

2

3

2

1  

 

  0
2

3

2

2

2

1  zuyuxu  

 

   
2

2

2

1

2

3 yuxuzu   

 

   
2

2

3

ba
u


  

 

   
2

1

3
2








 


ba
u  

 

   du = u1dx+u2dy+u3dz 

 

   dz
z

ba
dy

y

b
dx

x

a
du

2

1

2

1

2

1








 


















  

 

   dzbady
y

bdx
x

adu  
2

111
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   czbaybxau  222  

 

     czbabyaxu  222  

 

Partial Differential equations of the second order 

 

1. The origin of second-order Equations 

 

 Suppose that the function z is given by an expression of the type  

 

  z = f(u)+g(v)+w      …….. (1) 

 

 Where f and g are arbitrary functions of u and v respectively and u,v,w are the 

functions of x and y. 

   

 Then  
x

z
p




 ,

y

z
q




 ,

2

2

x

z
r




 , 

yx

z
s






2

, 
2

2

y

z
t




  …….. (2) 

 

 Differential equations (1) parameter w.r.to. x and y. 

  

  xxx wvvguuf
x

z





)()(  

 

  yyy wvvguuf
y

z





)()(  

 

 (i.e) xxx wvvguufp  )()(  

 

 and yyy wvvguufq  )()(  

 

 Again Different these equations w.r.to. x and y 

   

  xxxxxxxx wvvgvvguufuuf
x

z





)()()()(

22

2

2

 

 

  
xyxyyxxyyx wvvgvvvguufuuuf

yx

z





)()()()(

2

 

 

  
yyyyyyyy wvvgvvguufuuf

y

z





)()()()(

22

2

2

 

 

 (i.e) xxxxxxxx wvvguufvvguufr  )()()()(
22
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  xyxyxyyxyx wvvguufvvvguuufs  )()()()(  

 

  yyyyyyyy wvvguufvvguufr  )()()()(
22

 

 

 Now we have five equations involving the four arbitrary quantities f',f″,g',g″. 

 

 If we eliminate these four quantities from the five equations, 

 

 We obtain the relation. 

 

  0

00

00

22

22












yyyyyyyy

yxyxxyxyxy

xxxxxxxx

yyy

xxx

vuvuwt

vvuuvuws

vuvuwr

vuwq

vuwp

   …….. (3) 

 

 Which involves only the derivatives p,q,r,s,t and known functions of x and y. 

 

 ∴ It is a partial differential equation of the second order. 

 

 If we expand the determinant on the L.H.S of equation (3) in terms of the elements of 

the first column, we obtain an equation of the form. 

 

  Rr+Ss+Tt+Pp+Qq = W     …….. (4)  

 

 ∴ The relation (1) is a solution of the second - order linear partial differential equation 

(4). 

 

Solve z = f(x+ay)+g(x-ay), where f and g are arbitrary functions and a is a constant. 

 

Solution: 

 

 Given z = f(x+ay)+g(x-ay)       …….. (1) 

 

 Differential (1) par. w.r.to. x 

 

  )()( ayxgayxf
x

z





 

 

  ))(()( aayxgaayxf
y

z





 

 

  )()(
2

2

ayxgayxf
x

z





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  )()()()( 2

2

2

aaayxgaayxf
y

z





 

 

   =  )()(2 ayxgayxfa   

 

 (i.e)  
2

2
2

2

2

x

z
a

y

z









 

 

  t = a
2
r 

 

 Similar methods apply in the case of higher - order equations. It is shown that any 

relation of the type. 

 

  )(
1

r

n

r

r vfz 


  

 

 Where the functions fr are arbitrary and the functions v are known leads to a linear 

partial differential equations of the n
th

 order. 

 

Linear partial differential Equations with constant coefficients 

 

 Consider the solution of linear partial differential equations with constant coefficients. 

An equation can be written in the form. 

 

  F(D,D') = f(x,y)      …….. (1) 

 

 Where F(D,D') denotes the differential operator of the type. 

 

   
r s

sr

rs DDCDDF ),(     …….. (2) 

 

 in which the quantities Crs are constants and 
x

D



 , 

y
D




  

 

 The general solution corresponding to the homogeneous linear P.D.E 

 

  F(D,D')z = 0      …….. (3) 

 

 is called the complementary function of the equation (1) 

 

 |||rly any solution of the (1) is called a particular solution of (1). 

