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Unit-1 SUCCESSIVE DIFFERENTIATIéN.

Introduction (Review of basic concepts) — The nt" derivative — Standard results —
Trigonometrical transformation — Formation of equationsinvolving derivatives —

Leibnitz formula for the nt" derivative of a product.
SUCCESSIVE DIFFERENTIATION
1.1 Introduction:

We have seen that the derivative of a function of X is also a function of x. The new
function may be differentiable, in which case, the derivative of the first derivative
is called the second derivative of the original function. Similarly the derivative of

the second derivative is called the third derivative, and so on up to the nt"

derivative.
Thus if y = 4x°
Y — 20x*
= () =80x’
{2 (2)} = 24047, etc.

d (d (dy d (d*y\ d3y
L) -4 ()20
dx Udx \dx dx \ dx? dx3

d dn—ly dny
i) = =

dxn1 dxn
If y = f(x), the successive derivatives are also denoted by

1O, f7(x), e fM(x),
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1.2.The nt" derivative:

For certain functions a general expression involving n may be found for the nt"* derivative. The
usual plan is to find number of successive derivatives, as many as be necessary to discover

their law of formation and then by induction write down the nt" derivative.
For example, y = e®*

& _ oax

ae
dx
d?y
= q2e%*
dx?2

Then % =q"e?
Standard Results
1. Ify = (ax + b)™ , then
y1 = ma(ax + b)™ 1

y, = m(m — 1)a?(ax = b)™?

Yp=m(m—1).....(m —n+ 1)a"(ax + b)™™"
In particular, D™(ax + b)~! = (=1)"n!a"(ax + b)"!
2. If y =log(ax + b)

y: = alax +b)™?1

dn—l

Yn=A om (ax + b))t

=a(-D)"n-D!a" (ax+b)™

=(-D"(n—-1)'a"(ax + b)™"
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3. If nt" derivative of sin(ax + b)

Let y = sin(ax + b)

y, = acos(ax + b)
Thus the effect of a differentiation is to multiply by a and increase the
angle by ~

Yy = asin(g + ax + b)

y, = acos (g +ax+b) = azsin(%” + ax + b)

y3 = a3sin(37n + ax + b)
In general, D™ sin(ax + b) = a“sin(nz—n +ax + b)
Similarly D™ sin(ax + b) = a“cos(? + ax + b)
4. Find the n*" derivative of e*sin(bx + ¢)

Let y = e**sin(bx + ¢)

y1 = e**bcos(bx + ¢) + ae®* sin(bx + ¢)
Putting a = rcos® and b = rsing
We have, y; = re®sin(bx + ¢ + ¢)
Thus the effect of a differentiation is to multiply by r and increase the angle by ¢
Similarly, y, = r2e* sin(bx + ¢ + 2¢)
In general, D™*{e®* sin(bx + ¢)} = r"e*sin(bx + ¢ + ny)
Where r = (a? + b2)"/2 and @ =tan™?! b/a

Similarly, D"™*{e®* cos(bx + ¢)} = r"*e**cos(bx + ¢ + ng)

fx)

Fractional expressions of the form s

, both functions being algebraic and rational, can be

differentiated n times by splitting them into partial fractions.
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Example 1: Find y,, where y = m in partial fraction

Solution:
3 A B
(x+1)(2x-1)  2x-1 F (1D
3 _ A(x+1)+B(2x-1)
(x+1)(2x-1)  (2x—1)(x+1)

3=A(x+1)+B2x—-1)

Putx =—-1 =3 =4(-1+1) + B(-3)
3=-3B
B =-1

Putx =2 =3=42+1)+BAl-1)

3=34-3 = A=2
Sub in equation (1)

2 1
y: —_——

2x-1 x+1

D™(ax —b)™' = (=1)"n!a"(ax + b) ™ *

2 2(-1)"ni2"
2x—-1 (2x—1)n+1

1 (-1)™n!

x+1  (x+1)n+1

_2(-Dmui2r (D™l
y= (2x _ 1)n+1 - (x + 1)n+1

n+1 1
y = (=D {(Zx D (x + 1)n+1}

Example 2: Find y,,, where y = % x?

(—1)2(x+2)
Solution:
x2 A B c
Let (x—1)2(x+2) T x-1 + (x-1)2 + m ........ (1)
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multiply both sides by (x — 1)?(x + 2), we: get
x2 = Alx—1)(x+2) + B(x+2)+ C(x—1)?
Putx = -2 =(-2)? = A(-2-1)(-2+2)+ B(-2+2)+ C(-2-1)?
=
Putx = -1
(-1)?2=A4(-1-1)(-1+2)+B(-1+2)+C(—1—1)?
1=-24+B+4(3)

20=24+2_1
3 9

A=2
9

5 1 4

Sub in equation (1), y = ST} + sz T omn

5 _5 (-D)™n!
9(x—1) 9 (x—-1)n+1

1 _ l(n+1)!(—1)”
3(x-1)2 3 (x—1)n*2

4 4 (-D)™n!
9(x+2) 9 (x+2)"*1

_5 (-D™n! 1(n+1)!(—1)“ 4 (=1)™n!

y= 9 (x-1)"+1 | 3 (x—1)n*2 9 (x+2)n+1
5 1 1 n+1) 4 1
e —1 n ' — - a
y=(D"n [9(x_1)n+1+3(x_1)n+2+9(x+2)"+1
- H 1
Example 3: Find y,,, where y = Tiaz
Solution:
B 1 B 1 [ 1 1 ]
Y oY v a?  2ailx—ai x+ai
_ (=D [ 1 1 ]
Yn = 24i (x —a)™!  (x + ai)™*?
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Exercise 1:

1.Find y, when,

— -1%
@y =tan .

1
0) y = romw

1
©y = Graem

X
dy= (x—1)2(x+2)

1.3. Trigonometrical Transformation

It is possible to break up products of powers of sines and cosines into a sum by trigonometrical

methods.
Example 1:Find the nt" differential coefficient of cosx cos2x cos3x

Solution:

Y = COSX - COS2X - COS3X

1
Y = €0SXC0S2xCc0S3x = Ecosx[cosSx + cosx]

1
y = > (cosx - cos5x + cosx - cosx)

[cos6bx + cos4x + 1 + cos2x]

AN

oo y =
Usign formula,

nm
y = cos(ax + b)then D™ cos(ax + b) = a™cos(ax + b + 7)

1 nm nm nmw
COSX + COS2X - c0S3Xx) = — cos(6x + — cos(4x + — cos(2x + —
D™( 2 3x) 4[6” (6 +2)+4” (4 +2)+2" (2 +2)]
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Example 2: Find the nt*differential coefficient of cos® 8 sin” 8

Solution:

Letx=cos0O+isin®d
1

—=cosf@ —isin@
X

then x +i = 2cos 8

Now :cos@=%(x+i) 1 1 7 1 1
. _ o - - T
- [2@& ( x)] @i T )
Similarly x — = = 2i sin 0
. 1 1
NOW=>sm€—z(x—;) ............ 2)
By De Moivre’s theorem, X" = cos nf +isinn 6
thenxin= cosnf —isinn6
Now,x”+xin= 2cosn @
Similarly, x™ — xin = 2isinné
; 5
From equation (1), cos> 6 [1( . 1)]5 1( . 1)0
2 x 25 r
From equation (2), sin” 6
o 21 1.,
cos’ fsin’ 0 = —(x + 7)" (2'.!?)7(3: — T)’
1 . 1 5 1 5 2
= W(i’» + E) (z — l—,) (z — 5)
_ 1 ) 1 5¢.. 1 2
212727("[' ;1:2) (@ r) ......... 3)
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We know that

() =5

() =35=1

5 543
( ) 3241
(3) =10
) =1

Substituting these values in the above equation, we get

5 17 1 1 1 1 1 1.
cos”’ 681117 0 = 12,7 _.’L’lo — 5.,{,8? + ].UIIIGE — 1014? + 5.1'2? — T} (.L — )
1 7 10 6 2 1 1 1 2 1
= 377 |10 = 52 + 1027 — 10— + 5 ﬁ](a: ~2+ )

11 1
cos’ fsin”f = o P =52+ 100" — 10 45— — — — 2277 + 102° — 202° 4 20—

1 1 111
~ 10— + 255 +a* — 52 +10—1()f+o§—ﬁ]

- 1 , 1 1 . 1
cos? 9811179 — T |:.’I.?12 _ 43;8 4+ 5:1,;4 _ 5F + 4%—8 o 2.’1}10 + ]_0-’1;6 _ 20.’1’:2 + 20%—2
1 1 1
~ 1025+ 255 — o
1 1 1 1 L
B paTa 12 10 8 6
cos’ fsin’ § = 5127 [(JJ - ﬁ) —2(2" - m) —4(a® — F) +10(2” — F)
1
5(xt — =) =20 — ]
+ (ﬂ" ) ( :1,2)
11
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From (3), we have

- 1
cos’ fsin’ § = o127 {2?'. sin120 — 2-2¢sin 1060 — 4 - 2isin 89 + 10 - 2isin68 + 5 - 2isin 46 — 20 - 2¢ sin 26
14‘
1
= S5 | sin 120 — 25in 10 — 4sin 80 + 10sin 66 + 5sin 46 — 20sin 20|
1

We know that i®=i*- i?=—1, hence

cos® fsin’ = 2—1} [Sin 126 — 2sin 106 — 4 sin 8¢ + 10 sin 66 + 5 sin 46 — 20 sin 29]

Now, we find the nth derivative:

D"[cos® Osin” 0] = Q_—jD" [ sin 120 — 2sin 100 — 45in 80 + 10in 60 + 5sin 40 — 20 sin 20]

Using the formulaD™ sin(ax + b) = a“sin(% + ax + b), we have

. |
D"cos” fsin” 6] = 7 [12” sin(%r +120) —2- 10" sm(%” +100) —4-8" sm(%7T +80)

+ 10 - 6" Sin(? +66) + 5 - 4" sin(% +46) — 20 - 2" Sin(n—;r + 29)]

Exercise 2:
1.Find the nt"differential coefficient of

(@) sin® x cos® x
(b) sinx sin 2x sin3x

(c) e*sinx

(d) _xr

(x+1)2(x+2)

12
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1.4. Formation of equations involving derivatives

When a relation between x and y is given, we can in many cases deduce from it a relation

between the variables x, y and the derivatives of y with respect to x

Example 1: If xy = ae* + be™,

-xy =0
Solution: Given xy = ae* + be™

Differentiate with respect to x, we get

d?y

X 2
dx dx

dy
= +
d = ae* + be™

d .
3;+2 ~ = ae* + be™
d

d d
xy +2 Yy _Xy

d?
Kot "2 o

-xy =0

Example 2: Prove that if y = sin(msin™x)
Solution: Given y = sin (msin™x)
Sinty=msinx

1

d
V1 dX m 1—X2

Differentiate with respect to x, we get —

Squaring on both sides, we get

L odyve _p 1
1_y2(dx) m1_2

X
(1) ()7 = me (1-y?)
dx
Differentiate again with respect to x, we get

dy d? d d
(L2 EL + (20 (7 = me (2y)

[(1 XZ)— —X—] = 2m2y

d’y _dy
2\ Y — 2
(1X)dx2 X = -my

13
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(1-x2)% —x% + m2y =0

(1-x2) y2 —xy1 + m?y =0

Example 3:

If x =sind , y = cosp@, prove that (1-x?)y.—xy, + p%y =0
Solution:

Given x =siné , y = cospéf

Differentiate both x and y with respect to 6,

dx _ dy _ -
10" cosé, m psinpO

dy .
4y _ gg _ZpSINRY )

dx 94X cos6
de

We know that, sin’pf-+cosp6 = 1
sin’pf = 1—cos*pO
sin?pf = 1—y?
sin pd = /1 — y% --(2)
Similarly, we have
sin*0+cos?0 = 1
cos?0 = 1—sin’0
cos?0 = 1—x?
cos B = m ...... 3)
Sub (2) & (3) in (1)

We get, % - =L

1-x2

Squaring on both sides, we get

14
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(&) =m=
10(2)" =p149)

Differentiate with respect to x,
(10225 4 (29 () = pr(-2y) &
250 (1) TE- XD =20y
(1) TE-x o=y
(190) T~ X T+ py =0

(1-x*)y>—xy1+ p’y =0

Exercise 3:

1. If y = ax cosmx, prove that x?2 (% + mzy) 2 (x —= — y)
2. Ifx=sint,y=sin pt, prove that (1-x*)y.—xy; + p*y =0

4
3. Ify = e ™ cosx prove thatd—f + 4y =0

4. Ify = Ae ¥ cos(pt + e), show that—+ 2k —+n y = 0, where n? = p? + k?

1.5. Leibnitz formula for the n** derivative of a product:

dv

. d d
If u and v are functions of x, we have — (uv) = v—+ u=
dx dx dx

This formula express the nt" derivative of the product of two variables in terms of the variables

themselves and the successive derivatives.

dv

. d d
If u and v are functions of x, we have — (uv) = v—+ u=
dx dx dx

D(uv) = uDu + uDv

Differentiating again with respect to x

15
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D?(uv) = D(vDu) + D(uDv)
= vD?u+ uD?v
Similarly, D3 (uv) = vD3u + 3D?uDv + 3. DuD?v + uD3v

However, this process will may be continued it will be seen the numeral coefficient follow the
same law as that of the binomial theorem and indices of the derivative correspond to the

exponents of the binomial theorem.

Hence nt" derivative;

an d™u d" udv d" ?2ud?v d" "ud"v
dn W) = gV e i gy T e gz gz T e e g
dud™ u d™v
o1 g dxn—1 tu dxm
Example 1:

Find the nt" differential coefficient of x?logx
Solution:

Taking v = x? and u = logx
anr n n-1 d n-2 dz

dxm (x*logx) = Fe (logx)x?® + n, Ten—1 (logx) axz + e, 7z (logx) sz

All the other terms will be zero since the successive derivatives of x? after the second

derivatives vanish.

_q1\n—-1 _ _q1\n—-2 _ _ _1\n-3 _
. DM (logx) = CLTHETD! | nE P a2, L a3l

xn xn—l 2xn—2

=(-D"In—-D!x™x%+n(—1D)"2%(n—2) x""2x

N nn—1)(-1)"3(n — 3)! L2

2
2

=m—-1D)n-2)-2n(n-=2)+nn—D[ (D" 3(n—3)! x*™"]
=n?-2n—-n+2-2n2+4n+n?—n[(—1)"3(n - 3)! x2™"]

=2(-1D)"3(n—-3)! x2™

16

Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education, Tirunelveli.



_ 2(-1)"3(n-3)!
- A —2

Example 2:

If y =sin(msin"'x) Prove that (1—x2)y,—xy; +m?y =0 and (1—x2)y,4, —

(2n + Dxypsq + (m? —n?)y, =0

Solution:

Given y = sin (msin™x)
Sin*ty=msin*x

Differentiate with respect to x, we get

1 dy _ 1
1-y*dx 1-x2

Squaring on both sides, we get

ERCAAY: = m?2
1_y2 (dx) m

1
1-x

2

dyyz -
(15(ED? = m2 (1-y)
Differentiate again with respect to x, we get

dy d? d d
(12 G + (20 (g7 = m2 (-2y) 4

Y 1428 W7 = ooy,
de [(1 X)dx2 de]_ 2m ydx
d

Y — _m2
dx my

d?y

-y2\—L _

(1 X )dXZ X
2

1-x) y2 —xy1 t m?y =0 ... (1)

Using Leibnitz theorem of differentiating each term of (1) n times

n—1)
1-2 yn(_z)

D"(1 - xz)YZ = Yni2 (1 = x%) + NYn+1(—2x) +

D™"(=xy1) = =Yp41(x) =y () ...
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D"(m?y) = m?y, ... ©)

Adding RHS terms of (A), (B), and (C)

Vnr2(1=x3) + ypq[2nx —x] + yu[-n? +n—n+m?] =0
= (1= x)Ype2 — @n+ Dxyp + (M2 —n?)y, =0
Exercise 4:

1. Find the nt" differential coefficient of
(a) xze3x
(b) x sinx

(c) x? cosx

2. If y=sin"'x Prove that (1—-x%)y,—xy;, =0 and (1 —x%)y,., — (2n+
Dxyner — nzyn =0

__logx

3 4%y 2d% dy —
3. Ify show thatx FRci 8x Rl 14 L 4y =0

x2

18
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Unit-2 PARTIAL DIFFERENTIATION:

Partial derivatives — Successive partial derivatives —Function of a function rule

— Total differential coefficient.
PARTIAL DIFFERENTIATION
2.1. Partial derivatives:

We have considered till now only functions of one variable but we come
across function involving more than one variable. For example, the area of a

rectangle is a function of two variables, the length and breadth of the rectangle.