 

 

 

Theorem:  
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 If u is the complementary function and z1, a particular integral of a linear partial 

differential equation then u+z1 is a general solution of the equation 

 

Proof 
 

 Consider the P.D.E. 

 

  F(D,D')z = f(x,y)      …….. (1) 

 

 Let u is the complementary function of the given equation. 

  ∴ F(D,D')u = 0 

 

 Also, given z1 is a particular integral of (1). 

 

  ∴ F(D,D')z = f(x,y) 

 

 ∴ The general solution is  

 

  F(D,D')u+F(D,D')z1 = 0+f(x,y) 

 

 (i.e)        F(D,D') (u+z1) = f(x,y) 

 

  ⟹ u+z1 satisfies the equation (1) 

 

  ⟹ u+z1 is the general solution of (1). 

 

Theorem: 

 

 If u1,u2,….,u n are solutions of the homogeneous linear P.D.E F(D,D')z = 0 then 




n

r

rruc
1

is also a solution where the cr's are arbitrary constants. 

 

Proof 
 

 The given homogeneous linear partial differential equation is  

 

F(D,D')z   = 0     …….. (1) 

 

 Given that u1,u2,…,un are the solution of (1). 

 

 ∴ F(D,D') u1 = 0 

 

  F(D,D') u2 = 0 

 

    
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  F(D,D') un = 0 

 Also, F(D,D') crur = cr.F(D,D')vr. For any set of functions vr. 

 

 Now, 

 



n

r

rrr

n

r

r ucDDFucDDF
11

),(),(  

 

    = 
r

n

r

r uDDFc ),(
1




 

 

    = c1F(D,D') u1+c2 F(D,D')u2+….+cn F(D,D')un 

 

    = 0 

 ∴ r

n

r

r uc
1

 is the solution of (1) 

 

Note: 
 

 The linear differential operator F(D,D') classify into two main types.  

 

 (a) F(D,D') is reducible if it can be written as the product of linear factors of the form 

D+aD'+b, where a and b are constants. 

 

 (b) F(D,D') is irreducible if it cannot be (written as above) decomposed into linear 

factors. 

 

Theorem: 3 

 

 If the operator F(D,D') is reducible the order in which the linear factors occur is 

unimportant. 

 

Proof 
 

 For proving this theorem, First we S.T 

 

 (rD+rD'+r) (sD+sD'+s) = (sD+sD'+s) (rD+rD'+r) 

 

Now,  

 

 (rD+rD'+r) (sD+sD'+s) = rsD
2
 +rsDD'+rsD+rD'sD+rrD'

2
+ 

         rsD'+rsD+rsD'+rs. 

 

     = rsD
2
+(rs+rs)DD'+rrD'

2
+ 

      (rs+rs)D+(rs+rs)D'+rs. …….. (1) 

Also, 
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 (sD+sD'+s) (rD+rD'+r) = rrD
2
 +(rs+rs)DD'+rsD

'2
+ 

      (rs+rs)D+(rs+rs)D'+rs …….. (2) 

 

From (1) and (2) we get 

 

 (rD+rD'+r) (sD+sD'+s) = (sD+sD'+s) (rD+rD'+r) 

 

 ∴ For any reducible operator can be written in the form. 

 

  )(),(
1

r

n

r

rr DDDDF   


 

 

Theorem: 4 

 

 If rD+rD'+r is a factor of F(D,D') and r() is an arbitrary function of the single 

variable , then if r 0. 

 

   yx
x

u rrr

r

r
r 












 
exp  is a solution of the equation F(D,D')z = 0. 

Proof 
 

 We have, 

   

   yx
x

u rrr

r

r
r 












 
 exp     …….. (1) 

 

 Differential equation (1) w.r.to x 

 

      






 







 








 


r

r

r

r
rrrrrrr

r

r
r

x
yxyx

x
Du













exp  

  

 ∴   r

r

r
rr

r

r
rr uyx

x
Du




















 
 exp    …….. (2) 

 

 Differential equation (1) w.r.to y 

 

      0exp yxyx
x

uD rrrrrr

r

r

r 














 
  

  

 ∴   rrr

r

r

r yx
x

uD 














 
 exp    …….. (3) 

 