If u be a function of two independent variables x and y, let us assume the
functional relation as u = f(x, y). Here x alone or y alone or both x and y are

independent, X may be supposed to vary when y remains constant or the reverse.

The derivative of u with respect to x when x varies and y remains constant is
called the partial derivative of u with respect to x and is denoted by the symbol
Z—z. We may then write

du fx+Ax,y) = f(x,y)
—= Lt
0X Ax—0 Ax

Similarly, when x remains constant and y varies, the partial derivative of u with

respect to y is

du [,y +Ay)—f(xy)
— = Lt
dy Ay-o0 Ay

du . . ] of
S also written as ™ f(x,y)or ™

I ou . . 2 of
Similarly, ay 1 also written as 3 f(x,y)or P

2.2. Successive partial derivatives:
Consider the function u = f(x,y). Then in general g—z and g—; are functions both

x and y and may be differentiated again with respect to either of the independent

variables giving rise to successive partiable derivatives. Regarding x alone as

19

Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education, Tirunelveli.



03u on

. 92 .
varying we denote the result by 6—; e ,ﬁ or when y alone varies ,
d%u 93u mu
537 1 agT S

If we differentiate u with respect to x regarding y constant and then this result

is differentiated with respect to y regarding x as constant, we obtain %(Z—z)

which we denoted by

0%u
dy 0x

Similarly, if we differentiate u twice with respect to x and then once with

u

3
respect to y, the result is denoted by the symbol aj PEE

The partial differential

coefficient of g—; with respect to x considering y as a constant is denoted by

%u
oxady’

Generally, in the ordinary functions which we come across

0’u _ 0%*u
dyox 0xdy

2.3. Function of function rule:
This rule is very useful in partial differentiation.

Let z be a function of u where u is a function of two independent variables x

and vy.

0z dz du 0z dz Jdu
Then—=—— and—=— —
ax du 0x ady du ody

Let x and y receive arbitrary increments Ax and Ay and let the corresponding

increments in u and z be Au and Az respectively.

A Az A
Then = = = =
Ax Au Ax
. . 9z dz 0
Proceeding to the limit when Ax = 0, — = — ==
0x du 0dx

20
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Note:

The straight limit d is used in :—; as z is a function of only one variable u while

the curved 0 is used in g—: as u is a function of two independent variables.

Example 1:

Find the partial differential coefficient of u=sin(ax+by+cz)

Solution:

Let u=sin(ax+by+cz)

% - acos (ax+by+cz)
ax

du _

7y b cos (ax+by+c)
M _ ¢ cos (ax+by+c)
0z

Example 2:

- X ou U =
Ifu—X+y. Showthatxax+yay u

Solution:

0u _ (x+y)y—xy

0x (x+y)?
:—yz
(x+y)?
Similarly, 2% =
Y oy  (x+y)*

ou ou _ x’y+xy?

a Xax yay (x+y)?

Xy
xX+y
Jdu Jdu
X—+y—=1uUu
ax yay

21
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Example 3:

X3

— —1 +y3 @4— @: I
Ifu=tan y,provethatxax yay sin 2u

—
Solution:

u=tan™! Xy
x—y
X3 +y?
x—y

tanu =

Differentiate with respect to x,

_ )3 (3 4y?)
(x-y)?

secza—u
ox

_ 3x°-3x*y—x3-y3
(x-y)?

_ 2x%-3x%*y-y3
(x-y)*

Differentiate with respect to y,

du _ (x-y)3y°—(x*+y?)-1
ay (x-y)?

Sec?

_ 3xy?-3y3+x3+y?
(x-y)*

_ 3xy?-2y%+x3
(x-y)?
Jdu

du
2 - —) =
sec2u(x Sty 6y)

X(2x3 —3x2y—y3) + y(3xy2 —2y3 +x3)
(x-y)* (x-y)*

x(2x3 —3x2 y—y3)+y(3xy2 —2y3 +x3)
(x-y)*

2x*—3x%y—xy*+3xy -2y +x°y
(x-y)*

2x*-2x3 oyt
y+2xy -2y
(x-y)?

_ 2(x* =Xy +xy -y
(x-y)*
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_2(x=y)(X>+y3)

(x-y)?
_2(x34y3)
===
3 3

We know that X;’; = tan u

=2tanu

= - 2tanu

secC

= 2 cos?u.tan u

sinu

= 2 cos?u.——
cosu

= 2c0osu.sinu = sin2u

Example 4:

+—+—=0

o*v | 0%v 0%
= (x24vy2472)-112 halg
If v = (x2+y>+z2) "¢, show that o oy Tor

Solution:

Differentiate with respect to x,

SN

v
0x

o

(X2+y2+ Zz)—S/ 2 12X
=X (X2+y2+zz)—3/2
Again differentiate with respect to X,

d%v _3 502 31
03 =3 (ry2) S ()

_ sz_yz_zz

5
(X*+y?*+z?)5

_— 0%v _ 2y*-7*-x?
Similarly, — =—2——"
9" (P+y*+7%);

0%v _ 27°—x*—y?

- 5
07" (x4y?+72);
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0%v  9*v 0%

=7 e +2=0
Example 5:
= 3 7% —~—_ when u is equal to Iog
Solution:
u= IOg ——=log (x?+y?) —log x—log y

Ju _ 2x 1

0x  x*+y®  x

’u _ 0 ( __)
dy 0x 6y X2 +y?
_ —4&xy
4y
ou _ 2y 1
6y Tx2+y2
0%u _i( 2y _l)
0xdy 0x X*+y* y

_ —4&xy
(x*+y?)?

0*u _ 9%u
dyox 0x0y

Exercise 1:

1. Ifu =log(tanx + tany + tan z) , show that sin Zx(;—z + sin Zyg—; + sin Zzg—lzl =2
2. fu=@—-2)z—x)(x—-y), showthat + + =0

3.

= dy 0x
— oin—-12

(@) u = sin "

(b) u = x siny + y sinx

(€) u=xY

(d) u = log{x tan™*(x? + y?)}
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2.4. Total differential coefficient

Then Z—Z = f’x(x,y)% +f’y(x,y)i—3t’

du Odudx N Judy
dt ~ ox dt dy dt

In the differential form, this can be written as

du is called the total differential of u.

In the same way, if u = f(x,y,z) and x, y, z are all functions of t, we get

du 0udx+0udy+6udz
dt  oxdt dydt 0dzdt

And similarly if u = f(xy, x5, .....

t , we have the relation.

du  Ou dx; N ou dx,
dt 0x, dt = 0x, dt

(or)

dy = ou p ou u
u—ax X+ FI% x Xy +

Example 1:

X,) Where x4, x,, .....x, are known functions of a variable

Ju dxn
+
0x, dt

Cet—dxy,

0x,

. d .
Flndd—?whereu=x2+y2+22,x=et,y=etsmtand2= etcost.

du Oudx audy dudz
dt _ oxdt (')y dt 62 dt

Solution:

u=x%+y?+z?
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u )

— = 2x

0x

ar_,,

dt

6u_2

ay_ Y

d
—y=etcost+etsint
dt

ou _ ZZ,E= —etsint + efcost
0z dt

du . .
T 2xet + 2y(etcost + efsint) + 2z(—etsint + et cost)

du

i 2ef[x +ysint + ycost + zcost — zsint]

du . . .
i 2et[et + etsin?t +etsintcost + et cos?t — el costsint]
du

i 2et[et + et (sin?t + cos? t)]

du

— = 2et.2et

dt

du

— = 4et

dt

Example 2:

.. d
Find d—? , u=x3y*z? wherex =t?, y=t3z=1t*
Solution:

du_audx_l_audy_l_audz
dt odxdt dydt O0zdt

du
Fria 3x2y*z2(2t) + 4y3x322(3t?) + 2zx3y*(4t3)

du
Frin 6(t*t12t8t) + 12(t%t%t8t?) + 8(t3t*tt1?)
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u
— = 6t% + 12t% + 8t

dt

du

— =2 25
It 6t
Example 3:

. d . .
Find d_IZ' u=xyzwherex =e~ %,y =e !sin’t,z =sint
Solution:

du_audx+6udy+6udz
dt dxdt dydt 0dzdt

du -t —t9 o —t cin2
Ezyz(—e )+ xz(e '2sin tcost — e tsin®t) + xycost
du —t ¢in3 —t —t o —t9 i —t in2 -2t in2
Jp = ¢ sin t(—e ) +etsint(et2sin tcost —e tsin®t) + e *tsin®tcost
du ot . 3 2cost cost
—=e “sin°t|—14+— - -
dt sint sint
du
— =2t in3
—=e “'sin°t[3cost — 2
7t [ ]
Example 4:

If u = sin(xy?), where x = logt, y = e* then prove that =*.