 (2)r 
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    rrrr

r

r

rrrr uyx
x

Du 



 










 
 exp   …….. (4) 

 

 (3) r 

  

   yx
x

uD rr

r

r

rrrr 



 










 
 exp    …….. (5) 

 

 (4) + (5)  

 

 

 

 yx
x

uyx
x

uDDu

rr

r

r

rr

rrrr

r

r

rrrrrr























 











 


exp

exp

 

 rDur+rD'ur = -rur 

 

 rDur+rD'ur+rur = 0 

 

 (rD+rD'+r)ur = 0      …….. (6) 

 

 From the above theorem, we have 

 

  )(),(
1

r

n

r

rr DDDDF   


 

 

 ∴ rrrrr

n

r

rr uDDDDDDF )()(),(
1

 








 


…….. (7) 

 

 Combining equations (6) and (7) 

 

  F(D,D')ur = 0 

 

 ∴ ur is a solution of F(D,D')z = 0 

 

Theorem: 5 

 

 If rD'+r is a factor of F(D,D') and r(), the if r 0, 

 

  x
y

u rr

r

r

r 












 
 exp  is a solution of the equation F(D,D') = 0. 

 

Solution: 
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 In the decomposition of F(D,D') into linear factors, we get multiple factors of the type 

(rD+rD'+r)
n
 

 

 (i.e) T.P (rD+rD'+r)
n
z = 0 

 

 If n = 2, then (rD+rD'+r)
2
z = 0     …….. (1) 

 

 Let z = (rD+rD'+r)z 

 

 then (rD+rD'+r) z = 0 

 

 By the above theorem, it has the solutions, 

 

   yx
x

z rrr

r

r 











 
 exp  

 

 If r 0 

 

 To find the corresponding function z, we have to solve the first order linear partial 

differential equations 

 

   ryrr

x

rrr xez
y

z

x

z
r

r

 














 

 

 This is of the form 

 

  Pp+Qq = R 

 

  P = r. Q= r, R= -rz+  ryrr

x

xe r

r









 

 

 The auxillary equations are 

      

  
R

dz

Q

dy

P

dx
  

 

  

)( yxez

dzdydx

rrr

x

r

rr
r

r













  …….. (2) 

 

 Now, 
rr

dydx


  

   

  rdx  = rdy 
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    dydx rr   

 

  rx = y+c1 

 

 rx-ry = c1 

 

 Sub this in the auxillary equation 

   

  

)( 1cez

dzdx

r

x

r

r
r

r










  

 

  
dx

dz
cez r

x

r

r

r

r



















)(
1

1






 

 

  )( 1cez
dx

dz
r

x

rr
r

r

 



  

 

  )( 1c
e

z
dx

dz
r

x

rr

r r

r




 






  

 

 )(
1

1cez
dx

dz
r

x

rr

r r

r




 



     QP
dx

dy
  

 

 The solutions is      cdxQeye
pdxpdx


  

   

  2cQeze
pdxpdx




  

     

  
xdxdxpdx

r

r

r

r

r

r

eeee


















  

     

  21)(
1

cdxeceze
x

r

x

r

x
r

r

r

r

r

r





















 

 

  2
1)(

cdx
c

ze
r

r
x

r

r

  




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    2)(
1

cdxcQze rr

r

x
r

r







 

 

   =  21)(
1

cxcr

r




 

 

  
x

r

r

xx
r

r

r

r

r

r

eccxeze

















 21)(
1

 

 

  z =  
x

r

r

r

r

eccx









 21)(
1

 

 

 From (1) and (2) we get 

  
x

rrxrrrr
r

r

eyyxxz








 )()(  

 Given  x
y

u rr

r

r
r 











 
 exp  

  r

r

r

r y

rrr exuD













 )(  

 

 rrr

y

rr xeuD r

r

 



)(



  

 

   = -urr 

 

 ∴rD'ur+urr = 0 

 

   (rD'+r) ur = 0 

 

 )(),(
1

r

n

r

r DDDF   


 

 rrrs

n

r

sr uDDuDDF )()(),(
1

  


 

 

   = 0 

 

 ∴ ur is the solutions of F(D,D') = 0 

 

Theorem: 7 
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 If (rD'+r)
m

 is a factor of F(D,D') and if the functions r1, r2, …., rm are arbitrary, 

then )(exp
1

1 xx
y

rrs

m

r

s

r

r 















 
 is a solution of F(D,D')z = 0. 