Solution:

du_audx_l_audy
dt odxdt 0dydt

d 1
d—? = cos(xy?) (y?) (E) + cos(xy*)(2xy) (")

C:i—l; = cos(xy?) [yz (%) + ny(et)]

du 1

2 2y = t
It y“cos(xy )[t + 2x(e )]
Exercise 2:

1.Find Z—I: , u=log(x+y+z)where x = cost, y = sin? t and z = cos?t
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UNIT-3 PARTIAL DIFFERENTIATION (Contlnued)

Homogeneous functions — Partial derivativesof a function of two variables - Lagrange’s

method of undetermined multipliers.
PARTIAL DIFFERENTIATION
3.1. HOMOGENOUS FUNCTIONS

Let us consider the function

fO,y) = apx™ + ayx™ Ly + a;x" 2yt 4+ o+ ay g xyv 4 ayy"

In this expression the sum of the indices of the variables x and y in each term is n. Such an
expression is called a homogeneous function of degree n. This expression can be written as

follows,

2

y y
flx,y) = x"(ap + a1;+ azﬁ"‘ "Qn n)

= x"(a function of i—/)

()

Similarly, a homogenous function of degree n consisting of m variables x,, x5 ... .... x,, can
be written as x," F (xi ’;i - ’;—’:)

Theorem 1:

Euler’s Theorem: If f(x, y) is a homogeneous function of degree n, then x + y— =nf.

This is known as Euler’s Theorem on homogenous functions.

Proof:

f(x;Y) = aoxn + alxn_ly + a, x" 2y2 + -+ an—lxyn_l + anyn

-r()
"'Z_i ax[x F( )]
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g_£ — nx™1F (%)_x”‘z yF (%) .......... (D)
af oy .,
3y oy [x (%)]
=x"F(2) ]
Z_i Y (g) ...... )

From the equation (1) and (2)
xRt ([ )

et (2) ey 7 () ety ()

X

=nx"F (X)
X
af af

X + yay =nf
In general if f(xq, x5 ... .... X, ) iS @ homogeneous function of degree n, then

of of of  _
X1 5, + x, ors + -t Xy, . nf
Example 1:

Verify Euler’s theorem when u = x3 + y3 + z3 + 3xyz.

Solution:

Ju
— =3x%+3yz

dx

au—3 24+3
E)y_ y ZX
au—3 >+3
aZ_ Z xy
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au Ju Ju
—+y—+2z—=x(3x?+3yz) + y(3y? + 3zx) + z(32z% + 3xy)

6 dy 0z
u Jdu Jdu
_ e ZC 3 3 3
xax+yay+zaz 3(x* +y3 + 2% + 3xyz)
au au au

Xox TV ey T 25, = 3¢

Example 2:

_q1 x3+y3 0 0 .
If u = tan 1%, prove thatxﬁ + yﬁ = sin 2u.

Solution:
x3+y3 1+(X)3

tanu = =2 = x? —&_ = x2f (X) which is a homogenous function of degree 2.
= =g =G

Let v =tan u.

Then v is a homogenous function of x and y of degree 2.

ov ov

xa+y£=2v

d d
x—(tanu) +ya (tanu) = 2tanu

6u+ 6u_2t
xsec’u % ysec?u 3y anu

Ou Ju 2tanu )
= sin 2u

Xox Y% 6y sec’u
Exercise 1:
1.Verify Euler’s theorem

(@) u=x3—3x%y + 3xy? + y3.

1/2
_ y
(b) u= sm( +y)
2. Ifu = xy? f(%) show thatx% + yZ—; = 3u
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_1 x%+y? ] ] 1 .
3. If u = tan"* =22, prove that x = + y — = = sin 2u.
x+y 0x 0x 2

3.2. PARTIAL DERIVATIVES OF A FUNCTION OF TWO FUNCTIONS

LetV = F(u,v) whereu = f(x,y), v = fi1(x,y) and x, y are independent variables.

If we write V in the form F{ f (x,y), f;(x, y)} we can obtain Z_Z : Z—Z by the ordinary-rules of

partial differentiation but is usually done without substitution.

By definition since x, y are independent
av av

dV—adx+5dy ......... (1)
u is a function of x and y

u u
--du—adx+5dy ........... (2)
v is a function of x and y

av av
--dv—adx+£dy ........... 3)
V is a function of u and v

av av
--dV—aduﬁ'a—vdU ........... (4)

Substituting the values of du and dv from (2) and (3) in (4)

We get,
av (odu du av (ov ov
v = a(adx +£dy) +£(£dx +£dy)
av ou av ov av ou av dv
—(aai‘a—va) dx + (aaﬁ-%a) dy ....... (5)

Comparing (1) and (5) , we get
av. oV 6u+6V dav
dx Ou dx Ov Ox
av. oV 6u+6V av
dy ou dy Ov dy
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9 and (a—ui + a—"i) are equivalent
0x dxou  9x v q ’

_— [7] du 0 dv 0
imilarly — = — —+ — —
S ayay 6y6u+6y6v

62V_ 0 (6V>_(6u 0 +6v 6><6V>
dx2  dx\dx) \dxodu 0dxadv) \dx

22V _ 9 (av ouad , v a\/[ov
i =5 ay) = Gt 500 (55)
In this way, it is possible to express higher partial derivatives.

Example 1:

If z= f(x,y)and x = rcos8, y = rsin8, prove that (Z—i)z + (z—;)z = (Z—i)z + :—2(2—2)2

Solution:

Given that x = r cos@

.ax_ H_Ox_ ing

..ar—cos v i T sin

y =rsinf

.ax_ ) H_Ox_ p

..ar—sm ,ae—rcos
0z _ 0z0x | 020y

Hence 5 T Axor dy or

0z Haz+ ) 062

6r—cos i sin 3y

0z dz 0x dz oy
And % = 929% | 029)
a0 dx 00 + dy 06

0z ) Haz+ 062
5 — ~Tsinfo—+rcos 3y

Now, RHS= (37)2 + riz(;'j—g)2
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2

_[ eaz+ ) 062]2+1[ ) 982+ 962]
= |(cos 3 T Sin 3y 3|77 sinfo—+7cos 3y

2

dz\> ) 9z\> dz dz 1 dz
= cos?0 (—) + sin%6 (—) +2cosf — sin @ —+r—2[r2c0529 (—)

dx dy ox dy dy
+r25in20 (62)2 ) P 0z P 0z
resin i rcos I sin 6y]

02)° ' 07)? , 9z . 0
- (ﬁ) [cos?0 + sin6]+ (ﬁ) [cos?6 + sin?6] + 2 cos O ﬁ sin 0 £ B

dz . 0z
2cosf — sinf —
ox ay

_ (62)2 N (62)2
-~ \ox dy
=LHS

= RHS=LHS

. (62)2 N (62)2 B (62)2 N 1 (62)2
“\ox ay)  \or r2\0d6
Example 2:

o%v  9%v . )
Transform — 4+ —; into polar coordinates
dx2  0y?

Solution:
x =rcosf

y =rsinf

r? =x% +y?, tan@z%

Differentiating with respect to ‘x” we get

2 6r_2
rax— X
ar_x_ g
ax—r—cos
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2 —
secc 0 —=——
0x x?2

08y sin 6

“ox  r? T
6V_6V6r+6V60_ BGV sin0(6V)
ox orox "osox > ar + \ag
Ja i_sinei
Thusa—cosear s
. 62V_ 0 (6V>
T 0x2 T 9x \ox
62V_ 0 0 sinf 0 ( av sinH@V)
axz_cos or r 00 cos or r 00
62V_ 00( av sinH@V) sin96( HGV sin@@V)
axz Y- \"%%7 7% r 90 0\ "+ a0
0%V 0 HOZV sin@ 0%V +sin06V sin 6 _ 96V+ 0 0%V
axz O e T T a0 T 2 a6 [=sin6 57+ cos6 505

cos@dV sin6 0%V
r 08 r 002

2%V 0%V  2sinfcosO 9%V  sin?0 0%V sin? 09V

= 20 -
O0x? cos 0r? T droo + r2 002 + r or
+Zsin0cos6?6V
T2 a0
. 02%v 02%v
Assuming that 5796 = 200n

To get aa—y, we note that we change 6 in g -0

cosf 0
r 06

d . d
Hence — = sinf — +
dy ar

.. 02%v %v . i
Similarly, 37 can be found from Py by replacing 8 by o= 0

This gives

0°v. 9%V 2sinfcosf 0’V  cos?6§0°V cos>’0V 2sinBcosf IV
— =sin - + + e e
dy? or? r drob rz2 062 r or r? a6
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''''''

0%V sin?00?%V sin?69V

62V+62V_ , 0%V 2sinfcosf N N
ox2 = 0y? [cos or? r 0rde 1?2 062 r or
+2$in0c0306V s 2062V 2sin @ cos @ 62V+c052962V
2 ggl TS O55 r ord ' rZ 062

cos? 6oV N 2 sin 6 cos 8 dV
r or r2 00

OV 0V 0V 10%V 1oV
T 0x?  9y?  0r? r206% ror

3.3. Lagrange’s method of undetermined multipliers:

The function u = f(x,y,z) + 2 ¢(x,y, z) where A is an undetermined constant. Consider

x,y, z as independent variables and write down the conditions Z—Z =0,

% =0 ,Z—Z = 0. Solve these three equations along the equation ¢(x, y, z) = 0 to find the

values of the four quantities x, y, z and A.

Example 1:
If u = a3x? + b3y? + c322% where % + 31/ +§ = 1, find the minimum value of u.

Solution:

1 1 1
u=a3x2+b3y2+c3zz—/1<;+—+——1>

y z
.au 3
--a=2a X+—
au—2b3 +
dy YTy
ou 5
5=2c z+—

Equating the expressions

2a3x + i =0 (D
=
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A

2b3y+? =0 ... (2)
3 A
262+ 5 =0 e (3)
Wehave=+=+-=1 ...... (4)
x y  z

Multiplying equation (1) by x, (2) by y and (3) by z and adding we get
1 1 1

2(a®x? + b3y* + c3z%) + A (— +-+ —) =0
X y z

(ie)2u+1=0

(ie) A =—2u

Substituting this value of A in (1), (2) and (3), we get
u

2a°x —2—=0
x

23y —22 =0
yZ

Substituting these values of x, y, z in (4), we have
+ L +
K

(le)K=a+b+c
a+b+c a+b+c a+b+c

Hence x = Y = ,Z =
a b c

Obviously these values will give only the minimum value for the maximum value of u can be
obtained by putting x =1, y =00, z = o0,
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The minimum value of u is

alla+b+c)? b(a+b+c)*> c3(a+b+c)?
_ + +
a b? c?

=(a+b+c)?(a+b+c)
=>(a+b+c)
Example 2:

A tent having the form of a cylinder surmounted by a cone is to contain a given volume. If
the canvass required is minimum, show that the altitude of the cone is twice that of the

cylinder.
Solution:

Let the radius of the cylinder be x, the height of the cylinder be y and the height of the cone

be z.

1
volume of the tent = mx?y + §7rxzz

surface of the tent = 2nxy + mwx\/x? + y?

The volume of the tent is given as constant and let that be K 3.
oy + gnxzz = K3

i.e.,3x%y+x%z=3K3........(1)

S=n(2xy+ x\/m)

S is at aminimum if f (x, y, z) is at a minimum where

flx,y) = 2xy + x\/x% + 22

So we have to find when f(x,y) = 2xy + xvVx? + z2 is at a minimum subject to the

condition
3x%y + x?%z = 3K3.
Letu = 2xy + xVx? + z%2 + A(3x%y + x?z — 3K?3)
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ou x2

= =2y H Xty Y———
Jx2+y?

o + 6Axy + 2Axz

u
— = 2x + 3Ax?
dy

u Xz

2 [xty?

+ Ax?

2

L2y +4/x%2+y% 4+ . +2ABxy +x2) =0 ... (2)
Jx2+y?
2x+3x%2=0  ........(3)
Xz
T A2 =0 e (4)
Jx2+y?
From (3), x=00r2+3ix = 0,i.e., Ax = == ... (5)

x cannot be equal to zero. Hence that value is discarded.

z

T T =0

From (4), x =0 or

From equation (5), substituting the value of Ax in this equation, we get

A 2
——=0

NeElE

922 = 4(x? + z?)

4
. ZZ — §x2
L2
Z=T—X
V5
Discarding the negative value, we get z = %x S (<)
4 9
2 2 2 3 202 202
xc+z X +5x 5x

Substituting the values of x2 + z2, Ax and z in equation (2),
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V5x2

We get 2y+35x+

\5 3x
2y + 3 +\/§ 4 8x 0
—=Xxt+—x—4dy——==
AN 3 Y73
. (3 +\/§ 8 )
=|l—=+—=———=]x
Y V5 3 345
5 6 R X
= —X e —
W Y=
Exercise 2:

1. Find the minimum value of x3 + y? + z2 when

(i) xy + yz + zx = 3a?

(i) xyz=ad

2. If x,y, z are the length of the perpendiculars dropped from any point P to the three

sides of a triangle of constant area K, show that the minimum value of x2? + y?2 + z2

is 4K?
aZ+b2+4c?’
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Unit -4 ENVELOPES:

Method of finding the envelope — Another definition of envelope —Envelope of family of

curves which are quadratic in the parameter.

ENVELOPES

The equation f(x,y,t) = 0 determines a curve corresponding to each particular of t. The
totality of all such curves by gaining different values of t, is said to be a family of curves and

the variable t which is different for different curves is said to be the parameter for the family.
Examples:

e The equation x cos@ + y sinf = a, where a is constant represents a family of straight
lines for different values of 8 touching the circle x? + y? = a?. Here @ is the parameter

of the family of straight lines.

e The equation y = mx +% represents a family of straight lines with the parameter m

touching the parabola y? = 4ax

e The equation (x —a)? + y? =r? where r is a constant is a family of circles with
parameter a touching the lines y = +r.

e The curve E which is touched by a family of curves C is called the envelope of the
family of curves C.

4.1. Method of finding the envelope:

Let the family of curves C be f(x,y,t) = 0 and let us assume that a curve E, the envelope of

the family exists and that its equation is F(x,y) = 0.

Let us also assume that for a particular value of t, say « it touches E at (¢,7)

~fEna)=0 (i)
and F¢¢,n) =0 ... (ii)

Considering &, n, a independent variable and taking total differential in (i) ,

of of of _
we have §d€+£ dn+£ da =0

40

Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education, Tirunelveli.



or dg | of dn  of
¢ da an da+6a 0

Taking total differentials in (ii)

oF
a¢

OF df | OF dn _
¢ da 0n da -

oF
d§ +5 dn =0

Since the curves f(x,y, @) = 0 and F(x,y) = 0 touch one another at (¢, 7) , their gradients at
(&,n) are equal.

|cu|m|cu
R

For f(x,y,a) =0 ,Z—zat &n) =-

1)
=

aF

For F(x, y)—O—at(f n) ———

671
af oF
af I3
Hence 5+ oF = oF
617 an
oF an
But from (iv) 35 = — 9%
an 2a
of an
& _ _ Ba
o — ¥
an da

Comparing (iii) and (v) we get Z—i = 0 and this equation is satisfied by (¢, 7).

Hence (¢, n) satisfies both the equations f(x,y,a) = 0 and 2—2 =0

Therefore the envelope of the family of curves f(x,y,t) = 0 is got by eliminating t between

the equations f(x,y,t) = 0 and %f(x, y, t) = 0.
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4.2. Another definition of envelope

The envelope of a family of curves is the locus of the limiting position of the intersecting points
of any two curves of the family when one of them tends to coincide with the other which is

fixed.