 

 mr

rr

n

r

r DDDDF )(),(
1

  


 

 

 The corresponding complementary any function is  

 

  )(exp
1

1

1

yxxxu rrrs

mr

s

s
n

r r

r 













 
 







 

 

 

 

Theorem: 6 
 

 If (rD+rD'+r)
n
 (r 0) is a factor of F(D,D') and if the functions r, …. rn are 

arbitrary, then, 

 

  yxxx rr

n

s

rs

s

r

r 













 



 (exp
1

1
 is a solution of F(D,D') and if the functions 

r1,….,rn are arbitrary, then, 

 

  yxxx rr

n

s

rs

s

r

r 













 



 (exp
1

1
 is a solution of F(D,D') = 0. 

 

Problem: 
 

 Solve the equation 

 

  
22

4

4

4

4

4

2
yx

z

y

z

x

z














 

 

Solutions: 
 

 Given 
22

4

4

4

4

4

2
yx

z

y

z

x

z














 

 

   02
22

4

4

4

4

4
















yx

z

y

z

x

z

 
 



 

Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education, Tirunelveli. 
287 

 

  0

2

2

2

2

2



















y

z

x

z
 

 

 This can be written as, 

 

  (D
2
-D

12
)z

2
 = 0 

 

  [(D+D') (D-D')]
2
z = 0  

 

  (D+D')
2
 (D-D')

2
z = 0 

 

  The solution is 

 

  z = x1(x-y)+2(x-y)+x1(x+y)+2(x+y) 

 Where the functions 1, 2, 1, 2 are arbitrary. 

 

Find the solution of the equation 

 

 yx
y

z

x

z










2

2

2

2

 

 

Solution: 

 

  Given  yx
y

z

x

z










2

2

2

2

 

 

 This may be written as 

 

   (D
2
-D'

2
)z = x-y 

 

   (i.e) (D-D') (D+D')z = x-y 

 

 The solution is yxxe rrrs

n

r

r

x

r

r












(
1

1
 

 

  (D-D') (D+D')z = 0 

 

  The complementary functions is  

 

  e
0
[1(x+y)+2(x-y)] 

 

  (i.e) 1(x+y)+2(x-y)      …….. (1) 

 

 Where 1, 2 are arbitrary  
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 To find the particular integral 

 

  (D-D') (D+D')z = x-y     …….. (2) 

 

 Take z1 = (D+D')z        …….. (3) 

 

  (2)  (D-D')z1 = x-y 

 

 Which is the first order linear equation 

 

   yx
z

x

z









 11  

 

 Which is of the from Pp+Qq = R 

 

 The auxillary equations are  

 

  
R

dz

Q

dy

P

dx
  

   

  
yx

dzdydx







11
 

 

 Take  
11 


dydx

 

 

   dx = - dy 

 

  x = -y+c1 

 

  x+y = c1       …….. (4) 

 

         u = c1 

 

 Also  
yx

dzdydx






 1

)1(1
 

 

  
yx

dzdydx






 1

)1(1
 

 

  1)()(
2

1
dzdydxyx   
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    1)()(
2

1
dzdydxyx  

 

   21

2

2

)(

2

1
cz

yx



 

 

   2

2

1 )(
4

1
cyxz       …….. (5) 

 

    v = c2 

 

 Form (4) and (5) 

 

    f(u,v) = 0 

 

 2

1 )(
4

1
),( yxzyxf   = 0 

 

  )()(
4

1 2

1 yxfyxz   

   

  )()(
4

1 2

1 yxfyxz      …….. (6) 

 Where f is arbitrary, 

 

 We may take f = 0, 

 

 2

1 )(
4

1
yxz   

 

 Sub the value of z1 in equation (3) 

 

  (D+D')z = z1 

 

  
2)(

4

1
yxz

yx


















 

 

  
2)(

4

1
yx

y

z

x

z


















 

 

 This is of the form 

 

  Pp+Qq = R. 
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  P = 1, Q = 1, R = 2)(
4

1
yx   

 

  
2)(

4

111
yx

dzdydx



  

 Take  

 

  dx = dy 

 

   dx =  dy 

 

  x = y+c3 

 

  x-y = c3       …….. (7) 

 