Let a curve of the family of curves f(x,y,t) =0be f(x,y,a) =0 ....... (1)
Let the curve of the family in the neighbourhood of (i) be

fl,y,a+Aa) =0 ... (i)

Let these two curves (i) and (ii) intersect at P; .Then the coordinates of P; will satisfy the

equation.

fC,y,a+Aa) — f(x,y,a) =0

And therefore, also the equation

f(x,y,a+Aa)— f(x,y,a) — 0
Aa

Taking limit as Aa — 0, we see that the point P, - P and the coordinates of P to which P,

tends asAa — 0 satisfy the equation.

].lm f(xryra""Aa)_ f(x,y,a) — 0
Aa—0 Aa

0
%f(x,y,a)=0

Hence P is a point which satisfies both the equations

d
flx,y,a) =0 and af(x,y,a) =0

Therefore by eliminating a from the above two equations, we get the locus of P, which is the

same as the rule obtained in 4.1.
4.3. Envelope of family of curves which are quadratic in the parameter

When f(x,y,t) = 0 is merely a quadratic in t, say At? + Bt+ C = 0, where A,B,C are
functions of x, y and t is the parameter, the envelope is obtained by eliminating t between the

equations,
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At’2+Bt+C=0 ... (i)
Differentiating with respect to t,

2At+B=0 ... (ii)

From (ii), t = g and Substituting this value of t in (i), the equation of the envelope is B2 =

4AC.

Example 1:

Find the envelope of the family of a straight lines y + tx = 2at + at3, the parameter being t.

Solution:

Giventhat y + tx = 2at + at® where t is the parameter
Differentiating partially with respect to t, we have

x =2a+3at? ... ()

To get the envelope we have to eliminate t from (i) and the equation
y + tx = 2at + at3

From (ii),

y = t(—x + 2a + at?)

Substituting the value of t2 from (i) in this equation, we have

x—2a>

y=t(—x+2a+ 3

2t
y=-750(-2a)

2 _ 4t? 2
Hence y* = e (x —2a)

5 4(x—2a

Y" =9 3a

5 ) (x — 2a)?

27ay? = 4(x — 2a)? which is the equation of the required envelope.

This curve is called a semi — cubical parabola.
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Example 2:

Find the envelope of the family of circles (x — a)? + y? = 2a, where a is the parameter.
Solution:

The family of circles is (x — a)? + y? = 2a. ... ... ... ()

Differentiating partially with respect to a, we get

—2(x—a) =2 R (1))

Eliminate a between (i) and (ii).

Substituting the value of a form (ii) in (i), we have

(D% +y2=2(x+1)

y2=2x+1
Example 3:
2 2
Find the envelope of the family of curves = + —— = 1, where a is the parameter.
a K“-a
Solution:
2 2
Given that = + —— = 1, where a is the parameter
a K“—-a

XZ(KZ _ aZ) _l_yZaZ — aZ(KZ _ aZ)

a* —a?(x?—y2+ K?) +x?K*=0

Since this is a equation in a?, its eliminant is
(x% — y2 + K2)? = 4x%K?

(x?2 —y2 + K?) = +2xK

x?+2xK + K? = y?

(x £K)? =y?
(x+K)=+y
x+y=1K
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Example 4:

Find the envelope of the circles drawn on the radius vectors of the ellipse

xZ
a?

y:
+.7 = 1 as parameter.

Solution:

The coordinates of any point P on the ellipse are (acos 8, b sin 6).

To find the envelope of this circles midpoint :(—xl‘;“) , (Y”YZ)

2

_(acos 6) (b sin 0)
2 ' 2

Diameter= /(a cosf — 0)2 +(b sinf — 0)2

=+ a?cos?0 + b?sin?6

. vaZcos26+b2sin26
Radius = >

Equation of the circle = (x — x0)? + (y — yo)? = r?

acos 0 2 bsin 8\ % vaZcos26+b2sin26 2
=|x— > + y_T = 5

= 4x? + a?cos?0 — 4xa cosO + 4y? + b?sin?0 — —4yb sin = a*cos?6 +

b?sin?0
= 4x2 + 4y? — 4axcos® —4bysinf =0
x?+y%—axcosd —bysind =0 ...... ()
We have to find the envelope of the family of circle (i) for different values of 6, we have
axcos@ —bysinf =0  ...... (i0)

We have to eliminate 6 from the equations (i) and (ii).

From (ii),<2 = % \yhich is equal t0 ————
" ax by JazxZ+p2y?’
ax . by
5 C0SH = ———— sinf = ———=——
Ja2x2+b2y? a2x2+b2y?
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St Sy
Substituting the values of sin 8 and cos @ in (i),

we get

a?x? bzyz
\/azxz + b2y2 \/azxz + bzyz -

x?+y?—

x2 + y2 — azxz + b2y2
(x?+vy%)? = a%x? + b%y? which is the equation of the required envelope.
Example 5:

Find the envelope of the family of curves.
x?+y? —2axcosf — 2aysin = c?

Solution:
x?+vy2—c?=2axcosf+ 2aysinf ..........(1)
Differentiating,
0 = —2axsinf + 2aycosf  ..........(2)
(D% +(2)?,
(x2 +y%2—c?)?% = (2axcosf + 2ay sin§)? + (—2ax sin § + 2ay cos 6)?

(x% + y2 — c?)?
= 4a%x? cos? 6 + 4a?y?sin? 6 + 8a’xy cos 0 sin 6 + 4a*x? sin’ 0
+ 4a?y? cos? O — 8a?xy cos O sin O

(x%+ y% —¢?)? = 4a’x?(cos? 0 + sin? ) + 4a?y?(cos? O + sin? )
(x?+y? —c?)? = 4a’x? + 4a’y?

(xz _l_yZ _ CZ)Z — 4a2(x2 + y2)

It is the required envelope.

Example 6:

Find the envelope of the family of curves.

(x—a)+(y—a)=4a
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Solution:

x—a) +@y—-—a) =4a ......(Q)
Differentiating,
20c—a)(-D+2(y-a)(-1) =4
—2x+2a—-2y+2a=4
—2(x—a+y—-b)=4
x+y—2a=-2

—2a=—-2—-x—-Yy

2a=2+x+y
_2+x+y
‘T2

24+ x +y\? 24+ x4+ y\* 2+x+y
(1)’(x_ 2 >+(y_ 2 )‘4( 2 )
(2x—(2+x+y))2+(2y—(2+x+y))2=8(x+y+z)
Multiplying by 2,

(4x?+ (x+y+2)2 —dx(x+y+2)+ (4y* + (x +y+2)? —4y(x + y + 2))
=8(x+y+2)

4(x?+y)+2(x+y+2)2 —4(x+y+2)(x+y+2)—8(x+y+2)=0
4(x*4y?) —2(x+y+2)* =0 =22(x*+y*)=(x+y+2)*?
Example 7:

Find the envelope of the family of curves
x?cos 6+ y?sin6 = a?

solution:
x2cosf + y?sinf =a? ..........(1)

Differentiating,
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—x2sinf + y?cosf =0

y?cosf = x?sinf

x? _sinf
y2  cosf

y2 XZ
sin@ = ———— and cosf =

Equation (1) implies
X2 ) y2
( /x4-+y4- /x4+y4-
— =Qa
Jxt+ oyt
/x4- + y4- — aZ

Example 8:

2

Find the envelope of the family of curves (az) cosf — (%) sin@ = ¢

X

Solution:

(a—2> cosf — (b—2> sinf =c¢ ...........(1)
X y

a? - b? 9=0

() o= (5 eoso -

a’sin@ b?cosH

X y
sinf b%x
cosf a2y
_ b%x a’y
sinf = — and cos @ =
a4y2 + b4x2 a4y2 + b4x2
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() G- i) =

() G
+ =c
X\ a*y? + b*x? yia*y? + b*x?
a4y2 + b4x2
=c
xyJ a*y? + b*x?

a4-y2 + b4—x2

/a4-y2 + b4—x2
Jary? + b*x? = cxy

a4-y2 + b4—x2 — C2X2y2

= cxy

Exercise 1:
1. Find the envelope of the family of a straight lines
(@) y = t?x — t3, where t is parameter.

() ax by

cosf@ sin 6

= a?—b? , where @ is parameter.

(c) x tanf + ysecd = 1, where 6 is parameter.
4.4. Envelope of family of curves in two parameters

Sometimes the family of curves will contain two parameters and the two parameters are
connected by a relation. In that case we can express the equation of the family of curves

containing only one parameter but the process may be tedious.
Example 1:

Find the envelopes of the straight lines E + % = 1 where the parameters are related by the

equation a? + b? = c¢? where c is a constant.
Solution:
Let us regard a and b as functions of t.

a? + b? =c? R ()|
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______ =0 oo ereen (00)

Differentiating a? + b% = ¢? with respect to t, we have

202 4 2p %0 _ (iv)
a dt dt P R A 4
Comparing (iii) and (iv), we have % = % B (7))

We have to eliminate a and b from (i), (ii) and (v).

From (v),

x Yy Yy
Z_5_atp _1
a? b2 2 4+ bh2 2

~a®=c%x, b =c?%y
Substituting the values of a and b in (iii), we get,

2 2
(c?x)3 + (c?y)3 = ¢?

2 2 2

x3 + y3 = c¢3 which is the equation of the required envelope (Four cusped hypocyloid).
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UNIT-5 CURVATURE OF PLANE CUR(/ES

Definition of Curvature — Circle, Radius and Centre of Curvature —Evolutes and
Involutes — Radius of Curvature in Polar Co-ordinates.

CURVATURE OF PLANE CURVES
5.1 Definition of Curvature

Consider a curve given by the equation y = f(x) suppose the curve has a definite tangent at
each point.

e Let A be a fixed point on the curve and P be an arbitrary point on the curve
e Let S denote the arc length AP
e Let Y be the angle made by the tangent with the x-axis

e The (%) is called the curvature of the curve at P

Thus, the curvature is the rate of turning or bending of the tangent w.r.to the arc length

5.2 Curvature of a Circle

Theorem:1
Prove that the curvature of a circle of radius r at any point is %

Proof:
Let A be a fixed on the circle and ¢ be any point on the circle.

Let arc AP=S and the tangent at P make an angle i with tangent at A.

Then, ZAOP= v
s=ryY
R ds _
dy
R dl/)_l
ds r

. . .1
Hence the curvature of a circle of radius r is -
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5.3 Radius of Curvature
The reciprocal of curvature of a curve at a point is called the radius of curvature of the curve

ds

at the point. So it is 0

The radius of Curvature of a circle is its radius.
Notation
Radius of Curvature is denoted by p.

Remark :1

In the case of a straight line the change of W is zero and hence % =0,

ds
= — =00
p dy
Remark: 2

. s - . day . . . ..
If the curve is such that, as ‘s’ increases, V¥ increases, then d—f is positive and, so p is positive.

(i.e.) if the curve is concave, p is positive otherwise is negative.
In general, p is given as its absolute value, namely |o| .

5.4. Radius of curvature of Cartesian curve: y = f(x)
We know that Z—z = tan¥

d? dw d¥ ds
£ = sec?P L5 = gec?y £ &
dx?2 dx ds dx

ds sec3y dx
w= & (.E_cos‘[’)
dx?

dy\? 3/2
1+ tan?y]3/2 B ll + (ﬁ) l
d2y - dzy
dx? dx?

d 2 3/2

y

@]
p = d2y t
dx?

" , When tangent is parallel to x-axis
2
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dZ
dx?

<

Where y, =Z—z, Yy =
Example 1:

What is the radius of curvature of the curve x* + y* = 2 at the point (1,1)
Solution:

Given the curve x* + y* =2

Differentiating with respect to x the above equation, we get

dy

4x3 +4y3-= =0
x° + 4y dx
dy — 4x°
dx  4y3
dy  x°
dx  y3

Differentiating this once again with respect to x , we get

d u vu' —uv'
G)=——

dy
3(_2+2) _ (3 2
d?y _y’(=3x%) — (=x*)3y*
dx? (yS)Z

—3x2y3+3x3y2(—£>
3
3)?2

3

24243 3,2 (X"
d2y _ [3x“y® + 3x°y (y3>]
dx2 (y3)2

AL = Z=—1 22 2] = 6
dx

" dx? 1
Hence the radius of curvature is

[H(g_z)zr“

p= dzy
dx?
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_ [1+(—1)2]3/2 @32 22
- -6 T -6 6
—/2
=>p0=—
P=73
Example 2:

X
Cc

Show that the radius of curvature at any point of the catenary y = ¢ cosh( ) is equal to the

length of the portion of the normal intercepted between the curve and the axis of x.

Solution:

Given that y = ¢ cosh G)

N=¥Y
= cosh (Z) =7 (2)
Differentiating with respect to x
dy . x\ 1 _ . X
= C sinh (Z) o= sinh (Z)
Again differentiating with respect to x

2
2732] = —cosh(g)%

Hence the radius of curvature is

[H(g_g)zr“

d?y
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- cfeosi (9]

By equation (1) = p=c¢

2
Y-
c2

At any point (x,y) length of the normal

1/2

Sy l1 + (Z—i)zl =y [1+sinh? (é)]
= [eost* (5)]"

=y [cosh (f)]

1/2

=y G) (-~ from equation (1) )

Radius of curvature= Length of the normal
Exercise 1:
1. Find the radius of curvature for the curves

(a) y = e* at the point where it crosses the y — axis
1 1

(b)WVx +.fy =1at(5,5)

(c) y? = x 3 + 8 at the point (-2, 0).

(d) xy = 30 at the point (3,10)

(e) (x* +y?) 2 =a?(y>—x 2?) at the point (0, a)
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Zé
5.5. Radius of curvature of parametric curve: x = f(8) y,= g(0)

12 12 3/2
—[x i ] wherex' =% andy' =%
- T Y =0

i)
NN

Xy -y

Example 1:

If a curve is defined by the parametric equation x=f (0) and y=¢(0), prove that the curvature is

1_ X'y —y'x"

p [x’2+y’2]3/2
Solution:

where dashes denote differentiation with respect to ©.

dy dy do y

dx dé “dx  x'

d’y d (y"\ _d [(y\deé
dx?2 dx \x') do\ x')dx

_ yllxl_ylxll
= 3
X
dzy
_ e yllxl_ylxll
- 3/2 — 3/2
p dy 2 3 y, 2
@7 ()

Example 2:

Prove that the radius of curvature at any point of the cycloid x = a(6 + sin6) and y =

a(l — cos 0) is 4a cos g.
Solution:
From the given equations,

x =a(0 +sin 0)
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Differentiating with respect to 6

g dx -
x'=— a(l + cos0)
. dix 0
X! =—o7 = —asin

y =a(l—cosB)

Differentiating with respect to 6

, _dy o
y' =—= asin
daég
d2
”=W=acosé?

1 X!y =y "
=>-= 5 213/2
» " ]

1 a(l+ cos6)a cosd — asin 6(—a sind)
p [(a(1+ cosB))? + (asing)?]3/2

_ a*(1+ cosh)
a3 [2(1+ cosH)]3/2

2 cos?0/2
a4 cos26/2)]3/2

1
"~ 4acos6/2

L p=4a cosE

Exercise 2:

1.Prove that the radius of curvature at the point 6 on the curve
x = 3a cosf —acos 36, y = 3a sinf — a sin30 is 3a siné.

2. Find the radius of curvature at the point 6 on the curve

x =alogsecd,y =a (tan 8 — 0)
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5.6. The centre of curvature:

1+y,°2
X=x_3’1( 19
Y2

1+y,°
+( Y1)

r=y V2

The locus of the centre of curvature for a curve is called the evolute of the curve.
Example 1:

Find the co- ordinates of the centre of curvature of the curve xy = 2 at the point (2,1).
Solution:

Giventhat xy = 2

2

Differentiating with respect to x

dy 2

dx  x2
Again differentiating with respect to x

d’y 4

dx? x3

dy d? y f 11
At (2,1) the values of — and <z are respectively (— > 5)

_ y1(1+ }’12)
Y2

X=x

1 1
5(1'*'(1—5)2)

1,1
:2-|'2(14-)—E
2
¥ 1
= =5
4
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1+y,°
Y=y+( y1°)
V2

1
1 __\2
LAy

1
2
1
A+ 7
=1+ ==
T -2
2
Y 31
=Y =3=
2

The centre of curvature (Bi 3 %)

Example 2:

Show that in the parabola y? = 4ax at the point t, p = —2a (1 +t%)3/?2 , X = 2a + 3at®,

Y = —2at3.Deduce the equation of the evolute.
Solution:
Let x = at?,Y = 2at

Differentiating with respect to t

dx d
— = 2at, 2 =2a
dt dt

dy dy dx 2a 1

dx _dt dt 2at ¢t

dx? :E

d’y d (dy)_ d 1 dx
S dx t dt

= .
d’y -1/t -1
dx?  2at  2at3

[H(g_g;)zr“

d?y
dx?