   
2)(

4

11
yx

dzdx



  

 

   
2

3
4

1
c

dz
dx   

  

    dzdxc
2

3
4

1
 

    dzdxc
2

3
4

1
 

 

  zxcc 
2

34
4

1
 

 

 4

2)(
4

1
cxyxz        …….. (8) 

 

 The solution is 

 

  f(u,v) = 0 

 

 







 xyxzyxf 2)(

4

1
,  = 0 

 

  )()(
4

1 2 yxfxyxz   
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 (i.e) )()(
4

1 2 yxfxyxz   

 

 Taking f = 0 

 

 The particular integral is 

 

 ∴ 2)(
4

1
yxxz   

 

 Hence the general solution is 

 

  )()()(
4

1
21

2 yxyxyxxz    

 

 

 

Theorem: 8 
 

 F(D,D')e
ax+by

 = F(a,b)e
ax+by

 

 

 

 

Proof 
 

 We have, 

 

  F(D,D') = CrsD
r
D'

s
 

 

 ∴ F(D,D')e
ax+by

 = CrsD
r
D'

s
(e

ax+by
)    …….. (1) 

 

  D
r
(e

ax+by
) = a

r
(e

ax+by
) 

 

  D'
s
(e

ax+by
) = b

s
(e

ax+by
) 

 

 Now,  

 

 ∴Crs D
r
D's(e

ax+by
) = Crs a

r
b

r
(e

ax+by
) 

 

 ∴   F(D,D')(e
ax+by

) = F(a,b) (e
ax+by

) 

 

 Using (1) 

 

   Hence the theorem. 

 

Theorem: 9 
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 F(D,D') (e
ax+by

(x,y)) = e
ax+by

F(D+a,D'+b) (x,y) 

 

Proof 
 

 Find a particular integral of the equation. 

 

  (D
2
-D')z = 2y-x

2
 

 

 To find the P.I of (D
2
-D')z = 2y-x

2
 

 

   )2(
1 2

2
xy

DD
z 


  

    = )2(

1

1 2

2
xy

D

D
D















 

    = 

1
2

2 1)2(
1



















D

D
xy

D
 

 

    = )2(....1
1 2

2

42

xy
D

D

D

D

D




















 

 

    = )2(
1

)2(
1

2

2 









D
xy

D
 

 

    = 









2
2

2
2

2
2

2 y
yx

y
 

 

    = -y
2
+x

2
y+y

2
 

 

    = x
2
y 

Note: 
 

 When f(x,y) is of the form e
ax+by

 . We obtain a particular integral is of the form 

byaxe
baF



),(

1
 except if it happens that F(a,b) = 0. 

 

Find a P.I of the equation (D
2
-D')z = e

2x+y
 

 

 Given (D
2
-D')z = e

2x+y
 

 

 In this case F(D,D') = D
2
-D' 

 

   a = 2 
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   b = 1 

 

  ∴ F(a,b) = 3 

 

 ∴ The P.I  yxez  2

3

1
 

 

           F(D,D') = D
2
-D' 

 

   F(a,b) = 2
2
-1 

 

    = 3 

 

Find the particular integral of the equation (D
2
-D')z = Acos (lx+my), where A,l,m are 

constants 

 

Solution: 
 

 Given (D
2
-D')z = Acos (lx+my) 

 

 To find the particular integral 

 

  Let  z = c1cos (lx+my)+c2sin (lx+my) 

 

 Substitute in the given equation 

 

(D
2
-D') c1cos (lx+my)+c2sin(lx+my) = A cos(lx+my)-c1cos (lx+my)l

2         
= Acos(lx+my)

 

  
-c2sin(lx+my)l

2
+c1sin(lx+my)m 

  -c2cos(lx+my)m  

 

 Equating the sine term to zero and the cosine term to A 

 

  -c2l
2
+c1m = 0      …….. (1) 

 

  -c1l
2
-c2m = A      …….. (2) 

 To find c1 and c2 by solving (1) and (2) 

 

 (1)  l
2
  -c2l

4
+c1ml

2
 = 0 

 

 (2)  m      -c2m
2
-c1ml

2
 = Am 

  

   -c2(m
2
+l

4
) = Am 

 

    ∴ c2 = 
42 lm

Am




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 (1)   0142

2




mc
lm

Aml
 

 