>p=
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3/2

@]

i
2at3

3/2

_ 1 2 _ 3
—[1+(t) ] —2at
p =—2a (1+t2)3/2

B y1(1+y1%)
V2

>X=x

,  {1+/6?)
t - - -1
2at%

2
= at? —%G).—Zaﬁ

X = at? + 2at? 4+ 2a

1+ y,2
+( 3’1)

>YV=y 7,

2
= 2at + OH/E) _ o3

2at?
= Y =—2at?
Eliminating t from X and Y,

(x — 2a)3/?
a ——————————————————————

Y=-2
3a

Squaring both sides and simplifying, we get
27 a¥? = 4(x — 2a)3

The locus of (X,Y) is 27 a¥Y? = 4(x — 2a)3.
The curve is called a semi-cubical parabola.

Example 3:

2 2
Find the evolute of the ellipse S+ = 1.
as b
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Solution:
Any Point on the ellipse is (a cosf , b sinf) .
x =acosf,y = b sind

Differentiating with respect to 6

dx . d
— = —qa sinf ,—y= b cos@
ae ae

dy dy db6 bcos® b ‘o
dx _d6 dx —asin6 a '’

d? d (dy\de d b -1
o ()= (e
dx dé \dx/ dx dae a a sin@

-1

= (— % (—cosec? 9))

sin@

_ ( b 1 ) -1

- a? sin%26/) sin@
= (- )
dx?2 a?sin360

b b
= ——cotf = - ——
b4 a ' V2 a?sin30

Let (x,y) be the centre of curvature

_ y1(1+ J’12)
Y2

=>X=x

b b?
—gcotd (1 +?cot2 0)

= acosf —
— cosec36
a

_(@®*—b*)cos* 8

a

1+y,?
+( y1%)

>YV=y 5
2

b2
(1+z cot? )

= b sinf —
— cosec36
a
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cosf = ( o )1/3 , sinf = ( by )1/3

a?-b? a?-b?
To eliminate 8 squaring and adding , we get
2 2/3
@5 () =
2 2/3
) (@2 =
The locus of (x, y) is the four cusped hypocyloid.
(ax)2/3 + (by)Z/S = (a? — b2)2/3
Example 4:
Show that the evolute of the cycloid x = a(8 — sin0) ,y = a(1 — cos#) is another cycloid.
Solution:
Giventhat x = a(6 —sin8) ,y = a(1 — cosf)
Differentiating with respect to x

W a1 - cost) . = a(0 + sind
18- ¢ cos dH_a( sin@)

dy dy dbé  asind

dx  df dx a(l-— cosf)

_ sinf
(1 —cosH)

2sin? cos?
_ sz COSZ

2sin2 6

CoS—

sin—
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dy . 0
dx ~ 2
Again differentiating with respect to x

d’y d (dy) do

W=E dx/ dx
_d . .0ds
a6 Ot o

(1—cos0)

0 , 0
cot» (1+ cot 7)
1

., 0
4
4qa sin 5

=a(f —sinf) +

= a(f —sin 8) + 2a sinf
= X =a(f +sinb)

1+ y,2
+( J’1)

>YV=y v,

(1 + cot? %)

1

7]
ind
4qa sin 5

=a(l —cosO) +
=a(l—cosf)—2a(1—-cosb)
=Y =-a(l-cos0)
The locus of (x, y) is,
X=a(@+sinb), Y =-a(l—-cosb)
This is also a cycloid.
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Exercise 3:

1. Find the coordinates of the centre of curvature at given points on the curves:
@y=x (53)
(b) xy = c?; (c.c)
(c) y =logsecx ; (g ,logZ)

2.Show that the evolute of the hyperbola % - y—j =1is
a b

(ax)?/3 — (by)2/3 = (a2 + b?)?/3

3.Show that for the curve x2/3 + y?/3 = q?/3 |
X = acos3t + 3a cost sint , Y = a sin3t + 3a sint cos®t.
5.7. Evolute and Involute

We have already defined evolute of a curve as the locus of the centre of curvature and deduced

the equations of the evolute of the parabola and ellipse

If the evolute itself be regarded as the original curve, a curve of which it is the evolute is called

an involute
If may be noted that there is but one evolute but an infinite number of involutes.

5.8. Radius of curvature of Polar curve r = f(0)

dry’ i
2 ur
{r +(d0) } {r2+r12}3/2
dr d?2r T14+2nc—11y
2 = —_—
r2+2(gg) ~r g

dr d?r
WhereT‘l :E g :ﬁ

Example 1:
Find the radius of curvature of the cardioid r = a(1 — cos 6).
Solution:

Given that r = a(1 — cos )
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Differentiating with respect to 6

dr -
1 = @sin

Again differentiating with respect to 6

d?r
07 = a cos0
3/2
dr\?
2 ar
e+ (35) )
p= 2
dr d?r
2 = =
r2+2(g) —rap

{r? + a?sin?6}3/?

r2 + 2a?sin?0 — ra cos8

{a?(1 — cos 8)? + a?sin?6}3/?
a?(1 —cos8)? + 2a?sin?6 — a(1 — cos 8)a cosO

N3/2
Numerator = {rz + (Z—;) } = [a?(1 — cos 8)? + a?sin?0]3/>

= [a?(1 + cos?0 — 2 cosB) + a?sin?0]3/?

= [a? + a?cos%0 — 2 a®cos6) + a?sin?6]3/?
= [a? — 2 a®cosB) + a?(cos?6 + sin?6)]3/?
= [a® — 2 a®cosH) + a?]3/?

= [2a? — 2 a®cosH)]3/?

= [2a%(1 — cosB)]3/?

= [2a(a(1 — cos6))]3/?

3
2

= [2ar]
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2 2
Denamurator= r? + 2 (Z—;) - r% = a?(1 — cos 0)? + 2a?sin?0 — a?cosO (1 — cosh)

= a?(1+ cos?6 — 2 cosO) + 2a*sin?6 — a?cosO (1 — cosH)

= a? + a?cos?0 — 2 a’cosO) + 2a?(1 — cos?0) — a?(cosO — cos?H)
= a? + a?cos?0 — 2 a’*cosf + 2a%(1 — cos?0) — a’cosh — a’cos?6
= 3a? — 3a%cosH

= 3a?(1 — cosh)

= 3a [a(1 — cos6)]

= 3ar

(2ar)3/?
Sp=-

P 3ar

2
=>p= §v2ar
Example 2:

n,.—n+1

Show that the radius of curvature of the curve r™ = a™ cosn@ is < ;1

Solution:

Let r™ = a™ cosn6

Taking logarithms on both sides

nlogr = nloga + log(cosn@)
Differentiating with respect to 6, we get

n dr nsinnd

r do cosnf
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dr

%= —rtann@

Differentiating once again with respect to 8, we get

d’r d (dr)
doz  de

~do \de
_ 4 t 0
—dg(rann)

dar
= ——tann 6 — nrsec’nd

= —(—rtann@)tann 6 — nrsec?nd

d?r , ,
W=rtan n6@ —nrsec<nb
3/2
dr\?
2 haddl
{r + (de) }
p =

r2 +2(g—g)2 —r%

{r? + (—rtann 6)?}3/?

p= r2 + 2(—rtann0)? — r(r tan®? n 6 — nrsec?no)

{r? + r?tan®*n 6}3/2
p= r2+2r2tan?n0 —r2tan?n 6 + nr2sec?nd

r3 sec3nd
~ (n+ 1Dr2sec?n®

r
"~ (n+ 1)cosnd

B ra®
T (n+ D

67

Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education, Tirunelveli.



Exercise 4:

2

1. Show that radius of curvature of the curve r? = a®cos 28 is :—r

2.Find the radius of curvature at (r,8) on the curve r™ = a™sinn 6.

2
3.Show that in the cardioid r = a(1 + cos 0) ,”7 is constant.
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