    
42

2

1
lm

Aml
mc




  

 

    
42

2

1
lm

Al
c




  

 

   z = c1cos(lx+my)+c2sin(lx+my) 

 

    = )sin()cos(
4242

2

mylx
lm

Am
mylx

lm

Al








 

 

    =   )sin()cos(2

42
mylxmmylxl

lm

A





 

 

Equations with variable coefficient 

 

 Consider the equation of the type  

 

  Rr+Ss+Tt+f(x,y,z,p,q) = 0     …….. (1) 

 

 Which may be written in the form 

 

  L(z)+f(x,y,z,p,q) = 0     …….. (2) 

 

 Where L is the differential operator defined by the equation. 

 

  
2

22

2

2

y
T

yx
S

x
RL














     …….. (3) 

 

 in which R,S,T, are continuous functions of x and y possessing continuous partial 

derivatives of higher order. By a suitable change of the independent variables we S.T any 

equation of the type (2) can be reduced to (1) of three canonical forms. 

 

 Suppose we change the independent variables from x,y to ,  where  = (x,y) and 

 =(x,y) and we write z(x,y) as (,) then (1) takes the form. 

 

     ),,,,(),(,,,2,
2

22

2

2

yxFyxAyxyxByxA 













 














 …….. (4) 

 

 Where A(u,v) = Ru
2
+Suv+Tv

2
      …….. (5) 
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 and B(u1,v1,u2,v2 = Ru1u2+
2

1
S(u1v2,u2,v1)+Tv1v2.  …….. (6) 

 

 The function F is derived from the given function f. The problem is to determine and 

 so that (4) takes the simplest form when the discriminant S
2
-4RT of the quadratic form (5) 

is everywhere either positive, negative or zero we shall discuss these 3 cases. 

 

Case (i) 
 

  S
2
-4RT > 0 

 

 When this condition is satisfied the roots 1, 2 of the equations are  

 

  R
2
+S+T = 0       …….. (7) 

 

 are real and distinct 

 

 And the coefficient of 
2

2



 s
and 

2

2



 s
 in (4) will varnish.  

 

 If we choose  and ʒ such that, 

 

  
yx 






 



1 , 

yx 






 



2  

 

 Let us take  = f1(x,y),   = f2(x,y)     …….. (8) 

 

 Where f1 = c1 and f2 = c2 are the solutions of the first order ordinary differential 

equation. 

 

  ,0),(1  yx
dx

dy
  ,0),(2  yx

dx

dy
     …….. (9) 

 In general  

 

 A(x,y) A(x,y)-B
2
(x,y,x,y) = (4RT-S

2
) (xy-yx) …….. (10) 

 

 When the A's are zero 

 

  B
2
 = (S

2
-4RT) (xy-yx) 

 Since S
2
-4RT > 0 

 

   B
2
> 0 

 

 Equation (1) is reduced to the form, 
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  ),,,,(
2

yx 








 

 

Reduce the equation 
2

2
2

2

2

y

z
x

x

z









 to canonical form. 

 

 Given 
2

2
2

2

2

y

z
x

x

z









 

 

  (i.e) r = x
2t

 

 

  (i.e) r-x
2t

 = 0 

 

 R = 1, S = 0, T = -x
2
 

 

  S
2
-4RT > 0 

 

  0-4(1)(-x
2
) = 4x

2 
> 0. 

 

 To find the roots 

 

  R
2
+S+T = 0 

 

  
2
+0-x

2
 = 0 

 

   
2
-x

2
 = 0 

 

   
2
 = x

2
 

 

    = x 

 

  1 = x, 2 = -x 

 

  0),(1  yx
dx

dy
 ,  0),(2  yx

dx

dy
  

 

  0 x
dx

dy
   0 x

dy

dy
 

 

  x
dx

dy
    x

dx

dy
  

  dy = -x dx   dy = x dx 

 

    dxxdy     dxxdy  
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  1

2

2
c

x
y 


    2

2

2
c

x
y   

 

  1

2

2
c

x
y     2

2

2
c

x
y   

 

 (i.e) 
2

2x
y  , and  

2

2x
y   

 

  
2

2x

x





   x

x

x






2

2
  

 

  x
x





   1





y


 

 

  1




y


 

 

  A(u,v) = Ru
2
+Siv+Tv

2
 

 

  R = 1, S = 0, T = -x
2
 

 

 ∴ A (x,y) = 1.x
2
+0-x

2
y

2
 

 

   = x
2
-x

2
 

 

   = 0 

 B(u1,v1; u2,v2) = Ru1u2+
2

1
+S(u1v2+u2v1)+Tv1v2 

 B(x,y;x,y)= 1xx+0-x
2
yy 

 

   = x(-x)-x
2
1.1 

 

   = -x
2
-x

2
 

 

   = -2x
2
 

 

 A(x,y) = x
2
-x

2
 

 

   = x
2
-x

2
 

 

   = 0 

Sub in (4) 
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    yxFyxAyxyxByxA 













 ,,,,),(,,,2),(

2

22

2

2















 

 

  00)2(20
2

2 








x   

2

2x
y  ,

2

2x
y  ,

2

2 2x
  

 

    04
2

2 








x        

 

    04
2

2 







x  

 

 (i.e)   04
2










        …….. (1) 

 

  z(x,y) = (,) 

 

  
xxx

z





















 








..  

   

   =  )1( xx 
















 

 

  
x

s
x

x
x

x

z































 












2

2

2

2

2

2

)()1(.1.  

 

   = )(
2

2

2

2

xxxx 


































 

 

   =  
2

2
2

2

2
2



































xx  

  
yyy

z





















 








.  

 

   = 1.1.
















 

 

  
2

2

2

2

2

2





 











 z

y

z
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2

2
2

2

2
2

2

2
2

2

2













































xx

y

z
x

x

z
 

 

   =  
















 

 

 ∴ 0
















       …….. (2) 

 

 Combining (1) and (2) 

 

 




























2

)(4  

 

  




































)(4

12

 

 

Case (i) 
 

  S
2
-4RT = 0 

 

 Here the roots of the equation (7) are equal 

 

 Pulting A(x,y) and B = 0 and dividing by A(x,y) the canonical form of (1) is. 

 

  ),,,,(
2

2

 








 

 

Reduce the equation 02
2

22

2

2
















y

z

yx

z

x

z
 to canonical form. 

 

 

 

Solution: 
 

 Given, 02
2

22

2

2
















y

z

yx

z

x

z
 

  (i.e)  r+2s+t = 0 

 

  R = 1, S = 2,  T = 1 

 

 The equation is R
2
+S+T = 0 
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   1.
2
+2.+1 = 0 

 

   
2
+2+1 = 0 

 

    (+1)
2
 = 0 

     = -1, -1. 

 

  0),(1  yx
dx

dy
  

 

   01
dx

dy
 

 

   1
dx

dy
 

 

   dy = dx 

 

     dxdy  

 

   x = y+c1  ///rly x+y = c2 

 

   x-y = c1 

 

 Let   = x-y   = x+y 

 

  x = 1  x = 1 

 

  y = -1  y = 1. 

 

 A(u,v) = Ru
2
+Suv+Tv

2
 

 

 A(x,y) = B1.1+2(-1)+1.1 

 

   = 1-2+1 

 

   = 0 

 

 B(u1,v1; u2,v2) = Ru1u2+
2

1
S(u1v2+u2+v1)+Tv1v2 

 

 B(x,y,x,y)= 1.xx+
2

1
.2(xy+xy)+1yy 

 

   = 1+1(1-1)+1.(-1)(1) 

 



 

Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education, Tirunelveli. 
301 

 

   = 1+0-1 

 

   = 0. 

 

 A(x,y) = 1.x
2
+2xy+1.y

2
 

 

   = 1.1
2
+2.1.1+1.1 

   = 1+2+1 

 

   = 4. 

 

     (4)  0+0+4
2

2








=  F(,,,,y) 

 

  04
2

2









 

 

  0
2

2









 

 

Case (iii) 
 

  S
2
-4RT < 0 

 

 The roots of equation (7) are complex. To get a real canonical form, we have the 

transformation 

 

    
2

1
 

 

  )(
2

1
  i  

 

 and it is shown that 

 

  





















2

2

2

22

4

1












 

 ∴ The canonical form is 

 

  ),,,,(
2

2

2

2

 

















 

 

Reduce the equation 
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  0
2

2
2

2

2











y

z
x

x

z
 to a canonical form 

 

Solution: 
 

 Given 0
2

2
2

2

2











y

z
x

x

z
 

  r+x
2t

 = 0 

 

  R = 1, S = 0, T = x
2
 

 

 The equation is R
2
+S+T  =  0 

 

   1.
2
+0+x

2
 = 0 

 

    
2
+x

2
 = 0 

 

    
2
 = -x

2
 

 

     = ix 

 

  1 = ix, 2 = -ix 

 

We have  

 

 0),(1  yx
dx

dy
   0),(2  yx

dx

dy
  

 

 1
dx

dy
   2

dx

dy
 

 

 ix
dx

dy
    ix

dx

dy
  

 

 dy = - ix dx   dy = ix dx 

 

   xdxidy      xdxidy  

 

 1
2

2
cxiy     2

2

2
cixy   

 

 1
2

2
cxiy     2

2

2
cixy   

 

 xply by-i   xplybyi  
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 1

2

2
)( c

x
iiiy    2

2

2
)( c

x
iiiy   

 

 1

2

2
)( c

x
iiiy    2

2

2
)( c

x
iiiy   

 

 Take 
2

2x
iy    

2

2x
iy   

Given that,  

 

 )(
2

1
     )(

2

1
  i  

 

  +  = x
2
    -  = - 2 iy  

 

We have  

 

 A (u, v) = Ru
2
 + suv + Tv

2
 

 

 A (x, y) = 1.x
2
 + 0 + x

2
 i

2
 

 

       = x
2
 - x

2
 

 

       = 0.    

 

B (u1, v1; u2, v2) = Ru, u2 + 
2

1
 

 

  S (u1 v2 + u2 v1) + Tv1 v2 

 

B(x, y; x, y) = 1.x.x + 0 + x
2
(i

2
) (-i)  

 

       = x
2
 + x

2
 (-i

2
)  

  

       = x
2
 + x

2
 

       = 2x
2
 

 

A(x, y) = 1.x
2
 + x

2
y

2
 

 

     = x
2
 + x

2
 (-i)

2
 

 

     = x
2
 - x

2
 

 

     = 0.  
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Sub. in (4)  
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2 
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




s
x  
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2

2 






s
x  

 

 ie) 0)(4
2










s
        …..(1)  

 

 z(x, y) = S (, )  

 

 
x

s

x

s

x

z





















 






..       yx   ,

2

1
1 2  

          x = x, x = 0  

          y = 0, y = 1 

 

0...
 









s
x

s
 

 

 





s
x.  
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



 














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x

s
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 









ss
x

2

2
2.  

 

 
y

s

y

s

y

z





















 






..  

 

1.0.
 








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



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2

2

2

2
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



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 






















sss
x

2

2

2

2
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 






















sss
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2

2

2

2
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 













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x

ss
.

1
22

2

2

2

 

 

 
 




s
.

2

1
 

 

  ]2[ 2 x  

 

 Show how to find a solution containing two arbitrary functions of the equation                    

s = f (x,y). Hence solve the equation s = 4xy + 1.  

 

Solution:  

 

 Given s = f (x, y)  

 

 ),(
2

yxf
yx

z





 

 

 ),( yxf
y

z

x

















 

 

 ying .  

 

  



y

xfdxyxf
y

z

0

1 )().,(  

 

Again integrating  

 

    

x y x

gfdyxfdydxyxfz
0 0 0

21 )()(),(  
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  

y

x

x

yfyxfdfdz
0

201

0

)(])([)),(   

 

 

yx

yfxfxdfd
0

21

0

)()(),(   

 

  

yx

yfqxfndfd
0

2

0

)(),(   

 

 

yx

yfxfdfd
0

21

0

)()(),(   

 

 Given s = 4xy + 1  

 

 f(, ) = 4  + 1  

  

yx

yfxfdfdz
0

21

0

)()(),(   

 

 

yx

yfxfdd
0

21

0

)()()14(   

 

)()(
2

4 21

0

2
2

0

yfxfd

yx









  


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 )()(]2[ 21

2

0

yfxfyyd

x

    

 

  

xx

yfxfdydy
0

21

0

2 )()(2   

 

 )()(][
2

2 210

0

2
2 yfxfyy x

x









 


 

 

 = x
2
 y

2
 + xy + f1(x) = f2(y)  

 

 = xy (xy+1) + f1(x) + f2(y).  
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